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Abstract

We consider families of one and a half degrees of freedom Hamiltonians with
high frequency periodic dependence on time, which are perturbations of an au-
tonomous system.

We suppose that the origin is a parabolic fixed point with non-diagonalizable
linear part and that the unperturbed system has a homoclinic connection associated
to it. We provide a set of hypotheses under which the splitting is exponentially small
and is given by the Poincaré-Melnikov function.
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Introduction

Consider a system with an invariant object (fixed point, periodic orbit, etc)
which has stable and unstable invariant manifolds associated to it and they co-
incide, or some branches of them coincide. If we perturb the system, generically
the invariant manifolds will not coincide any more. This phenomenon is known as
splitting of separatrices or splitting of invariant manifolds. One of the simplest set-
tings where this phenomenon occurs is in differential equations in the plane having
a hyperbolic saddle fixed point and a homoclinic connection associated to it. When
we perturb this system with a time periodic perturbation, say

i = f(2) +eglz,tie), 2z€UCR?

the fixed point becomes a hyperbolic periodic orbit with two dimensional stable
and unstable invariant manifolds in R®. Using a first order perturbation theory the
distance between the splitted manifolds measured in a plane {t = ¢y} orthogonally
to the unperturbed homoclinic connection at some point p is given by

M(to) 2
@ Ao 9) = e T O
where M (to) is the so called Poincaré-Melnikov function which is given through an
integral in terms of the system and the unperturbed homoclinic orbit. For systems
with slow dynamics such as

i =cf(2) +e%g(z t,¢)
we can scale time through et = 7 and we obtain
zZ= f(Z) + 59('2’7_/578)

which is a perturbation of 2 = f(z). The formal substitution of g into the Poincaré-
Melnikov function gives an e-dependent function which is exponentially small in ¢
[Fo2]. Then, in (1) the O(g?) term dominates over eM (to)/|f(p)| and we do not
have an asymptotic expression of d(tg, ). We only know that it is O(g?).

One way to obtain rigorous asymptotic expressions is to introduce another
parameter, that is, to consider

z=f(z) + pg(zt/e, p).

Then Mito.)
_ Mfto,e) 2

and hence, if p is small enough compared with M(tg, ), which is exponentially
small in €, we have that d ~ M (to,e)u/|| f(p)]|. But this only gives rigorous results
in a very narrow set in the space of parameters.

vii



viii I. BALDOMA AND E. FONTICH

Poincaré found these exponentially small effects in [Po]. In his study of periodic
orbits in two degrees of freedom Hamiltonian systems he proposed a model, which
after reduction became the following perturbed pendulum

Uy = 2usiny + 2ue cosy cost

(using the same notation as Poincaré). He deduced that the splitting of separatri-
ces is exponential small in u, provided that € is less than an exponentially small
quantity.

Arnold [Arl] found the exponentially small splitting of separatrices associated
to partially hyperbolic tori, studying the diffusion of action variables in near inte-
grable systems ho(I) 4+ chy(p, I, €).

Neishtadt [Ne] gave upper bounds for the splitting in one and a half and two
degrees of freedom Hamiltonian systems with only one parameter.

Differential equations with slow dynamics are related with near the identity
diffeomorphisms by means of the Poincaré map. It turns out that being Hamiltonian
is very important to get exponentially smallness. The Hamiltonian character of the
equation is translated to the symplectic character of the maps.

In [Lal] Lazutkin studied the standard map F(z,y) = (x+y+esinz, y+esinx)
and provided the following formula for the angle between the stable and unstable
manifolds at a homoclinic point

2) o= §|@1|e—ﬂ2/¢5[1 +O0(eh)]

with 0 < b < 1/8. This was the first exponentially small asymptotic formula for a
nontrivial problem with only one parameter. Although the proof was not complete
Lazutkin introduced pioneering new analytic tools for the study of the separatrix
splitting which have decisively influenced the development of this area.

Several papers deal with the computation of the constant ©; [LST] [Su]. The
complete proof of (2) is in [Ged].

Fontich and Simé [FS1] [FS2] study the splitting of separatrices for families of
diffeomorphisms in a neighborhood of the identity of class C“ and C" respectively.
Under fairly general hypotheses exponentially small upper bounds are obtained for
the distance between invariant manifolds in the analytic case with generally optimal
values of the constant in the exponent.

Other works referring to maps are [Ch] [DR2] [DR1] [Ge5] [GS].

Many authors have studied the phenomenon of separatrix splitting with fast
frequency periodic perturbations, in order to prove that in certain cases the Mel-
nikov function yields the right asymptotics of the measure of separatrix splitting.

They consider

i = f(2) + pePg(a,t/e,p), ze€UCR?,

where p and € > 0 are parameters a priori independent and such that the origin is a
saddle-type fixed point. There has been a lot of discussion about the optimal value
of p for which one gets exponentially small upper bounds or asymptotics. In [Fo2]
upper bounds for the splitting are given even for negative values of p, specifically
p > —1/2. If the model is simplified, considering equations of the form

(3) i+ f(z) = pePg(x,t/e, e, ), reV CR,

then in [Fol] upper bounds are given for the splitting of separatrices for values of
p > —2. To ask the perturbation to have order pue?, with p bigger than some value,
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depending on the method, has the advantage to provide control on the remainders in
the Poincaré-Melnikov asymptotic formula. In general, if p is small, the Melnikov
function does not give the right asymptotics in the case of exponentially small
splitting. In [HMS], Holmes et al are able to give upper and lower bounds for
the splitting of separatrices for quite general systems and for values of p > 8. The
situation improves when dealing with specific systems. The most studied example
is the pendulum. In [Gel] and in [DS1], asymptotic expressions are given for the
separatrix splitting of the equation

¥ +sinz = pelsint/e

for p > 5 and p > 0 respectively. Later on, Delshams and Seara in [DS2], could
get an asymptotic expression of the separatrix splitting for more general systems
given that p is bigger than a certain quantity which depends on the perturbation
and of the singularity order of the homoclinic orbit. Gelfreich in [Ge2] also gives
an asymptotic expression for the separatrix splitting, but it is difficult to find out
which p is needed in order to apply it. Finally, in [Ge3] Gelfreich studies in some
specific examples the p < 0 case. The proposed method is the use of an auxiliary
system whose invariant manifolds are a good approximation near the singularities of
the invariant manifolds of the initial system. In [An] Angenent studies the splitting
using variational methods. Treshev [Tr] studies a more general perturbation of the
pendulum which includes the equation considered by Poincaré. He uses a different
method based on the continuous averaging procedure developed by himself. The
asymptotic formula he obtains for the area, in his example, differs from the one
predicted by the Poincaré-Melnikov integral. It is worth noting that there are
examples for which the asymptotic expressions are not of the form e”e~%/¢, but
instead involve infinitely many terms of the form e~"e~%/¢, n > 0, [SMH].

In all these cases, one deals with Hamiltonian systems of one and a half degrees
of freedom or area-preserving maps such that the origin is a hyperbolic fixed point
of the non-perturbed Hamiltonian. Another situation where the separatrix splitting
phenomenon appears is when one considers quasi-periodic perturbations. We refer
to [DG], [DGJS1], [DGJS2] and [GGM] for such case.

Exponentially small phenomena are also found by Fiedler and Scheurle [FS] in
one step discretizations of autonomous equations.

This memoir is devoted to study the splitting for one and a half degrees of
freedom Hamiltonian systems of the form (3) such that the origin is a parabolic
fixed point. Specifically we assume that the linear part of the vector field at (0,0)

is
0 1
0 0 )"
We consider the case of fast frequency perturbation. The paper [CFN] deals with
the case of constant frequency. The first point is to put sufficient conditions such
that the perturbed system also has invariant manifolds.
We have followed basically the structure of [DS2]. However, due to the fact
that many of their arguments strongly rely on the hyperbolic character of the fixed
point, we have had to introduce new techniques to deal with the parabolic case. To

this end we have also used tools introduced by Lazutkin [La2] [Lal]. It is worth
remarking that most of our arguments are can be adapted for the hyperbolic case.
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The memoir is organized as follows. In the first chapter we introduce the
notation, the hypotheses and the main theorem.

In the second chapter, we study some analytical properties of the homoclinic
orbit of the unperturbed system. In particular we get the asymptotic behavior of its
parameterization. We prove that, as was to be expected, this behavior is algebraic,
that is, there exists T' > 0 such that if t € C, Ret > T, the stable manifold behaves
like 1/tP with p a certain positive number, and, analogously, the unstable manifold
has the form 1/(—t)? for t € C, Ret < —T.

In the third chapter, we establish, under the stated conditions, the existence
of stable and unstable invariant manifolds for the perturbed system. Moreover we
find useful parameterizations v*(¢, s) (x = s, u), of the local invariant manifolds of
the perturbed Hamiltonian system. These parameterizations satisfy that v* is a
solution with respect to the variable ¢t € R, it is analytic with respect to s and

v (t 4 27e, s) = *(t, s + 2me).

In this way we endow the variable s with a dynamic character since, if P is the
Poincaré map from t = tg to ¢ = tg + 27e, v*(to, s) represents the stable manifold
of P and the dynamics of P on it is simply

P (¥ (to, s)) = 7°(to, s + 2me).
Moreover v* is of the form
Vi (t, 8) = ot + 5) + pePTo* (L, s),

where g is the homoclinic orbit of the unperturbed system.

In the fourth chapter, we built the flow box coordinates, i.e., coordinates in
which the flow straightens. These coordinates are defined in a neighborhood of the
stable manifold not containing the origin, but close to it and independent of the
parameters. We built them following several steps. We parameterize the solutions
of the perturbed system near a piece of the stable manifolds by two parameters.
One of these is time, and the other is a complex parameter s such that the solutions
are analytic with respect to s and the dynamics of the Poincaré mapping is simply
s — s+ 2me. We can write them in the form w(t + s,t/e). We prove afterwards,
thanks to this good parameterization, that the solutions intersect a (real) section
transverse to the flow for some value (tg, so), thus we are able to straighten the flow
in a neighborhood of the stable manifold. Finally we slightly modify the variables
to make them canonical.

In the fifth chapter, we present a result of Delshams-Seara [DS2] which asserts
that if p is bigger than some value, which depends on the perturbation and the
unperturbed homoclinic orbit, we can extend the parameterization of the unstable
manifold until it reaches the domain where the flow box variables are defined.

Finally, in the last chapter we introduce the splitting function. From it and its
properties we derive the asymptotic formulas for the area of the lobes generated by
the invariant manifolds between two homoclinic points and the angle between the
invariant manifolds at a homoclinic point. They are exponentially small in €. The
main difference with [DS2] is that here we consider homoclinic orbits with algebraic
branch type singularities and consequently some computations are somewhat more
involved.



1. Notation and main results

In this chapter we present the main problem we consider, the hypotheses we
assume, and the rigorous statement of the main results. For that we have to begin
by introducing some notation.

At the end we present an example where the above mentioned results apply.

1.1. Notation and hypotheses

We study the splitting of separatrices in the case which we call the parabolic
case. Next we describe the settings of this case and the hypotheses we will need.

We consider Hamiltonian systems of one and a half degrees of freedom with
Hamiltonian

H(z,y,t/e,p,e) = ho(x,y) + pePhy(x,y,t/e, p, )

where

y2
holw,y) = % + V(@)

V(z) is an analytic function of order n, that is
Viz)=ana™ +---

with n > 3. With these assumptions, for the unperturbed system (i.e. the sys-
tem when p = 0) the origin is a parabolic fixed point and the derivative of the
Hamiltonian vector field at (0,0) is

0 1
0 0 )"
The differential equations associated to the Hamiltonian are

(1.1) & = y+pePoyhi(z,y,t/e p,€)
y = _Vl(x)_ngazhl(xvyat/gvﬂag)‘

We will assume the following hypotheses related to the unperturbed system.
Note that the unperturbed system is autonomous and independent on ¢.

1.1.1. Hypothesis for the unperturbed system.

HP1 We assume that, ho(z,y) = y*/2+V (z) is analytic and V (z) = apz"+- -
with a,, < 0 and n > 3. Moreover we assume that hg has a homoclinic
orbit, associated to the equilibrium point (0, 0)

We denote the time parameterization of the homoclinic orbit by

Yo(u) = (ao(u), Bo(u))

with some chosen (fixed) initial condition vo(0) = (xo,¥yo) on the homo-
clinic orbit.

We assume that ~o(u) is analytic in a complex strip | Imu| < a with
branching points at © = +ia, i.e., there exists p > 0 such that for u € C

1



2 I. BALDOMA AND E. FONTICH

satisfying |u—ia| < p, arg(u—ia) € (—37/2,7/2), y0(u) can be expressed
as

e_
(u —ia)tte/a

and for u € C such that |u + ia| < p, arg(u + ia) € (—7/2,37/2), vo(u)
can be expressed as

oo (1) = (d(1 + 0@ — i)Y, Bo(u) = (14 O(u — ia) /7).

u —ia)c/

O‘U*diJr u+ ia)'/ . w+ia)Y
0( )_(u+2a)c/q(1+0( + ) q)7 /6)0( )_ (u+za)1+0/q(1+0( —+ ) Q)’

where ¢, q € Z, g # 0. Moreover on u = tia there are no other singularities
of v9. We define

r=1+ ¢ > 1.
q
Of course, poles are included in this definition of branching points.

REMARK 1.1. According to Proposition 2.3 (Chapter 2) always exists a > 0
such that vo(u) is analytic on the strip {u € C: |Imu| < a}.

REMARK 1.2. According to Proposition 2.4 (Chapter 2), if V(x) = a,a™+-- -+
amx™ is a polynomial and we assume that ag(u) has a singularity ot u = u* € C,
then for uw in a neighborhood of u* we have that

¢ 2/ (m—
Oéo(u) = (U _ u*)Q/(m—Q) (1 + O(u — U )2/( 2))
C/ * m—
/BO(U) = —W(1+O(u—u )2/( 2)).

As a consequence, the exponents of u — u* in the expressions of ag and [y are
rational numbers.

1.1.2. Hypotheses over the perturbation.

HP2 The function hy(z,y,0,u,¢) is defined for (x,y) C U C C?, 0 € R, u €

D(0, 110), € € (0,¢0), it is C° and 27-periodic in @, has zero mean:

2m
h]_(.’lf, Y, 97 s E) dg =0
0

and it is real analytic with respect to (z,y, u).
HP3 The function hi(x,y,0, 1, e) is a polynomial of degree « and order k (i.e.

the lowest degree of the monomials in k) in the (z,y) variables. That is

hl (l’, Y, 0; 1, 6) = Z Qg (0, e, s)xiyj'
i+j=k
HP4 The order k of the perturbation satisfies
2k — 2 > n.

REMARK 1.3. We observe that HP4 implies that the origin also is a parabolic
fixed point of the perturbed system and the derivative of the vector field evaluated
at this point is the same as the one of the unperturbed system.
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Consider the terms a; ;(6, u, g)xiy’ of hy evaluated on 5. We define £ to be the

greatest order of the branching points +ia corresponding to a; ; (6, 1, €)ad (u) 3 (w).
That is:

(1.2) ¢ =max{i(r — 1) + jr:a;;(0, p,e) # 0}.
Also we define
v=p-—~{.
HP5 The constant v is greater or equal than 0.
REMARK 1.4. Hypothesis HP5 controls the growth of the perturbation term

,Ufgphl (xv Y, t/{:‘, Hy 5)

evaluated at the homoclinic orbit, near the singularities. In fact, if hypothesis HP5
is assumed:

peP|[hr(vo(u),t/e; s €)lloo = Op),
for |[Imu| < a—e.

REMARK 1.5. According to Hypotheses HP1-HPS5, if p < 1, then Oyh1 = 0.
Indeed, if £ > 1, then by hypothesis HP5, p > 1. Therefore, we consider the case
¢ < 1. By definition of £ and using that r > 1, we have that for any pair of positive
integers, i, j such that a; ;(0, 1, €) # 0,

1>0>4(r—1)+jr > jr >j.

Therefore, j = 0 and this implies that hy has no terms depending on the variable
y. Therefore Oyhi = 0.

1.2. Main results

It is a well known fact that Poincaré maps associated to periodic Hamiltonian
perturbations of one degree of freedom Hamiltonian systems having a homoclinic
connection, have either primary homoclinic points or a homoclinic connection, the
latter possibility being non-generic. These points are related to the zeros of the
Melnikov function M (s, ) defined by

M) = [ (hosha}olt+ 5),1/2) .

Let P be the Poincaré map from tq to ¢y + 2me. We denote by A the area of the
lobe generated by the stable and the unstable manifolds between two homoclinic
points and by ¥ the angle between the stable and unstable invariant manifolds at a
homoclinic point. We observe that, since the Poincaré map is area preserving, the
area A will not depend on the homoclinic points.

The main results are:

THEOREM 1.1. Under hypotheses HP1-HPS5, for e — 0%, y — 0, and for any
to € R, the following formulae hold:

So
A = pe? M(v,e)dv + O(p2e? 7, p2evtPHL ept2)e=ale,
S0
M’(SO E)
singd = MEP-—7 +0 u252u+r—27u25u+p—1, Mgp)e—a/s}
Fotto +so)? *
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where sy < 8o are the two zeros of the Melnikov function (associated to two consecu-
tive homoclinic points), closest to zero, which depend on ty. Furthermore to+ so(to)
is 2me periodic.

REMARK 1.6. Since to + so(to) is 2mwe-periodic, the expression for the angle 9
is 2me-periodic in tgy.

We define the function
J(l’, Y, 9) = {h0> hl}(xa Y, 9)

By hypothesis HP2 on hq, J is 2m-periodic in 6 and has zero average with respect
to 8. Then we can consider its Fourier expansion

J(.’IJ, Y, 0) ~ Z Jk(x? y)eikf).
k#0

Moreover, for all k € Z, J(yo(u)) has a branching point of order at most £ + 1 at
u = +ia. Therefore, near the singularity v = ia, Ji(7o(u)) has the form

1 - - - \m
Te0(u) = Fayar | Teo T D T (u i)™
m>1
and, near the singularity v = —ia, Ji(y0(u)) has the form
1 .
Je0(w) = T | T+ 2 St i)™

m>1

‘We note that J,IO = J:k,o-
We further consider the following hypothesis:

HP6 The Fourier coefficients J1; evaluated on vo(u), that is Ji1(yo(w)), have
singularities of order exactly ¢ + 1 at the points u = +as.

REMARK 1.7. Hypothesis HP6 is generic because it is equivalent to suppose
that the coefficients JL)O of the Laurent expansion of Ji1(yo(u)) are different from
zero.

We can obtain an asymptotic expression of the Melnikov function and conse-
quently of the area of the lobe and of the angle.

COROLLARY 1.1. If HP1-HP6 hold, then for ¢ — 07, p — 0 and for any
to € R,

4 ) )
M(s,e) = 8_ér(ei1)|Jf,o|Re(e“‘g‘“*””/”e"‘s/f))e“l/fJrO(E"V’“e‘“/E);
v 8 — —a v+r v v —a
A = pe *1WIJ1,0\6 e+ O™, pPe P e tP)em /s,
v—1 Am 1 —afe

sind| = £ J ol — e
[sind} = e Ty e R sl P

+O(,LL252V+T_27 M25V+p_1a u&_u)e—a/e’

where Jy o = |J£O|eie and I' is the Gamma function.
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1.3. Example

An example of an unperturbed Hamiltonian system satisfying HP1 is given by

(1.3) ho(w,y) = % +V(x)

where V(z) is a polynomial of the form
V(z) = —a" 4+ 22D, pn >3,
Indeed, the Hamiltonian system has a homoclinic orbit contained in H(z,y) = 0.
Let 7o (t) = (ao(t), Bo(t)) be the parameterization of the homoclinic orbit such that
7(0) = (1,0).
We can give an explicit expression it:

1/(n2)
) = (3rogmm) ¢ )= (- Di(an()"

Therefore, the homoclinic orbit has singularities at the points +ia with a = /2 /(n—
2) which are branching points (if n = 3, are poles). It is not difficult to see that,
near the singularities +ia, the first component of g reads as
Cy
(t + Z'a)l/(n—2)
with C_ = (a/2)Y/("=2e=im/2(n=2) and C, = C_.
We consider a family of perturbations given by

pePhy(x,y,t/e) = pePa cos(t/e), p>k/(n—2).

In this case, £ = k/(n — 2). Of course we assume that k satisfies the hypothesis
HP4, that is, 2k — 2 > n. Hence in this case £ > (n 4+ 2)/(2n — 4).

Then, by Corollary 1.1 the area of the lobe generated between two consecutive
homoclinic points satisfies the asymptotic expression

(1+ O(t £ ia)"/ ™)

4
A ~ v+1
pie .

|C_|k€7a/€

where v =p —k/(n —2).






2. Analytic properties of the homoclinic orbit of
the unperturbed system

2.1. Introduction and main results

The purpose of this chapter is to obtain the asymptotic behaviour of the ho-
moclinic orbits to parabolic points of Hamiltonians systems of the form

H(z,y) =y*/24 V(x)

with V' (x) being an analytic function, for complex values of time in a certain domain.
We assume that the origin is a fixed point of the corresponding Hamiltonian
equation

T o=y
(2.1) gy = =V'(z).
It is not restrictive to assume that V' (0) = 0. We suppose that V is of the form
Viz) =apaz™ + ...

with n > 3 and a,, # 0.

In such case the origin is a parabolic point, that is, the linear part of the
equation at (0,0) has a double zero eigenvalue. Assuming that the origin has an
invariant curve passing through the origin, the solution on this curve has to lie on
the energy level H(z,y) = 0. Then

i=y =/ ().

Hence we will have that & = az® +... or & = az®+1/2 4+ ... according to the cases
n=2korn=2k+1, keN.
For the sake of generality we consider the case k € R. We define the set

U=D(0,7r)\{z€C:Imz=0,Rez <0} CC.

The main result of this chapter is the following proposition from which we derive
the asymptotic representation of x(t), and then y(t) follows from y(t) = Z(¢).

PROPOSITION 2.1. Let f be an analytic function on U. Suppose that
fla) = az® + g(2),
with |g(z)| < Blz|*, k, ¢ € R, 1 < k < { and a < 0. Consider the equation
&= f(z).
Then, there is an analytic solution p(t) defined on
NT,a) ={t€C:|t| >T,|argt| < o}
with o < min{m, %} and T big enough, such that
pt)=ct P +0({t™")

withp=1/(k—1), p<v<min{qg,p+ 1}, ¢g=p(1 + ¢ —k) and ¢ = (—p/a)?.

7



8 I. BALDOMA AND E. FONTICH

REMARK 2.1. Since the equation is one-dimensional, every solution which goes
to zero as Ret goes to +o00, with the real part of the initial condition positive, is of
the form o(t+ 7).

Note that if we assume that the leading term of ¢ is ct™P a formal computation
already shows that

1 o\ 1\ MG
e (@) - (Em)

The proof of Proposition 2.1 is given in the next section.

If we restrict us to consider functions f of the form f(x) = 2"/2g(x), which
are the ones we will deal with in the next chapters, we obtain a bigger domain for
the solution.

PROPOSITION 2.2. Let f(z) = 2™/%g(x), n € N, g(0) < 0 and g analytic in
D(0,7). Then equation & = f(x) has an analytic solution v, p(t) = ct P+ O(t™"),
defined on Q(T, 7).

The proof is almost the same as the one of Proposition 2.1. We only have to

take into account that z”/2 is continued analytically to its Riemman surface with
‘xn/2| < |:L.|n/2.

REMARK 2.2. According to Proposition 2.2, if system (2.1) has a homoclinic
orbit, o, it has not periods. This is because lim|y_ 4o 0(t) = 0. This is in contrast
with the hyperbolic case where always there exists an imaginary period. (See [Fo2])

From the previous results we easily obtain that a homoclinic orbit to a parabolic
point has singularities and they do not accumulate to the real axis:

PROPOSITION 2.3. Let H(xz,y) = y?/2+V (z) be a Hamiltonian with a parabolic
equilibrium point and o(t) a homoclinic orbit associated to it. Then
1) o has singularities,
2) there exists n > 0 such that o is analytic in the strip {t € C: |Imt| < n}.
PrROOF. We may assume that the equilibrium point is the origin. Therefore

Applying Proposition 2.2 to the equation reduced to the stable invariant manifold
when ¢ — +o0o and to the unstable one when t — —oo (changing ¢ by —t) and
taking into account Remark 2.1, we obtain that there exist T, t; and ¢, such that

C1 1
t = — D t|>T t
o) = At 0 (G ) M =T gt <
Co 1
o) = —2 10—, | >T, |7—argt| <
O = oo (goap) MET s

If we suppose that o is an entire function, the previous expressions imply that o
is bounded outside the disc of radius 7. Then, by Liouville’s theorem, it must be
constant. This contradiction implies that o has at least one singularity which has
to be in D(0,T).

To prove the existence of > 0 we just have to note that o is analytic on
Ret > T and on Ret < —T. Since o is analytic on R, and therefore on [T, T],
there exists n > 0 such that o is analytic on {t € C: |Ret| < T, |Imt| <n}. O
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We write o = (ag, Bo)-

PROPOSITION 2.4. Let V() = apz™ + - - - + ama™ be a polynomial and u = u*
a singularity of o. Then
_ 9 “\2/(m—2)
C/

(2.3) fow) = — oy (L+ O —u)/72).

PRrROOF. It is clear that ag is a solution of the equation & = £,/—2V(x).
Performing the change w = 1/ we obtain the equation
du :me/2—2
dw \/—Q(am +wWapm—1 + ... + W™ "ay,)
which, in a neighborhood of w = 0, can be written as
du
dw
Integrating this relation we obtain
uw—u* =w™2D/2(c; + O(w)).

Inverting the last equation and going back to the variable z we obtain the claimed
expressions (2.2) and (2.3). O

= wm/2_2(00 + O(w)).

In the following proposition we will give a qualitative study of the domain
apg({u € C: Reu > k}).

PROPOSITION 2.5. Let V(z) = ana™ + --- be an analytic function. Then,
there exists ko such that, if kK > Ko, ag applies the semiplane {u € C : Reu > K}
bijectively to a domain D*(k) of C. The image by aq of the line {Reu = K} together
with {0} is a single closed curve which is the boundary of D*(k). It is a smooth
curve except at zero. The tangent lines near zero have limit slopes +m/(n — 2).

In Figures 1 and 2 we display the domain D*(k), with k big, and n = 2 and
n = 7 respectively

o.as

s ~0.0a
%08 o EXer o1 oas o.2 o o002 o0o0a oos o0o0s 01 o1z o014 o016 ois

Figure 1 Figure 2

PROOF. We assume that there exists uj,uz € {Reu > k} such that agp(uy) =
ap(uz). Then the points (ao(u;), Bo(u;)), 5 = 1,2 stay in the zero energy level,
and hence fp(u1) = £8p(uz2). In the case that the sign is 4, we should have that
ap(t +ug —u1) = ap(t) for all ¢ in the domains of «y, that is us — u; is a period of
g, which is a contradiction with Remark 2.2
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In the case that the sign is —, we use that, due to the symmetry of the equation,
ao(t) = aog(uz + w1 —t) and Bo(t) = —fo(uz + u1 —t). Then So((u1 + u2)/2) =0
and therefore, V(ag((u1 4+ u2)/2)) = 0. Since 0 is an isolated zero for V, if & is big
enough, ag({Reu > k}) does not contain any zero of V', which is a contradiction.

Let

g(t) = (it + k) = + O(Jit + k|7Y),

(it + k)P

with p = 2/(n — 2). The claim on the tangent lines comes from

lim argg(t) = :Fpg.

t—too

2.2. Proof of Proposition 2.1
Let U =D(0,r)\{z € C:Imz=0,Rez <0} CcCand k, e R, 1 <k < /.

We consider
f(z) = fo(z) + g(x)

with fo(z) = az®, a < 0, and g : U — C analytic such that |g(x)| < Blx|".
A solution of

&= ax”

is x(t) = ct™P with ¢ = (—p/a)? and p = 1/(k — 1). We look for a solution of
& = f(x) of the form
o(t) = @o(t) +(t),  with  @o(t) =ct™P.

We write the equation # = f(x) in the form

(24) o)+ () = folwo(t) + Dfoleo(t))ib(t)
+[f(po(t) +1(t) = foleo(t)) = D foleo(t))(t)]-
First we consider the auxiliary linear equation
. c\ k-1 —k 1
Xt = Do lpo@x(t) =ka (5)  x(t) = T=57x®)

which has a solution

1
x(t) = P

From (2.4), using the variation of constants formula we get the following integral
equation for ¢

v = Tu()
25) = g | ) + 0E) =~ foeo(s) — Dho(e(e)i(s)] ds

Here, we are implicitly assuming that ¢(T) = 0. We fix v such that
p <v <min{g,p+ 1}.
‘We introduce the space

X ={¢: QT,a) — C: analytic, |t|"|¥(t)] < oo}.
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We endow X with the norm
[l = sup )\tl”lw(t)\-

teQ(T, o

We denote by B(p) the closed ball of radius p in X centered at zero. We consider
the operator I' : B(p) — B(p) defined by (2.5).

The rest of this section is devoted to prove that, taking suitable values for p
and T, we have that T' : B(p) — B(p) is a contraction.

We take T satisfying the conditions

T>1, 7 > 2¢/r, TP >1/2,

1 k—2 1 4
1 <2 1 <2
(o) 2 (o)

p<(c/2)sin(r—a) if 7/2<a<m
p<c/2 if 0<a<m/2
First we check that I" is well defined. If ¢ € B(p),
c 1

c 1
=+ 9s)| < o + Il < 2 <

and p such that

Moreover, for s € Q(T, «),

|arg vo(s)| = |arg s?| < pa <7
and
W) | [ls)
©o(s) c/sp
This implies that |arg(yo(s) + ¥(s))| < 7 and hence, if ¢ € B(p), then for all
s € QUT, a), po(s) + ¥(s) belongs to the domain of f.

We will use the following bounds. For k € R, k > 1 and z,w € C, such that z,
z+w € U and |w/z| < 1, we have that

Sl 2
¢ |sjPP T ¢

)b =) = 2wz — 1 < |2 (’?)\w/zv‘
>N
_ k _
(2.6) SRS ()\ — CualeF 1l
AN
and
() — 25— k] = 2t w/e) — 1 k(w/2)]

IN

B

Jj=2

(k> ’ jw/ 2l = Ci 22" |w]?,
j

where Clk, = 35k, |(’;)|

Given t € Q(T, a), t = |t|e??, to evaluate the integral in the definition of T' we
will take the path of integration v = 71 V 7o with 71 (u) = Te®™, u € [0,0], and
Yo(u) = Te? + (t — Te)u, u € [0,1]. We call

1 1 ! it| —T
Is = ——ds = — du.
S eww—w/o [T+ (¢ = Tyup ™



12 I. BALDOMA AND E. FONTICH

We have |I5] = 125 ([¢['~0 — T'=9) if § # 1 and |Is] = log 1 if § = 1.
We introduce

x1(s) = s a[(o(s) + ()" — (po(5))* = k(wo(s)" 9 (s)]
and ya(s) = sP 1 g(po(s) + 1(s)). We have

/Xl(s)ds
71
T
¢
[ﬂ x2(s)ds| < 2Bc¢ e

/ x1(s)ds
Y2
/ x2(s)ds
Y2

We have to distinguish the cases 2(v —p) < 1, 2(v —p) = 1, 2(v —p) > 1 and
q—p<1l,g—p=1and ¢g—p > 1. Using the previous estimates we find that in all
cases

T
T2(v—p)’

IN

Cz2alalc2[|v|>

A

IN

Ch2lalc” 29 1*| Iz —p)|

and

< 2Bt I, |

) <

if T is big enough, and hence T'y) € B(p).
Next we see that I' is a contraction. Indeed, let 1) and i be two functions which
belong to B(p),

Ce=tD01 < gz |( [+ [ )27 Goten(s) + v(s) = Dttt

(2.7) ~[foleo(s) +(s)) = Dfo(o(s))d(s)]) ds
(/ /)5”1 9(00(5) + ¥(5)) — g(ipo(s) +(s))] ds| .

To evaluate the first difference we consider the function
x(2) = al(po(s) + 2)* — k(eo(s))*"z].

By the mean value theorem, we have that
1
X = x(:) = [ X+ G- - 2
0
and, since x'(w) = ak[(¢o(s) + w)k¥~ — (po(s))¥~1] then, using (2.6),

X(@(s) = x(@(s))] < lalk [ck,l(c)“ -l

[P

We bound the first integrals in (2.7):

[ ) = xtws)] | < Crakalale 2l ~ vl s
71

[ ) = x@s))ds| < Craklaleh2plld = Loy
V2
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To deal with the second integrals we use that, since g is analytic in U, |¢'(2)] <
Bs|z|*~! in a domain
{zeC:|z| <m, |largz| < a1}, O0<r <r, a<a; <.
Then the integrals that we are analyzing are bounded by
PN - T
Ty_p) ]
c

aBgce_l (1 +

and

_ p -1
Boe M (14 =L ) 16 =¥l Lympriy

respectively, where we have used that p/ = ¢+ 1. Distinguishing cases as before we
get that
5 . 1
[Ty = Ty) ()] < Crlld - d)llW

and C7p is smaller than 1 if T is big enough.

Hence, if T is big enough, T" is a contraction in B(p) and, by the fixed point
theorem, there exists a unique solution of (2.5) which belongs to B(p). This ends
the proof of Proposition 2.1.






3. Parameterization of local invariant manifolds

3.1. Introduction

In this chapter we prove the existence of the local stable and the local unstable
manifolds associated to the origin for the perturbed system. These are obtained
through special parameterizations with properties which will be useful later on. We
only deal with the local stable manifold, but it is clear that the results are also true
for the unstable one, working with the system obtained reversing time.

In order to prove this result we need a good initial approximation of the stable
(and unstable) manifold and suitable coordinates to work with.

In Section 3.3, we obtain these coordinates by canonical changes of variables
using the averaging method. This method allows us to obtain two important things:
remove the terms of order peP and remove the smallest degree terms (with respect
to (z,y)) of hy. We must average several times in order to obtain a high enough
degree.

The initial approximation of the stable manifold is achieved as the invariant
manifold of an appropriate intermediate system which is obtained by dropping the
non-autonomous part in the averaged system. We remark that the construction of
the initial approximation is only necessary when k < n. For k > n we can use as
initial approximation the unperturbed homoclinic orbit.

Finally we obtain a functional equation for the parameterization of the stable
manifold and we prove it has a solution applying the fixed point theorem in a
suitable Banach space.

It is important to say that although the system is CY in t/e, we obtain a
parameterization with two parameters, say (¢, s), which is analytic in s, considered
as a complex variable, and we provide a dynamic sense for s.

3.2. Definitions and main result

We begin by introducing some notation. Given T' > 0 and 7 > 0 we define the
following sets:

D*=D*T,7)={(t,s) eRxC: t+Res>T, |Ims| <7}
and
D" =D"T,7)={(t,s) eRxC: t+Res<-T, |Ims| <7}.
Note that if (¢,s) € D*, (t + 2we, s) and (¢, s + 27we) also belong to D*.
For k € R, k > 0, we define the space &} of functions i : D® — C such that

(a) h is continuous.

(b) For t fixed, s — h(t,s) is analytic in |Res| < T — ¢, |Ims| < 7.
(c) h(t+2me,s) = h(t, s+ 2me) for all (t,s) € D*.

(d) ||h|lx = sup{(t + Res)*|h(t,s)| : (¢,5) € D°} < oo.

In the obvious analogous way we define A}.
We endow X} with the norm || - || introduced in (d) and it becomes a Banach
space. Clearly we have X}, C &},

15



16 I. BALDOMA AND E. FONTICH

The main theorem of this chapter states the existence of invariant manifolds
for the perturbed Hamiltonian equation

(3.1) &t = y+peloyhi(z,y,t/e, p,€)
gy = =V'(x)— uePdhy(z,y,t/e, pu,e)

assuming conditions on the orders of hy and h;. It is worth noting that here, in
contrast with hypothesis HP3, we do not assume that h; is a polynomial.

THEOREM 3.1. Let
H = hg+ ,U,Ephl

where ho(z,y) = y?/2+ V(x) and V is analytic, V(z) = apa™ + ..., a, <0, hy =
hi(z,y,t/e, u,€) is continuous, analytic in (z,y, 1) in a neighborhood of (0,0,0), of
order k in (x,y), 2mw-periodic in t/e with zero average. We assume that 2k —2 > n,
and in case that p < 1, Ozh10,h1 = 0.

Then, H has stable and unstable invariants manifolds associated to (0,0), and,
given T > 0, there exist T > 0 big enough and parameterizations 7}, _(t,s), vy . (t, 5)
of the local stable and unstable invariant manifolds, defined in D°(T,7), D*(T, 1),
respectively, such that (x stands for s oru):

1) t w— 7, (t,s) is a solution of system (3.1) and s w— ~; (t,s) is real
analytic. Moreover the map (t,s,p1,€) — 7, -(t, s) is continuous, C! with

respect to t and analytic with respect to (s, ).
2) For all (t,s) € D*(T, )

Vi (t £ 2me,5) =5 (t, s £ 27e)

where we take + for x =s and — for x = u.
3) For n=0, v, .(t,5) coincides with the restriction of the homoclinic solu-
tion vo(t + s) to D*(T,7), and for p # 0 the following estimate holds:

Vet s) =0t + ) + peP oy (2, 5)
where o}, (t,s) € Xy x Xy with A = 2 and
oot s) = Gue(n(t+s),t/e) + Oe)
where G, . = (G1,G2) is determined by the conditions
0pGpe(x,y,0) = Oyl (x,y,0, p,€), —0c 1 (,y,0, p, €)),
and having zero mean.

REMARK 3.1. In this theorem we have introduced a new condition: if p < 1
then 0yh10yhy = 0. By Remark 1.5, hypothesis HP5 implies this condition, and
therefore, under hypotheses HP1-HP5, Theorem 3.1 applies.

The proof of this theorem is done in several steps in the present chapter. We
prove the statements for v}, ., the ones for ), . are obtained changing t by —t.

In the following sections we assume the hypotheses of Theorem 3.1. From now
on, to simplify the notation, we omit the dependence on € and p at several places
where it does not play an essential role.
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3.3. Averaging of the equation

Some steps of averaging are necessary to transform equation (3.1) into a suitable
form. We begin by introducing notation.

DEFINITION 3.1. Givenl € Ztand U C C? we denote by P, the set of functions
p:U xR x B(0,up) x [0,e0) — C that are continuous, 27-periodic in 0, analytic
in (x,y, 1), and have order l. Therefore they can be represented in the form

oo
Pe(@,9,0) = p(a,y, 0, p,2) = Y a; (0, p,€)z'y
itj=l
with the coefficients a; ;(0, 1, €) continuous, 2w-periodic in 0, and analytic in .
We will write p = (pi,,p1,) € P, X P, if pi, € B, and p, € P,,. However, if
Iy = ly we will simply write that p € P, .
For notational convenience we also define

P =P for 1<0.

PRrROPOSITION 3.1. There exists a canonical change of variables C defined in a
neighborhood of the origin, that transforms the Hamiltonian H to

H(f»ﬂvt/aaﬂvf) = hO(fvg) —|—/J,€p+3F2n_2(,f,g7t/E”u7€)
+N2€p+2R2k—2(ja gv H, 5)

in a neighborhood of the origin, where Fa,_o € Pop_o and has zero mean, Rog_o €
Psj._o does not depend on t and

Rop_o = 0yh10,5 + eror—2

with S € Py such that 0pS(x,y,0, 1, ) = —hy(x,y,0, u,€) and has zero mean, and
rok—2 € Pox_o. The change C has the form

C(z,y,t/e, p,e) = (2,9) + pe? ' G(z, 4, /e, p, ) + O(ueP™?)

where G is determined by 0gG = (0yh1, —0zh1) and having zero mean.
Moreover C and H are continuous in (Z,y,0 = t/e, u,€), 2w-periodic in 0, and
analytic in (Z,9,p) and C is C in 0.

To average first we scale time by § = t/e. The Hamiltonian becomes e H and
the corresponding equation is

i = ey+pePT O h(z,y,0,p,¢)
y = —eV'(x) — pePo,hi(z,y,0, 1, €)

where & and y now mean derivatives with respect to the new time 6. Next we
average several times with respect to 6 in order to move the contribution of the
perturbation to terms of order ueP*3® and p2eP+3 in the parameters, and also to
increase the orders with respect to x, y of some terms of H. We will make two sets
of averaging steps. We begin with the first set.

Let v € Z*. For the inductive step of averaging we assume we have a Hamil-
tonian

eHY = eho + pe! VTRV 4 2P P2RY,
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with RS, _, € Par_2 and IV having the form

(3.2) FY= 3 ¢ o+ Yy

lezt lez™*
v—21>0 v—21—1>0

with ¢} = max{0,k + nl — v}, j; = max{0,k +n(l+1) —v —1} and p; € P;. We
assume that F” has zero mean. From (3.2) it is clear that F¥ € Pj. Indeed, the
terms are of order either

v=2+i >v-204+k+nl-v=k+Iin—-2)>k

or

v=21—-1+4+4/>v-20—14k+n(l+1)—v—-1=k+n—-2+1(n—2) > k.

We observe that the original Hamiltonian e H has this form for v = 0 with
= h; and R, , =0.

LEMMA 3.1. Under the previous conditions and assuming thatn > 3 and k > 2,
there exists a canonical change of variables (x,y) = C**1(z,%,0, u,e) which is C°
in (%,9,0, p, ), Ctand 2m-periodic in 0 and analytic in (Z,7, ) that transforms the
Hamiltonian eH" to

eHY T = ehg + peP TV TEEYTY 4 2P TR REML

in a neighborhood of the origin, where
PV =50,8Y T — V! (2)9,87
and SYT = SYYN(Z,9,0, 1, €) satisfies
(3.3) DpSY Tt = —F",
and has zero mean.
Moreover F**1 has the form (3.2), F**! € Py and has zero mean with respect

to 0, R;’,:'_lQ € Py_o and
(3.4) Ry, =0, F 0,57 + Ry o+ rgp_o
with rop_o € Pog_o.

REMARK 3.2. To prove this lemma we do not assume the condition 2k —2 > n.

PRrROOF. To simplify the notation, in this proof we will not write the dependence
of the functions on p,e. Also, along the proof r; and g; will mean generic terms
of P;; therefore they may be different at different places. We consider a generating
function S**!(z,y,6) which will provide a canonical change of variables (Z,¥)
(z,y) implicitly through

T = 0;8"(z,9,0)
(3.5) y = 0,8 (x,9,0)
and then the new Hamiltonian will be
eH" TNz, 5,0) = eHY (x,y,0) + 0pS” (2,7, 0).
We take
S (,5,0) = 2 + pet TS (@, 7,6)
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with S¥*! satisfying (3.3). This choice is motivated by the next calculations. We
observe that S**1 is C°, 2x-periodic in §, C* in (x,y, 0, 1) and analytic in (z,y, ).
With it we will cancel the terms of orders ueP**! in the averaged Hamiltonian.
Since F” has zero mean with respect to # we can choose S¥* with the additional
condition of having zero mean.

From (3.3), SY*! is of order k. To get the change of variables, from (3.5) we
have to apply the implicit function theorem (I.F.T.) to

(',I"vyaai gaeaﬂvg) = (f - aysl/+1($7g7 eaua E)a y— aa:SV+1($7ga 9,/1/,8)).

This map is C' with respect to (z,y,Z,¥,0,u) and continuous. A generalized
version of the I.LF.T. gives that we can obtain

({E, y) = Cy+1(£7 Y, 0, 122 5)

with C**! being C! with respect to z, y, 6, 1 and continuous.

A new application of the I.F.T. for analytic functions, with 6 and ¢ fixed, gives,
by uniqueness, that C**! also is analytic with respect to (z,y, u1).

Moreover it is clear that

r = I— M€p+v+laysi/+1 + 'u/25210+2V+2,r2k73
y = y+ M€p+y+1az5f+1 + PPty g

where the derivatives of ST 1 and rq5_5 are evaluated at (Z,9,0). The averaged
Hamiltonian is

eH" Tz, 7,0)

eH" (2,y,0) — ne? ™ FY (2,9, 0)
€
— E[g + M5p+u+1awsi/+1 + M2€2p+2y+27a2k}_3]2

+eV (T — pePT o Sy 4 p2eP T2 2y, )
+M€p+l)+1 [FV ($7 Y, 9) —F” (.23, Y, 9)] + M2€2p+2R5k¢—2

= SRV S V@0,

+U252p+2u+26yFUaxSi/+l + #2€2p+2R5k_2 + ,U2€2p+2u+37"2k_2.
Therefore we can take
(3.6) Ry, =0, F 0,87 + Ryy_o + 2 lroy .

We will need information on the orders of the terms in the Hamiltonian and the
factors y they have. From (3.2) and (3.3) we write

v+l v—21 v—2l—1
SiT = E Y g + E Yy gjv
v—21>0 v—21—1>0

when here and in what follows [ is a non-negative integer.
Therefore, F*+! = 49,87 ™" — V'(2)9,SY ™" is of the form

1 _ +1-21 +1-21-1
FY = Z y” Imax{0,iy —1} T Z y” Imax{0,j7 —1}
v—20>0 v—2l—1>0
F1-2(141 +1-21-1
D D Ay T S i Gir+n—2
v—2[>0 v—2[>0

v+1-2(141)—1 vH1—2(1+1
+ E Y (+1) gj¥+n—1+ § Y ( )gjl”+n72~
v—2—1>0 v—21—1>0
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The following relations hold

max{0,if — 1} > iE/H, max{O,jl”—l}Zjl”H,
W4n—1 > @f gan—1> 0,
W +n—1 > it a1,

and then we deduce that F**! has the form (3.2).
Since SY*! has zero mean, we also have that F**! has zero mean.
Finally the regularity on H"*! follows from the regularity of H” and C**!. O

Now we use the previous lemma to perform 2n + 2 steps of averaging.
LEMMA 3.2. There exists a canonical change of variables (x,y) = Co(T, 7,0, p, €)

which is C° in (%,9,0,u,e), C' and 27-periodic in 6 and analytic in (Z,y,u) that
transforms the Hamiltonian ¢H to

eHo = ehg + peP T3 F 4+ 12e?P 2Ry
in a neighborhood of the origin, where F' € Ps,_o and has zero mean with respect
to 0, Rok_o € Pyp_o and
R2k72 = 8yh18z5% + ETok_29

with 511 such that 895% = —h1 and has zero mean, and roi_o € Pop_o. Moreover
Ho is continuous in (Z,7, 0, u, &) and analytic in (T, Y, u).

PROOF. Since hy € Py, we note that H has the form (3.2) for » = 0 and
R, _, = 0. Then we begin with F* = h; and RY, , = 0 and we apply iteratively
Lemma 3.1 2n + 2 times. In this way we obtain that F' = F>"*2 has the form
(37) F2n+2 — Z g2n+2—21pil + Z 52n+1_2lpjz

0<i<n+1 0<21<2n+1
with 4; = max{0, k +nl —2n — 2}, j; = max{0,k+n(l+ 1) — 2n — 3} and p,, € Pp,.
Also from (3.6), we can write R3; "2 as

RSZi_S = 8yh18x511 + ETrog—o

where ST is the one which corresponds to the first change C'. Moreover the func-
tion F?"*+2 has zero mean with respect to §. We observe that the Hamiltonians
HY, ..., H?"*2 are C°, 2m-periodic in § and analytic with respect to z,y and pu.
The changes C!,... ,C?"*2 are C'! with respect to §. We take Cy = C?"*20-..0C".

We prove now that, if a function has the form given in (3.7), then it belongs to
Py, 5. For that we check the order of every term in (3.7). In >, ., #*" "2 2p; ,
the term indexed by [ has order 2n +2 — 2l +4; > 2n if [ = 0,1; and

M+2-2+i>m—2l+k>2n—1)+k—2,
if{ >2. In Z2l§2n+1 g2"+1_2lpjl, it has order bigger than 2n + 1 if [ =0 and
2n+1-204+5>k+(n—-2)(1+1)>2n—1)+k—2
ifl > 1. Hence F = F?>"t2 c P, _o. O

REMARK 3.3. We observe that u?c***2Rgy_o can be written as p?eP*3Rop_s.
Indeed, if p > 1 it follows from the comparison of powers of e. And, if p < 1, by
hypothesis Oyh10,h1 = 0 which implies that ayhlalel =0.
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We rename the variables (Z,y) by (z,y). According to the previous remark,
the transformed Hamiltonian is

eHo = eho+ peP™ 3 Fy, o + 12ePT3 Ry s,

Next we perform a new set of steps of averaging in order to eliminate the
dependence on 6 in the terms of Rgj_o of order (in the (x,y) variables) smaller
than 2n — 2. )

As usual, given f € P;, we will denote its mean with respect to 6 by f. We pro-
ceed in a similar way as before. For the inductive step, we consider a Hamiltonian
system of the form

eH" (2,y,0,1.6) = eho(,y) + 1*e" PRy _o(w,y, i, )

+ueP Uy, o (2, y, 0, m,€) + e (2,y,60, 1)
where F3, 5 € Pop_2, RY,_5 € Por_o, T" has zero mean and has the form
(3.8) T =9y"r;,
with 4, = max{0,2k —2 —v} and r;, € P;, .

We observe that eHg has this form for v = 0, with FY,_, ="~ Fy, o, RS, ,
the mean of Rop_o and T° = Rog_o — ng—z-

LEMMA 3.3. Under the previous conditions and assuming that n > 3 and
2k — 2 > n, there exists a canonical change of variables (z,y) = C*TX(z, 4,0, u,¢)
which is C°, Ctand 2m-periodic in 0 and analytic in (Z,y,u) that transforms the
Hamiltonian eH" to

eH N (2,5,0,p.6) = eho(z,9) + p?e" P Ry, (2,5, 1. €)
el Ty (2,5,0, 1,€) + 02TV (2,5,0, 1, )

in a neighborhood of the origin, where

™ = ego,SYT!
Ry, = Ry _,+
2%k—2 2k—2 T ET2k—2
+1 _
Fy o = Fy o+ p(ran—2 — Ton—2).

The function SYYY(Z,7,0, 1, €) is determined by the conditions
(3.9) R )
Moreover
T =y,
with p; € P;, and T+ has zero mean. Also H*t' is continuous and analytic in
(Z,9,1).

PROOF. In the proof we will not write the dependence of the functions on u,
€. Along the proof r; will mean a generic term of P;. As before, we consider a
generating function S**+!(x,y,6) which will provide a canonical change of variables
(Z,9) — (z,y) implicitly through
8175”_‘—1(3:’ ga 0)
08" (2,7,0).

T

(3.10) y
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We take
SY Y (x,5,0) = xy + p2eP Ay (2,7, 0)

with SY*! satisfying (3.9). We observe that S*+! is C°, C'and 27-periodic in 6
and analytic in (x,y, 1).

From (3.8), it is clear that T" € Pa;_o. Hence Sl”Jrl € Poj_s.

Analogously as in the proof of Lemma 3.1 we get the regularity statements for
C"*+1 and we have that

r o= 7 pPePt30,Sytt 4 e Oy
o 2.p+3 1, 4_2p+6
y = y+u€p+89351” +/~L5p+7’4k,7

where the derivatives of S¥*! and ry;_7 are evaluated at (z,7,6). The averaged
Hamiltonian is therefore

eH" N (2,9,0) = eH"(2,y,0) — p’e" 3T (2,7,0)
= g[g + /142€p+3(r“)m51)+1 + /1«482p+67‘4k,7]2

+eV (z — p?eP 30,87t + pte?tory_q)
+u2eP 3T (2,y,0) — T (2,7, 0)]
U IRy + et TR,y + pt e Oy

= ggf FEV(Z) + p2ePBRY, _, + p2eP A, SUH!

4 2 _pta
+ueP T EY, o+ e s

where in the last equality we have used that, since 2k — 2 > n, we have that
4k — 6 > 2n — 2.
Therefore we can take

1 _
Fy =y = Fy o+ u(ran—2—Tan-2)
1 _
Ry, = Ry o +eTon o
™ = £go,SYT.

Now we check that 7% T has the claimed form. It is clear that it has zero mean,
and that, from (3.8) and (3.9), 7"*! has the form
T = yy+1pmax{0,iu—1}

and 4,41 = max{0,4, — 1}.
_ Finally, the regularity statement on H¥ T follows from the regularity of H* and
Cv*1, in the same way as in Lemma 3.1. O

Now we use the previous lemma to perform 2n — 2 steps of averaging.

LEMMA 3.4. There exists a canonical change of variables (x,y) = C1(Z, 7,0, u, )
which is C°, C' and 27-periodic in 6 and analytic in (z,3, 1) that transforms the
Hamiltonian eHy to

‘SHl(i’vgaauu’vs) = ‘ShO(i'vg) + /~L5p+4F2n72(i'7g70a;u’75)
+M25p+3R2k72(f7 g7 122 8)
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in a neighborhood of the origin, where Fo,_o € Ps,_o and has zero mean, Roy_o €
Pyy._o does not depend on 0 and

RQk_Q = 8yh18m511 + ETok—2

with S11 such that 89511 = —h1 and has zero mean, and roi_o € Pop_o. Moreover
H1 is continuous, and analytic in (T, g, p).

PrROOF. We apply Lemma 3.3 iteratively 2n — 2 times. We omit the details
since they are the same as the ones in Lemma 3.2. [

PROOF OF PROPOSITION 3.1. First we scale time to obtain the Hamiltonian
eH. Then we apply the changes Cy and C; given by Lemmas 3.2 and 3.4 respectively
to obtain the Hamiltonian €H;, and finally we scale back to the original time. We
take H = Hi(z,y,t/e, u,e). To obtain the form of C just recall that C = Cq o Cy,
Co = C?"*20...0Ct with C/(x,y) = (z,y) +O(ueP*?), Ci(x,y) = (z,y) +O(u?eP™3)
and that C'(z,y) = (x,y) + peP™H(=0,51, 0, 51) + O(u?e?’*2) where 995 = —hy
and S} has zero mean. The form of Raj_o comes from (3.4), and the fact that
from the second set of steps of averaging we begin with Roj_o and then Rg,jﬁg =
R5k72 + ETop—2. O

3.4. Estimates for the Poincaré map

3.4.1. Notation. In this section we calculate the Poincaré map associated to
‘H obtained in Proposition 3.1. Let

(3.11) o = y+ peP B0, Py g + peP 20, Roj o
y = —V'(2)— pePtP0, Fop_o — p?eP 20, Rop_a.

be the corresponding equation. To simplify the notation we introduce z = (z,y)
and

Fopn_3 = (0yFan—2, =03 Fon_2), Rok—3 = (OyRok—2, —0z Rog—2).
We define

_ Y
Xo(z,y) = ( —V'(z) ) )
Yie = Xo+p?eP Ry
and
Xu,a = YM,E + H€p+3F2n—3-

Hence, equation (3.11) becomes 2’ = X, .(2,t/e).

Let ¢, (t,t0,2) be the solution of the equation 2’ = X, .(z,t/¢) such that
Oue(to,to,z) = z and ¢, .(t,to,2) be the solution of the system 2’ = Y, .(z)
such that ¢, .(to,t0,2) = 2. If there is not danger of confusion, we will denote
Pu.e(tsto, z) by @pue(t) and ¢, - (t,to, 2) by du(t.c).

We consider the Poincaré maps

(3.12) P (2) = ppe(to + 2me, to, 2)

and

(3.13) P, c(2) = ¢pe(to+ 2me, to, 2) = ¢p(2me, 0, 2).
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Let U C C? be a neighborhood of the origin and let
V(00) = (Useo1]®p.e (0o + 527,00, U)) U (Useo,1]Pp.e (00 + s2m,00,U))

and

V=[] V(6.
OpeR
Therefore, since ¢, (6o + s2m, 6y, z) depends 2me-periodically on 6y, the set V' is
bounded.

PROPOSITION 3.2. We have the following expressions for the Poincaré maps

. _ T+ 2mey 2meq(2,¢€)
Pue(z) = ( y >+2m< =V'(x) + 2meqa(z,¢€)

+p2eP 3Ty _3(2)
and
Pl (z) = Po(2) 4+ peP™ S8y, _s(z,to/e).
where q1, g2 € P,,—1 (independent of 1), Son—3 € Pop—3 and Top_3 € Pai_3.

3.4.2. Some preliminary bounds. In order to determine the properties of
the Poincaré map defined in (3.12) we need a precise knowledge of the distance
between a solution and its initial condition, the distance between the solutions of
the unperturbed system, ¢o(t), and the solutions of the perturbed one, ¢, .(t), as
well as the distance between ¢, -(t) and ¢,, -(t). This is studied in this subsection.

We make the convention that if I < 0 in ||(z,y)||' we understand that it repre-
sents a constant term.

We need a simple lemma:

LEMMA 3.5. Let  C C2xR x C x R be a neighborhood of {(0,0)} x R x {0} x
{0)} and let f : Q2 — R be a function that is continuous, C* with respect to 6 and
analytic with respect to (x,y, u) such that there exists a constant ¢ > 0 verifying

1F (., 0, 1)l < clyll|(, )|

for all (z,y,0,u,¢) € Q. Then there exists a function f; € Py, C' with respect to 0
such that

f($>y797%5) = yifl(x,y,97u,€).

ProoF. We take fi(z,v,0,pu,e) = f(z,v,0,1,¢)/y". Obviously we have to
prove that f; is analytic at points of the form (x,0,0,u,e) € Q. We consider
(2,0,0,u,¢) € Q and y small enough so that the Taylor series of f with respect to
y at (z,0,0, pu,€) converges at y. Then by Taylor’s theorem the result follows. O

It is clear that X, . is bounded in V and it is 2me-periodic on ¢, thus there
exists some constant M (independent on ) such that, || X, c(x,y,0)|| < M for all
(z,y) €V and 6 € R.

Moreover X, . and Y}, . are Lipschitz in V. We denote by L a common Lipschitz
constant for X, . and Y}, ..

To simplify the arguments related to the dependence with respect to ¢, first we
will obtain estimates for the solutions of the scaled equations.
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LEMMA 3.6. Let ¢, (0) = ¢,.:(0,00, %) be the solution of
(3.14) t=eXpe(2,0),  Puelbo) =2
and ¢, -(0) = ¢,.(0,60,2) be the solution of
(3.15) E=eYue(2),  uelbo) =z

Then, if 0 € [0y, 00 + 27| and z = (z,y) € U, there exist some constants C, Cg, po
and €g such that for all |u| < po and |g| < eg the following bounds hold:

1) [@ue(0)] < Clll and ||dy-(0)] < C|l2l.

2) [|@pe(®) — 2l < eCllyl + 2" + p2eP*2||2|22).

3) The solutions ¢, . and @, . can be expressed as

G (0) = po(0) + 23D, (0,00, 2)

with
1@4,(0, 00, 2)|| < Cl=[**2,
and
Pue(0) = Gpue(0) + pe?™W,, (6, 60, 2)
with

||\Il,u,s(97907 Z)” < CF”Z”QniS'

Furthermore, if Fo,_3 =0, ¥, . = 0. Moreover, ¥, . and ®, . are o,

C*' with respect to 0 and 0y and analytic with respect to p and the initial
condition z.

4) The functions

Son—3(2,600) = ¥,.(00+ 27,60, 2)
Tgkfg(z) = <I>w(90 + 27, 0, Z)
satisfy that Sop_3 € Pay_3 and Tox_3 € Pop_3. Moreover if Fy, 3 = 0,

Son—3 =0.

REMARK 3.4. We observe that, since system (3.15) is autonomous, Top_3 ac-
tually does mot depend on 0.

PROOF. The proof of estimates 1) and 2) follows from Gronwall’s lemma. To
deal with the third property, we look for the solutions of (3.15) in the form

qu,s(a) = po(0) + /~L25p+3¢u,6(97 0o, 2).
We denote ®, (0,6, 2) by ®,,..(6). From the identity
Xo(due(0)) = Xo(po(8)) + Xo(wo(0) + p*e" 3@, (6)) — Xo(wo(0)),

we deduce that

. 1 . _
e = “apraXolpo + W7 R e) = Xo(e0)] + Ran—s(dye)
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with the initial condition ®, .(6p) = (0,0). We observe that since ¢y = o (6, 6o, 2)
is analytic, the function ®,, . is C°, C* with respect to 6 and 6, and analytic with
respect to p. From the differential equation for @, .

1

Dy (0) [2ert?

0
/9 [Xo(go(s) + 1273, .(5)) — Xoio(s))] ds

9
+/ Rop—3(dpu.c(s)) ds

0o

and, since Xy is Lipschitz and [|¢,.-(s)|| < C||z|| we have that

0 0 B
1@ (O < L€/9 ||<I>u,s($)||d5+/9 [ Ror—3(u,c(s))ll ds

IN

0
Le / 1@,.(5)]| ds + C 1223,
0o

An application of Gronwall’s lemma gives the bound
(3.16) |®,.(0)] < Celem||z||2F=3, 0 € 00,00 + 27].
It is clear that
T2k73(z) = (P;L,E(HO + 2777 00; Z)
does not depend on 0y and it is analytic with respect to initial conditions. Therefore,
by Lemma 3.5, Tog_3 € Pog_3.
Analogously, we look for solutions of (3.14) of the form
Pu,e(0) = (2)#,5(9) + ﬂ5p+4\11u,6(9a 0o, 2).

As before we denote ¥, (6,00, 2) by ¥, .(6). The function ¥, . satisfies the fol-
lowing equation:

: 1 - - 3

Ve = W[YME(QSM,E + U5p+4\1/u,8) - Yu@(@m)] + FQn—Q(@/L,E)'

Therefore, we obtain the estimate

0 0
19,0 < Le /9 19,-(60)] ds + /9 | Fon—a(@pe(s), )| ds

IN

0
Le [ 100l ds -+ Collol
0o

As before, Gronwall’s lemma gives the bound

(3.17) [,.c0)] < Cpllz)*"3, 0 € 6o, 60 + 27].

It is clear that ¥, . is zero if Fy,_5 is zero and that the function
Son—3(2,00) = U, -(0p + 27, 00, 2)

is 2m-periodic in fy and analytic with respect to z. Moreover by estimate (3.17)
and Lemma 3.5, S5, _3 € Pa,_3. O

PROOF OF PROPOSITION 3.2. We have that for all ¢, tg for which the solutions
are defined

SD,U,,E(t7 th Z) = @H’E(t/‘r% tO/E’ Z)
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and the analogous relation for ¢, . and qu,a Then we can write
P;i(,)a(z) = @u,s(tO/E + 27T,t0/€, Z)
and
PA)“?‘S (Z) = J)IME(QT“ Oa Z)

By properties 3) and 4) of Lemma 3.6 it is enough to compute the Poincaré
map of the unperturbed system, which is independent of ¢y since the unperturbed
system is autonomous:

Pg?s(z) = o(27e, 0, 2)

1
= 2+ 2mepy(0) + 47T2€2/ (1 — 8)¢g (s2me) ds
0

= Z+27T5< _ng(x) >
4 ( L fo V(b (s2me)) ds )
0

V" (pd(s2me)) 2 (s2me) ds
It is clear that for s € [0, 1]
Oz
Cllz"".

V' (pg(s2me)))]
V" (o (s2me) )5 (s2me)|
Hence, by Lemma 3.5,

IAIA

V'(pg(s2me)) € Pua
V" (p5(s2me))pa(s2me) € Pn_y.
Therefore,
Pio(z) = ¢o(27e,0,2)

z+2776( _Vli(x) ) 14722 ( Z;gg )

3.4.3. The stable manifold of the auxiliary system 2z’ =Y, .(z). In this
subsection we compute the parameterization of the stable manifold of 2’ =Y, .(2)
and we compare it with 7. For that we will take advantage of the fact that the
vector field Y, . is Hamiltonian and autonomous.

O

PROPOSITION 3.3. Consider the system z' =Y, .(z) with p and € small enough.
Then
1) The system 2’ =Y, (z) has local stable manifold. Moreover, given T > 0
there exists T > 0 such that it can be represented by A(u) = (a(u), B(u)),
u € D(T, 1), with

R c1 1 e —2
a(u) u2/(n2)<1+0(u )), Cl 2:m+0(/’[’28p+2)

- 1 -2
= i (10 (). @magy



28 I. BALDOMA AND E. FONTICH

where v > 0.
2) There exists M > 0 such that for w € D(T,T)

2.p+2 2.p+2
N noe A Hoe
|6(u) — ap(u)] SMW7 |B(u) — Bo(u)] SMW-

PROOF. 1) Since Y, .(z) = J[Dho + p*eP 2 DRyj,_o] where J is the usual sym-
plectic matrix, we know that, if the stable manifold exists, it is contained in

(3.18) ho(2) + pe?™2Rop_o(2, p,€) = 0.
We know that when p = 0 the local stable manifold is given by y = fo(z) =
—+/—2V (), which is defined in Q(m,r). For u # 0 we look for the local stable
manifold in the form
y = fo(z) + p*e?*2g(z, p,e).
Putting this expression into (3.18) we get the following equation for g
9(z, p,€)
_ 2R2k—2(x,f0($) +,u25-:”+2g(x,,u,5))
V=2V (@) + -2V (2) — 12722 Rt (2, Jo(@) + W27 2g(a, s )

To solve this equation, we introduce the domain ; = Qy (7, r, ug,£0) and the space

(3.19)

, , : - |g(z, p,€)]
Y= {g : Q0 — C: continuous, analytic in (z, u), Séllp [ppF-2n/z < 400

with the norm [|g||s = supgq, \g(z, p, )|/ || ?F—2—"/2.
Let T" be the operator such that I'g is defined by the right hand side of (3.19).
It is easy to see that there exists a closed ball Xj;, of radius M, in ¥ such that T’
has a fixed point in X, which provides us with the solution we were looking for.
Restricting the differential equation to the local manifold we find the equation

(3'20) x’ = fO(aj) + M25p+2f1 (ma Ky 5)

where

fl(‘r) = g(x,u, 5) + ayRZk—Z(xv fo(ﬁC) + ,u25p+2g(x, /-1'76)7ﬂa5)'

Now, applying Proposition 2.1 (Chapter 2) we get that a solution of (3.20) is given
by

N c 1
a(u):m(l—i—O(w/)), u€ D(T,T)

with v > 0 and ¢; depending on pu, € and satisfying

—2
n—2 2 _p+2
=— —_+0 7 p .
“ an(n — 2)2 ( ¢ )

B(u) is obtained as B(u) = fo(d(u)) + u2eP+2g(a(u), u,e) and hence

A c 1
o= s (40 (7))

where v > 0 and
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All solutions have the form 4(u — ug) and have the same asymptotic expressions.
We choose g such that &(T) = ao(T).
2) We define £(u) = &(u) — ag(t). Since dg(u) = fo(ap(u)) we have that
§ = fola) = folao) + p’e" 2 f1(6, p,€)
= Dfo(a)é + [fo(a) = folao) — D folao)é] + p*e" 2 fi(@, ps €).

Since £(u) = do(u) = fo(ao(u)) is a solution of € = D fo(ag)€, applying the formula
of variation of parameters and using that £(T) = 0 we can write,

E(u) = folao(u {/ IACHO)) f()(d( )) = folao(s)) — D fo(ao(s))é(s)] ds

(3.21) +u2€p+2/T mﬁ(&(s),u,e) ds} .

We have the a priori estimate [&(u)] < |&(u)| + |oao(u)] < C1/Ju|> =2 for u €
D(T, 7). Then we also have

C C
|D2f0(a0(8) + (f(s))| < W and |f1(d(5)7:u75)| < ﬁ

with ¢ = min{z(%*%n/m7 2(2"73)} >n/(n—2)>1, for s € D(T, 7). Moreover

n—2 n—2
64 C(4
W < fo(ao(s)) < W
Let t; = sup {t € [T, 400) : [E(u)| < u2£p+2MW,Reu € [Tj]}, with M to

be chosen below. Assume that t; < +oo. For ¢t € [T, t1], using Taylor’s theorem we
have that

[fol@(s)) — folaro(s)—Dfo(on(s))E(s)
1
- / (1= D folon(s) + CE(s)E(s) dg‘

Cs 4_2p+4q 2

Putting the previous bounds in (3.21) we obtain

Cy R e T S A S
1€(u)] < U|”/("_2)[/T a|5| Csu’e Mmds

v 1
+ 25p+2/ —|s|V (=D Cy— ds
W )L &l sl

1
2_p+2[,,2_p+2 2
S :u“ 3 [,LL € CﬁM + 07] |u|2/(n_2)
with C7 independent of M.
We choose M = 2C%, then, since M > C7 and u, € are small we get that for u
such that Reu = ty, |£(u)| < u2eP+2M/|u|?/("=2) which is a contradiction with the
definition of t;. Therefore, for u € Q(T, )

1

2_p+2
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The estimate for B — Bo follows from

B — Bo = fo(@) + p*e" 2g(a, p,e) — folao).

3.5. The operators B and B

The Banach spaces we use in this section were introduced at the beginning of
Section 3.2.
We will need the operator By, : Xj; — X} defined by

(3.22) (Bro)(t,s) = o(t + 2me, s) — o(t,s)

with € > 0. It is a well defined linear operator with || Bg|| < 2. Indeed, it is readily
seen that if o € &)} then Bro € X}, and that

(t +Res)®|(Bro)(t,s)] < (t+Res)*|o(t+ 2me,s)| + (t+ Res)*|o(t, s)]

t+Res \*
< (t+2me +Res)¥|o(t + 27e, 5)| <t+27r5—|—Res>
+(t +Res)¥|o(t, )|
< 2ok
Of course, we have used that ¢t + Res > T > 0.

REMARK 3.5. In fact |Bg|| = 2. For the function o € X}} defined by
(t,s) ! ! sin s
o =
’ cosh(a/(2¢)) (t + s)* 2¢

we have ||o||xy =1 and ||Bxol|x = 2.

We are interested in finding a right inverse of the operator By. For that, we
write Bro = 1 from which we can obtain

(3.23) o(t,s) = —¥(t,s) + ot + 2me, s).

Applying (3.23) iteratively
N

(3.24) o(t,s) ==Y W(t+2mej,s) + o(t+ 2me(N + 1), 5).
j=0

If 0 € X, limy_.oc 0(t,s) = 0 so that we are allowed to take limit as N — oo in
(3.24) and we obtain the formal expression

(3.25) (B ' 9)(t, 5) Zw t + 2mej, s).
7=0

LEMMA 3.7. The operator By, : X — X} has right inverses Bk_1 A — &Y
with m > k+1 and

1 1 1
Bl < o (et ) [l
1B ¥l < T <2T + 27e(m — 1)) 1l
In particular, if T > (m — 1)7/4,

1+4e
B}, "l <

2mek

¢l
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PrOOF. We define ¥y (t,s) = Z;VZO P(t + 2meyg, s) and
(B '0)(t.s) = = lim ¥n(t,s).

Let m > k 4+ 1. First we check that if ¥ € A}, ¥ converges uniformly. Indeed,
from

1 1 m
[ (t + 2mej, )] < (t+27r€j+Res)meH - (T+27T6]> il
the claim follows form the M-test of Weierstrass.

One immediately shows that B, Ly satisfies the first three conditions which
define A7.

Moreover given ¢ € X7,

oo

1B "l = sup Y (t+Res)"|y(t + 2mej, s)|
(t,s)eDs =0
> t + Res)k
< sw RS L) .

(t,s)EDS =0 (t + 27T€j + Re 8)

To bound the sum we introduce u = t + Re s and we bound

i (t + Res)k 1 2me & 1
L~ (t+27mej + Res)™  2meum—F = (1+ M)m'

j=0 u

Then the sum can be bounded by
1 1 27e + /oo 1 d 1 1 27e n 1
I ekl el = 2,
2me um—k=1 | 24 o (14+z)m 2reum™=k=1 | 2u  m—1
1 1
+ .
2um—k  2re(m — 1)um—F-1

From the definitions of both operators we easily see that

BroB;!' =1dxs .

We define B : X x Xy, — &g x Xg, | by
B(o1,02) = (Broi, Bry102)
where By, is defined in (3.22) and B~ : A7, x &, , — Xp x X5, by
B7H(1,v2) = (Bifavhr, Biifavs)
where B;l is defined in (3.25). Clearly

88_1 = Id|X?+1><X

s .
k k42
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3.6. Proof of Theorem 3.1

We look for the parameterization of the stable manifold of equation (3.11) in
the form

Yo o(tos) =A(t+ 5) + ue’*2o(t, s)

with o = (01, 02) belonging to a suitable space of functions decreasing to zero at
some prescribed rate. (See below the choice of the spaces.)
We introduce the notation

Qucae) =i (85 ) 4 e T ),

Therefore we can write

Poo(z) = 2 + 2me ( _V@{(x) ) + e2Qon_3(2)

and
Pxis(z) = P/t,s(z) + peP 4 S, _3(z, /).
We impose the conditions
(3.26) Pﬁ,a(:yz,s(ta 5)) = Yy (t + 27e, 5)
and
Vet +2me, s) =7, (L, s + 2me).
Expanding by Taylor around 4, the condition (3.26) becomes

Pl (et )
= Bue (3t + ) + pe"Son_a(3(t + ), t/e) + pe? DB, (A(t + )0 (t, 5)
RO S, (3t + 5),t/2)o(t, 5) + p2=HO(o(t, 5) ).
Thus, (3.26) is equivalent to

V" (&(t+ s))o1(t,s)
+E2DQ2k73(’?(t + S))O'(t, S) + 5‘:2527173(’3/(1f + 8)7 t/E)
+ueP20(|o(t, s)[°) + pe? T DSan_s(3(t + 5),t/e)o(t, s).

To simplify the notation, we further introduce

A(a(t+5)) = ( fV”(ézO(tJrS)) (1) )

H(o)(t,s) = DQax—3((t+s))ol(t,s)
(3.27) +8o,_3(3(t + 5),t/e) + uefO(|o(t, s)|?)
+ueP 2D Son_3(3(t + 5),t/e)o(t, 5)

o(t+2me,s) = g(t,s)+2m< o2t s) )

and

(3.28) F(o)(t,s) = 2me A(a(t + s))o(t,s) + 2 H(o)(t, s).
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Then the problem is reduced to find o = (01, 02) such that
Bo = F(o).
In the next lemma we will see that F sends &}, x X, to &, | X Ay, and hence
we can use a right inverse of B, as given in Sectlon 3.5, to obtain the fixed point
equation
o=B"1F(0o).

We look for o € A, x X, | with a suitable value of m. We define the following

weighted norm in the product space X, x X}, 1:
[ (A, Bt 1)lm = Ll lam + [t [[mt1
with
n—1 n?

n—2 + (Bn—4)(n—-2)
and we denote B(r,m,m + 1) C & x A}, ., the closed ball of radius  with this
norm.

L =

2n—2

LEMMA 3.8. Let m = ='=. There erists v > 0 independent of j1 and €, such

that the operator
B~ loF:B(r,m,m+1) — B(r,m,m+1)
is well defined and is a contraction.

PrOOF. We recall that, by Proposition 3.3, the function 4 € XQ/(n 9) X
Xs/(n72) and hence, if f; € P,
frod € X5y
Let o € B(r,m,m + 1). Since V" o & € X3, it is clear that
(3.29) Ald)o € Ay, X &,
We check that
San—3(J(t +s),t/e) € g o X AL,

(3.30) (DQar—309)0 € X x Xp
DSon—3((t +s),t/e)o(t,s) € Xp iy x X,
Indeed, we recall that if So,_3 € Pay,—3, then Sa,_5(5(t + s), t/a) o X X
Now we deal with (DQs2x—3 0 %) c. We denote
. Qi Q2 >
D 30 = ~ < .
Qzi-s o7 ( Q21 Q2

It is clear that, since all elements of DQsx_3 belong to P,_o, we have that Qij €
X3 (n—2)/(n—2) = X5 and therefore

(DQak—309)0 € Xp o x Xp
To deal with (DSs,,_3 0 4)o, we observe that DSgn,g) o4 € A} and therefore
DSon_3(4(t,8),t/e)a(t,s) € Xy g X Xy iy
Thus, by (3.30) and since O(|o|*) € X5, 5, we have that
(3.31) H(o)e X1 x X4



34 I. BALDOMA AND E. FONTICH

Therefore, by (3.29), (3.31) and by definition (3.28) of F we have that
F(o) =2mcA(&)o +e>H(o) € X5y X Xoyio.
Finally, by Lemma 3.7,
BN (F(o)) € X5 x Xy

Next we will prove that [|[B=Y(F(0))|lm < 7 if ||o||m < r. We begin by bounding
the norms || F1||m+1 and | F2|lm+2. From (3.27), which defines H, it is clear that
there exist constants M; and My such that

|Hy (@)l < My, [[Ho(0) sz < M.
Then
I FL()lmy1 < 2me sup |oa(t,s)(t + Res)™ !
(t,s)eD
+e% sup |Hi(o)(t,s)(t + Res)™ "
(t,s)eD
< 2nellog)lmir + 2 M

and, using the expression of & obtained in Proposition 3.3

|Fa(@)lmsz < 2me sup [V'(alt+s))or(t,s)(t + Res)™?|
(t,s)eD

+e? sup |Ha(o)(t,s)(t +Res)™ 2|

(t,s)eD
2n(n — 1 _y
< 27e <(n(_2)2) +0(T )) o1 llm + &% Mo,
with v > 0. Therefore, using Lemma 3.7 we obtain
IB= o F(o)llm = I(Br'Fi(0), By Fa(a))llm
= LBy Fi(01,02) m + 1By Fa(o1,02) lmt
14 4e 14 4e
< L mil———— mi2———————
< LAl 2mre + 7] +22(m+ )me
n—2 2n(n —1) _
< L o~
< Dlozlnge—g+ (G + 0@ ) ol
+0(e)
n—2 2n?
3.32 < L o 0
(3.32) < Lg—gloalnns + g Il + 0

if T is big, in particular O(T~") < (?m—f%' We introduce

2(n—1)
@ = n—2
2n?
b (3n—4)(n—2)"

We observe that since @ > b and L = (a + b)/2 we have b < L < a. Thus,
1 — La—'and L — b are positive numbers. Moreover if we introduce the constant



3.6. PROOF OF THEOREM 3.1 35

K= % > 2 we have that

L-b = >

1—La™! = =

Therefore, we can bound (3.32) as follows
1

La”Hozllmsr +bllorm +0(e) < (lozllmsr + Lllorflm)(1 = 22) + O(e)
< (1 - ;{) r+ O(e)
< r

if £ is small enough.
Now, we prove that B~ o F is a contraction. Let o = (01,02) € B(r,m,m+1)
and & = (51,02) € B(r,m,m+ 1). From (3.27) it is easy to see that

[1H(0) = H(@)[m < Cllo = llm

for some constant C' > 0 . Thus, by definition (3.28) of F, we obtain, doing similar
estimations as above

1B~ o F(o1,02) — B0 Flor.a2)|n
n—2 2n°

loa — F2lm+1 + m

<L
- 2n-2

<(1-L)jo-al
S oK 0 — 0|lm

if € is small enough.
Then, applying the fixed point theorem we obtain the existence and uniqueness
of a fixed point (o1,02) € B(r,m,m + 1). This ends the proof of the lemma. O

lor = G1llm +eCllo = &lm

Now we can finish the proof of Theorem 3.1.

END OF THE PROOF OF THEOREM 3.1. The parameterization of the local sta-
ble manifold so far obtained needs not to be a solution of equation (3.1) with re-
spect to t. To have a parameterization which is a solution with respect to t we take
to =T — 2we, with T — 27e satisfying the previous results and we define

Xpie(ts8) = @pue(t to, ¥, - (to, 8)), t>T—2me, Res>—2me, |Ims| <7,
where here ¢, -(t,%0, z,y) is the general solution of equation (3.1).
For t > T — 2we,Res > —27we we have
Xpe(tis+2me) = @uelt,to, Vpc(to,s +2me)) = ppue(t, to, 7, o (to + 2me, )
= Que(t+2me,to + 2me, e (to + 2me, 0,7, (to, 5)))
= Que(t+2me, to, 7, (to, 5))
= Xfw(t + 27e, 5).

This relation permits to extend xj, . to D®. The extension is a solution of equation
(3.1) with respect to ¢ and is analytic with respect to s, and clearly satisfies 2).
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Now we will check that for (¢,s) € D%, x5, .(t,5) = yo(t + ) + pe?2r(t, s) with
r(t,s) = O(m) Indeed, let k € Z such that |t — 2mek — T'| < 27we.

Xoe(t, s +2me) = o (t — 2mek, T — 2mek, 7, (T s))

ue(t —2mek, T — 2mek, oy (T — 2mek, T,7,, (T + 2mek, s)))

et —2mek, T,7;, (T + 2mek, s))

e (t = 2mek, T, 7, (T + 2mek, 5)) + e O((3,, )" °)

Gue(t = 2mek, T, (T + 2mek + s)) + pe?20(0) + pe (3, )" %)

1
A p+2
e+ 5) + st t20( [+ Res|@n—2/(n—2) )

1
p+2
Yo(t + 8) + pe O(\t " Res|2/("*2))'

Going back to the original variables we obtain the result we have stated in Theorem
3.1. Indeed, by Proposition 3.1 the change C has the form

(z,y) = C(x,7,t/¢) = (7,5) + ue" "' G(x,7,t/e) + O(ue"?).

Finally we take

Vet 8) = CXG e (t: ), t/e)

= Xpe(t,s) + PTG (8, 5). t/e) + nePTPO(x, (8, 5) 1)
= Yot +s) + ueP T Glyo(t + 5),t/e) + O(ueP™?).

We observe that v, . is defined for all (¢,s) € D®, and that conclusion 2) follows
because the change C is 2me-periodic in ¢. (]



4. Flow box coordinates

4.1. Introduction

In this chapter we prove the existence of flow box coordinates of a quasi inte-
grable system under general hypotheses, in a neighborhood of the stable manifold
of the unperturbed system, which does not contain the origin and it is indepen-
dent of the parameters g and €. A similar result is in [Ge2]. There, the flow box
coordinates are found implicitly using the variational equations in a neighborhood
of the stable manifold. Our proof gives these coordinates in an explicit way and
gives a careful estimate of the distance between the change of coordinates in the
unperturbed case and the change in the perturbed one, using variational equations
with respect to the parameter pu.

In [DS2] [DS1] the authors use flow-box coordinates defined near a hyperbolic
fixed point. To construct such coordinates they use the Birkhoff Normal Form in
an essential way. Also, in [DG], the authors construct flow box coordinates near a
n-dimensional hyperbolic invariant tori, but only in real domains.

We begin by introducing notation and the hypotheses H1 and H2 we will as-
sume in this chapter. With these hypotheses we will prove a result on the existence
of flow box coordinates: Theorem 4.1. Then, the application of this theorem to
equation (1.1) of Chapter 1 gives Theorem 4.2, in which the result is obtained
applying Theorem 4.1, not directly to (1.1) but to the averaged equation.

To prove Theorem 4.1 first, in Section 4.3, we translate the stable manifold to
the first axis of coordinates and in these coordinates, for the unperturbed system,
we construct explicitly the flow box coordinates, just integrating the equation and
using that the system is Hamiltonian.

To construct the flow box coordinates for the general system in a neighborhood
of (a part of) the stable manifold, we use a special parameterization of the solutions
of the equation. We parameterize the solutions, z(t,s,Y) with two parameters
(t,s) € R x C in such a way that ¢t € R is a time parameter, Y € C and

2(t + 2me, s,Y) = z(t, s + 2me, Y)

in a suitable domain. To obtain this we use a technique designed by Lazutkin to
do a controlled analytic continuation. This is done in Subsections 4.5.2 and 4.5.3.
From this parameterization we easily obtain another parameterization of the form

w(t+s,t/2,Y),

that is, we separate in some way the slow time ¢ + s and the fast time t/e.
Next we find a first flow box coordinates (7,)) from the condition

w(7T (x,v,0),0,Y(z,v,0)) = (z,v)

using the scheme of the proof of the implicit function theorem. We obtain them
close to the analogous ones we have calculated in the non perturbed case. Then
easily we pass to new flow box coordinates (7', F) with F close to the energy variable
(the Hamiltonian).

Finally, using the Hamiltonian character of the equations, we slightly modify
these coordinates to make them canonical.

37
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4.2. Definitions and main result
We consider Hamiltonian systems of the form
H(z,y,t/e) = Ho(x,y) + pe’Hy(z,y,t/e, p,€)

where
y?
Ho(z,y) = o + V().

REMARK 4.1. Since we will apply the result of existence of flow box coordinates
to an averaged system, here q and Hy mean a generic exponent and a generic
Hamiltonian respectively which (in general) do not coincide with p and hy introduced
in Chapter 1.

The associated equations of the Hamiltonian H are
(4.1) &t = y+peloyHi(z,y,t/e, p,€)
gy = —=V'(x)— ueld,Hy(z,y,t/e, u,e).
For w = (wy,wy) € C%, we define
[w]| = max{|w|, [wa]}.
We will assume the following hypotheses

H1 The potential V is an analytic function in {x € C : |z| < po}, V(z) =
apx™ + ... with a,, <0, n € Nand n > 3.

H2 H(x,y,0,¢,u)is C°, 2r-periodic in § and analytic in the x,y, u variables.
The variables (x,y, 1) belong to

{(z,y) € C?: ||(z,9)ll < po} x {u € C |pl < po},

0 € Rand 0 < ¢ < g9. Moreover Hy(z,y,0,¢,1) = O(||(z,9)||*) with
k> 2.

In the applications of the results of this chapter, & will be always greater of
equal than n — 1.

For the unperturbed system, the origin has a stable manifold which can be
represented as the graph of the function

f(@) = =/ =2V(2).
We observe that f is analytic in
Q(pg,m) ={x € C:|z| < po} \ {Rex <0, Imz = 0}.

REMARK 4.2. By Proposition 2.2 (Chapter 2), the unperturbed system (u=10)
has a parameterization of the stable manifold defined in

{ueC:|ul>T, |argu| <=}
which we denote by vyo(u) = (ap(u), Bo(u)).
In the next definition we fix some parameters.
DEFINITION 4.1. Let Cy and C7 be such that
Colz|” < |f(x)] < Cilzf?
for all x € Q(po, 7) where 3 =n/2.
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Let ko € R be as in Proposition 2.5. We take o = ag(ko). We recall that to
take ko bigger implies to take &g smaller. Given 6y > 0 such that 6y < dp, we define

1
ro =3~ Cuog +/ 3627 + C3(5)27).

In the following we take & (and consequently o) small enough.

For k1 > ko, /sf > Ky, kg > 0, kg > 0 such that K] — k3 > kg and 0 <7 < 19,
we define the open sets

Do(kT, ko, k3) = {s€C:k] —ry <Res <kl +ks, |Ims| < kg + K3}
D* (k7 , ko, ki3) = ao(Do(kT, Koy k3))
V()(K)th,lig,lig,T) = {(z,y) e C? :xeD*(nf,/ﬁg,ﬁ;g), ly — f(x)] < r}

and
V(ﬁlia/ﬁ:%’%?nr) = {(x7y70) € (CQ xR: (a?,y) € VO(“£1i7"f27’i37r)}'

In the following we will consider some changes of variables depending on (z,y, ),
and we will refer to them as canonical changes, meaning that are canonical as a
function of (z,y) with 6 fixed.

The main result of this Chapter is:

THEOREM 4.1. (Flow box coordinates). Let k] > 2k¢. If hypotheses H1, H2
hold, for any /if > k] and kg > 0 there exists 1 > 0 and a canonical change of
variables

(x,y,0 =t/e) € V(nli,ﬁg,o,r) — (T,1,0) = (Tl(x,y,ﬁ),fl(x,y,e),ﬂ) eV

of class C', 2m-periodic in 0 and analytic in the x, y variables, such that it trans-
forms system (4.1) to

and satisfies
T (2,y,0) = To(z,y) + O(pe),  T'(z,y,0) = To(x,y) + O(ue?),

where the change (x,y) — (To(z,y),Zo(x,y)) is the corresponding change for the
unperturbed system. Moreover the change is continuous in (x,y, 0, u,€) and analytic

in (z,y, ).

To study the splitting of separatrices we will use the next theorem which is a
specialized version of Theorem 4.1 when we apply it to a system of the form

¥ = y+ M€p+38yF2n_2 + uzep”@ngk_g
y/ — —V/(x) _ N5p+3azF2n—2 _ M26p+28$R2]€_2

which comes from system (1.1) of Chapter 1 by the averaging procedure described
in Chapter 3. If system (1.1) satisfies hypotheses HP1-HP4, the results of Chapter
3 apply and we have that the stable manifold exists and can be parameterized by
Vet 8)-

Next theorem gives a new flow box coordinates and additional information over
the values of these flow box coordinates on the stable manifold 7, _(t,s). Let C be
the change which transforms system (1.1) of Chapter 1 to the averaged system
which is given in Proposition 3.1.
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THEOREM 4.2. Given k; > 2ko, ki > k] and ko > a, there exist 7 > 0 and a
canonical change of variables

(z,y,0 =t/e) € C(V (KT, k2,0,7)) > (S, E,0) = (S(x,y,0),E(x,y,0),0) € N1

of class C', 2m-periodic in 6 and analytic in the x,y variables, such that it trans-
forms system (1.1) of Chapter 1 to

S =
E =0
and satisfies
S(a,y,0) = Solw,y) + O(ue?™),  E(x,y,0) = E(x,y) + O(ue"*)
where (z,y) — (So(z,y),Eo(x,y)) is the corresponding change when u = 0. In fact
Eo(z,y) = ho(z,y).

Moreover, given T > 0 big enough there exist ki > 2k, ni" > K] and Ky > a
such that for all (t,s) such that T < |t+Res| < 2T and |Im s| < a, the parameter-
ization 7y, _(t, s) of the local stable manifold given in Chapter 3 satisfies

7,2,8@7 S) € C(V(Hzlt, K2, 07 7’))
and, for any ty € R
S(fy;E(t,s),t/E) =t—to+s+puPTx(s) and 5(7275(75,5),1?/5) =0

and X(sg) = 0 for some sg, which we can choose freely, depending on initial con-
ditions on the stable curve. Moreover X(s) is analytic and 2me-periodic.

In addition the change (z,y,0) — (S, E,0) is continuous in (x,y,0,u,c) and
analytic in (x,y, p).

REMARK 4.3. To fix ideas we consider only the parabolic case, which is the
object of this memoir, but the proof also would be adapted to the hyperbolic case,
with some small changes.

In this chapter, at some places, we omit the dependence on p and e which is
assumed that it is analytical and continuous respectively.
4.3. A preliminary change of variables

Since the stable manifold of the unperturbed system can be expressed as the
graph of an analytic function, we can easily move it to the z-axis.

For any k] > 2Kg, k] > K, kg > 0 and k3 > 0 such that k] — 3k3 > kg and
r < rg, we define the sets

Uo(lﬂli,/ig,/igﬂ”) = {(x,v) €eC®:ze D*(Iili,lﬁg,/ﬁg,’/‘), lv] < r}
and
U(nli,ng,ng,r) = {(m,v,ﬁ) eC?xR: (z,v) € UO(Hli,/{g,ﬁ;gm)} .
We perform the change of variables C' : V(Kjli, Ka,3k3,70) — C2 x R defined by
(4.2) (#,,0) = (2,0 =y — f(2),0).

This change is canonical. It maps V(fili, Ko, 3K3,T0) onto U(/ﬁ, K2, 3K3,70)-
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We note that, in general, we can not extend C' in such a way that it is analytic
at x = 0 because f is not analytic at 0. The equations in these new variables are

&z = v+ f(x)+ pelg(z,v,0)
(4.3) v = —vuf'(x)+ pelga(x,v,0)
6 = 1/e
where
G1(@0,0) = O,Hi(e,0+ f(2),0)
Go(z,v,0) = —0,Hi(x,v+ f(x),0) — f'(x)0,Hi(z,v + f(z),0).

We denote by X : U(Iili, Ka,3kK3,70) — CZxR, the vector field X = Xo+pue?X;
with

?)+f($) gl(xavag)
Xo=| —vf(x) and Xp= [ go(z,v,0)
1/e 0

Along this section, K will denote a generic constant independent of u, €.
Some preliminary bounds of the vector field X are necessary.

LEMMA 4.1. We have that
1) For all (z,v) € Up(ki, ka, 3k3,70) and h € R? so small that the segment
(z,v), (z,v) + h € Up(K, ka2, 3K3,70),
IX1(2 + hy, v+ ha) = Xa (2, 0)|| < K652 hl|
and
HX(](iE + hl, v+ hg) — X()((E,’U) — DX()(iL',U)h” < K||h||2
where K depends on the domain Uo(mf[, Ko,3K3,7T0)-
2) There exists a constant K such that for all (x,v,0) € U(kT, kg, 3K3,70)
X1 (2,0, 0)]| < K|[(z, o).

PROOF. The proof is straightforward. It is only necessary to use that if
x € U(Hli,ng,Sng,ro) then |z| < 2§y, that f(z —2V(z (z"/?), that
Hiy(z,y,0) is a function of order k and finally, we use that the orlgm does not belong

to the domain U(/ﬁi7 K2,3k3,70). The condition on the segment, permits to apply
the mean value theorem. O

4.4. The unperturbed case
When p = 0, system (4.3) is Hamiltonian with Hamiltonian
2
v
(4.4) Folz,v) = 5 +uf(x).

Then for any initial condition 2% = (29 v°,6°) the corresponding solution is con-
tained in the curve

v=—f(z) £ V/f2(z) + 2Fo (20, v9)
when one has to choose the sign in such a way that the relation is satisfied by the
initial condition. From system (4.3) it is clear that

(4.5) i = ++/(19)2 + 200 f(29) — 2V ().
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Let g (t, x,v) be the flow of the unperturbed Hamiltonian system and let § be such
that

ao(k]) <8 < ag(k]).

From now on ¢ will be fixed. Integrating equation (4.5) we find the time (in general
complex time) to arrive from (z*,v*) to (z,v) where * = § and v* is determined
by the energy conservation. In this way we get that the functions 7o(z,v), Yo(z,v)
defined in Uo(nf, Ko,3k3,T0) by

(4.6) To(

J ds
mv) = _/m V2o, 0) — 2V (5)
(4.7) Yo(z,v) = —f(8) +/f2(6) + 2Fo(z,v)

are such that o(Zo(z,v),d, Vo(z,v)) = (x,v). We choose the sign minus in (4.5),
because it is obvious that, in the real case and over the stable manifold, x(¢t) must
decrease as t goes to +o00. In the coordinates

(T,Y) = (To(z,v), Yo (z,v))
the equations of the unperturbed system become:
T = 1
Y = 0.

Also we can consider the change
(z,v) € Uo(KE, K2, 3k3,70) — (To(z,v), Folz,v)) €V,
where Fj is the Hamiltonian. The equations in the coordinates
(T, F) = (To(a,v), Fola, v))

also are

T =1

F = 0.
This second change is canonical, i.e. 9,700,F¢ — 0,790, Fo = 1.

4.5. Flow box coordinates in a complex domain

4.5.1. Introduction and definitions. Let zo(u,Y) be the solution of the
unperturbed Hamiltonian system Fo, given in (4.4) such that z9(0,Y) = (6,Y).

When Y = 0, zp(u, 0) parameterizes a piece of the stable manifold near (z,v) =
(6,0). Therefore, writing zop = (xo, vg), there exists 7 € R such that

(4.8) xo(u,0) =ap(u+71) = i O(lu+7|7"), p=2/(n—2),v>0.

c
(u+7)
Note that § = ap(7). The condition § < ap(7; ) means that 7 > &7 .
For any Tli, To, T3 and 1 < 1o, we define the sets
D(tE,m,m3) = {(t,s) ERxC:s,t+s5€ Dy(ri,m,73) and |t| < 47e}
W(r) = {YeC:|Y|<r}

We observe that, if (t,s) € D(ri, 72, 73) the segment (0,s), (,s) is contained in
D(7, 79, 73).
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LEMMA 4.2. Let ki > 2kg and ka2 > 0. Then, given ki > ki and k3 > 0
such that k] — 3k3 > Ko, there exists r < 11 < 19/2 such that the image of
A= DO(KIjE — T, Ko, k3) X W(r1) by zo contains

Uo(nli, Ko2,0,7)
and is contained in
Uo(ﬂit, R2, 2H3a 7'10/2)'

PROOF. By (4.8), the image of Do(ki — T, kg, 0) x {0} by 20 is Up (k5 k2,0,0).
By continuity of zq it follows that if 71 > 0 is small enough, the  component of
the image of A by 2z contains D*(k5, kg, 0) and is contained in D*(kT, kg, 23).

On the other hand the solutions zo(u,Y) = (z(u,Y),v(u,Y)) stay in the energy
level Fo(2(0,Y)) =Y?2/2+ Y f(3). Therefore,

o(w,Y) = —f(x(u,Y)) + /Y2 +2Y f(5) + f2(x(u,Y))
and hence, while z(u,Y") belongs to D*(fili7 Ka2,2K3),
KY] <fo(u,Y)| < K|
and thus there exists r,r; < 71 satisfying the stated properties. O

Our goal is to find flow box coordinates in U(ﬁf,@,Om). We will find the
solutions of equations (4.3) parameterized in the form

(2(t,8,Y),t/e)
with
2(t,8,Y) =20t +8,Y) + ueiz (t,s,Y),
2(0,0,Y) = (4,Y) and the additional property
z2(t + 2me, 8,Y) = z(t, s + 27e, Y).

This relation permits to give a dynamical interpretation of the parameter s: the
iterations of the Poincaré map simply consists in increasing the variable s by 2me.
To get the solutions in this form we will rewrite (4.3) in the form

= A(t+s)z+0b(2)(t,9)
= 1/e

and we will apply the fixed point theorem to a suitable operator in a Banach space.
To construct this operator we will need another operator which we call increment
operator. This operator was introduced by Lazutkin in [La2].

Next, we will prove that, as in the unperturbed case, the solutions with initial
condition in U(/-aljt7 k2,0,7) arrive at * = §. Then we will prove that the flow can
be straightened in U(nli, K2,0,7).

Finally, we will construct another change in order to get that the composition
of changes is canonical.
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4.5.2. Increment operator and analytic continuation. Let h, Tli, T and
Do = Do(73,7,0) and W = W (r;) as in the previous subsection. We define D in
a slightly more general way:

D = D(h,tE,m)
= {(t,s) eRxC:[t| <2h, 7, <Res,t+Res<7,|Ims| <}
We consider the equation
(4.9) 2=A({t+s)z+b(t,sY)

(here - denotes derivative with respect to t), where A(u) is a 2 X 2 matrix whose
elements are analytic in Dy = Do(Tli, 75,0) and continuous in Dy. The function
b: D x W — C? is continuous and, for any ¢ such that |[t| < 2h, b(t,.,.) is analytic.
We assume that b verifies

(4.10) b(t+h,s,Y)=0b(t,s+h,Y)

and we look for solutions z(t,s,Y) of (4.9) analytic with respect to s and Y, and
satisfying

z(t+h,s,Y)=z(t,s+h,Y).

Let M (u) be a fundamental matrix of the homogeneous equation

d
@C = A(u)(.

By the general theory of linear equations, M is analytic in Dy and there exists a
constant C)js such that

(4.11) |M(u)| < Cyr, |M~(u)| < Cur, u € Dy.

By the variation of parameters method, the solutions of (4.9) can be expressed as
t
(@12)  a(tsY) = M+ )M el V) + [ MNE e 5 Y)de]
0

where c(s,Y’) is an arbitrary function. Therefore, if the function c(s,Y’) is analytic
in Dg x W, 2(t,s,Y) given in (4.12) is continuous in D x W and analytic with
respect to (s,Y).

We write
t+h
2+ hs,Y) =Mt +h+s) [M*l(s)c(s, Y)+ M=Y(E + 8)b(E, 5,Y) dg} .
0
Also
At,s+hY) = M(t+s+h) [M—l(s +Rh)e(s +h,Y)

+/t M7NE+ s+ Wb s+ D, Y) de]
0
= M(t+s+h) [M’l(s +h)e(s +h,Y)

b [T e ane sy

where we have made the obvious change of variables in the integral, and we have
used (4.10).
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We introduce the auxiliary function f(s,Y) = M~1(s)c(s,Y). We have that
z(t+h,s,Y)=z(t,s+h,Y)
if and only if

h
F6Y) = Fls+hY) = = [ M+ ob(es ) de
0
Therefore, it is natural to study the operator
Ahf(S,Y) = f(S + hvy) - f(S7Y)
We want to find analytic solutions of the equation
(4.13) Apf(s,Y)=g(s,Y), s,s+heDyYeW

where ¢ is analytic in Dy x W and continuous in Dy x W.
We define the auxiliary open sets

Dy ={s€C:Res< 7, |Ims| <7}
and
Df ={s€C:7; <Res, |Ims| <}

It is clear that Dy = D N D, . For any open set Q C C, we define the function
space

AQ,W)={H:Qx W — C: H is analytic in Q x W and continuous in Q x W}.

The main idea of what was developed by Lazutkin in [La2] is the following. Con-
struct two analytic functions g* € A(D§, W) and g~ € A(Dy, W) such that

(4.14) g=g"+g~ inDyxW.

Then, because of the linearity of equation (4.13), the problem of finding the function
f can be reduced to two simpler problems: to find two functions f™ and f~ of
A(Dg, W) and A(Dy , W) respectively such that

Mpf* =g*.
Therefore, since the operator 2\ is linear, the function
f=rr+f,
which is defined in (Df x W) N (Dy x W) = Dy x W, satisfies the equation:
Dpf(s,Y) = Apf(s,Y) + Lpf(s,Y) = g7 (s,Y) + 97 (5,Y) = g(s,Y)

ifs,s+heDyYecW.

To follow the previous program the first thing we must do is to construct
functions g%, defined in the corresponding extended domain and verifying (4.14).
This is done by using the next lemma which also provides useful bounds of the
norm of ¢gF in terms of the norm of g.

LEMMA 4.3. Let x : C — C be a Lipschitz bounded function such that
suppy = {£ € C:Re < o}.
Let
N={eC: s;1 <Ref < s, |Im&| < 7o},
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with s1 € R, s1 < 0 and s3 € [0,00) U {o0}. Let Q* = QN su;?px (small circle
denotes topological interior) and let g € A(QY*,W). We define

1 x(©) X(©)
(5 77) 27” ~/BQﬁsupr C 5 (C, )dc 27” /dQ* C 5 (<>77) dC
Then

1) h is analytic on @ x W,
2) h extends continuously to 2 x W,
3) if (S0, m0) € (02 Nsupp x) x W
(o)

1 x(Q) —x
Jim hi.n) = (o, m) + 5 [ LN
and if (§0,n0) € (02N (supp x)°) x W
R M e e (LS

(&0,m0) ¢—¢&o
4) if (&,n) € Q x K, where K is a compact subset of W we have

1 . N
€l < (I + g Linx Tength(@22)) sl

where || x|| = sup{[x(&)| : € € C} and |lg|x = sup{[g(§, )] = (&) €
oN* x K}.

The same results hold in the case suppx = {{ € C; Re{ > o}, s1 € {—o0} U
(—00,0], 82 €R, 52 > 0.

(Cv 770) dC;

REMARK 4.4. We observe that, in order to apply this result, we only need that
the function g to be analytic in a bounded complex rectangle.

This Lemma is a parameter (with respect to n) version of a lemma by Lazutkin
in [La2]. The proof of the present version of the lemma can be found in [Fo3]. Using
the previous technical lemma, we will construct a right inverse of the operator Ay,.

LEMMA 4.4. Let Dy = Do(Tli,TQ,O). Then there is a continuous operator
A A(Do, W) — A(Do, W)
such that given g € A(Do, W), f = A,:lg s a solution of the equation
(4.15) fs+hY)—f(s,Y)=g(s,Y) fors,s+he Dy, Y eW

and its operator norm verifies | A, || < Cpye™/™h~1, where the constant Cp, only
depends on the size of the domain Dy.

PRrROOF. Let x : R —[0, 1], be the Lipschitz function defined by
1 ifu<m
X(u) =4 1- ==
0 if u >
Let x4+(s) = x(Res) and x—(s) =1 — x4+(s), defined in C. We observe that
suppxt = {s € C:Res <7}

if 7 <u<7

and

suppx— ={s€C:Res > }.
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[e] [e]
Moreover it is clear that Dy = Dd Nsuppxy and Dy = D, NSuppx_. Let
p=r1, " and g € A(Doy, W). By Lemma 4.3, the functions

_ 11 / Xz (§) cosh(pf)
 2mi cosh(ps) Jap, E—s

belong to A(DZE, W) respectively. Moreover, by 4) of Lemma 4.3, we have

gl
Tcosh(ps)] 28y, | cosh(e0)]

g(&,Y)d¢

g:t(svy)

1.
lg+(s,Y)] < [HXi”"‘%LlPXﬂ: length(0Dy)]

1

(4.16) [cosh(p3)

IN

Cpyllgl for (s,Y) € D x W

where ||g|| means supp . w [9(s, Y)|.
Now we construct the inverse of A;. Given (s,Y) € Df x W, we define

Fr(s,Y)==> gi(s+khY).
k>0

A direct substitution shows that f, satisfies (4.15) in Df x W. In the same way,
if (5,Y) € Dy x W,

f(,Y)=> g (s—khY)
k>1
satisfies (4.15) in Dy x W.
Until the end of the proof, Cp, will be a generic constant which may take differ-
ent values in different formulas but only depends on Dy and 7 = max{|r |, | |}.
These series are convergent. Indeed, from (4.16) we have, for (s,Y) € Df x W

1
(V)< D g (s + kR Y] < Onolall Y rogrmr=gy
k>0 k>0 P
1

<
< Cp,llgll ];0 cosh(p(Re s + kh))| cos(pIm s)|

2
<C epres —phk
< Cololmgye ™ e

1 _
< Cp,llglly—=me pltes

< Cp,lgllh™ e em P e,
In the same way we obtain, for (s,Y) € Dy x W
[~ (5,Y)| < Cpyllgl|h~" e erTes.

Now we consider the function f: Do x W — C, defined by f = fi + f_. It is clear
that

Dnf(s,Y) = Dnfi(s,Y) + Dnf-(5,Y) = g4(s,Y) +9-(s,Y) = g(s,Y)
for s,s+h € Dy, Y € W. Moreover, since p = 7'2_1, on Dy x W,
£ (s,Y)| < Cpyllgllh~ e/ = Cp, | g[|h "™,
Then the f so constructed solves (4.15). O
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4.5.3. A useful parameterization of the solutions of system (4.3). In
this subsection we give a good parameterization of a set of solutions passing through
x = 0§, of the system associated to the vector field X. We introduce an additional
parameter, s € C, to be able to reach {x = §} and to obtain useful properties of
the parameterization.

We recall that we denote by zo(u,Y") the solution of the unperturbed system

T = v+ f(x)

= —vf'(z)
such that z¢(0,Y) = (4,Y). In a similar way as in Lemma 4.2 we can prove that the
image by zo of Ay = Do(kE —7, k2, 3k3) x W (2r1) is contained in Uy (k5 , k2, 3K3, 70)
(we recall that r1 < r9/2). Moreover, zp is analytic on A; and continuous on its

boundary. Therefore, since the vector field X is analytic on Uo(l*ili, K2,3K3,T0), &
fundamental matrix M (u) of the system

d
e DXo(20(u,Y))z

is analytic on DO(,'<;1i — 7T, Ke,2k3) and continuous on its boundary. Moreover as we
pointed out in (4.11), M(u) and M~ (u) are bounded in Dy(ki — T, kg, 23).
Now we present the parameterization of the solutions of system (4.3).

PRrROPOSITION 4.1. Ife and p are small enough then a set of solutions of equa-
tion (4.3) can be expressed as parameterized curves

(2(t,8,Y),t/e) = (x(t,5,Y),v(t,s,Y), t/e)
with (t,s,Y) € U defined by
U = D(kT — 7, kg, 2k3) x W(2r1),

satisfying the following properties:

1) t z(t,s,Y) is a solution of system (4.3).
2) z(t,s,Y) is C* and analytic in (s,Y).

3) z(t+2me,s,Y) = z(t,s + 27, Y).

4) The solution of system (4.3) is of the form

Z(ta S, Y) = Zo(t + s, Y) + /LEqu(t, S, Y)
with

sup |z1(t,5,Y)| < K.
U

5) For allY € W(2ry), 2(0,0,Y) = (4,Y).
Proor. If
(z(t,s,Y),t/e) = (z0(t + 5,Y) + pelz1(t,s,Y), t/e)

is a solution of equation (4.3), where zq is a solution of the unperturbed equation,
it is clear that

(4.17) 21 =DXo(z0(t +5,Y))z1 + b(21)(t,s,Y)
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with
Bt Y) = 2 [Xo(e(tY)) = Koot +5.7))
—pe?DXo(20(t +5,Y))z1(t,s,Y)]
(4.18) +X,(2(t,s5,Y),t/e).

Thus, z; is a solution of (4.17) if and only if
t
(4.19) z(t,s,Y)=M(t+s) {Ml(s)c(s, Y)+ / M~ o + 8)b(21)(0,8,Y) do
0
where M (u) is a fundamental matrix of the homogeneous system. At this point

c(s,Y) is an arbitrary function. We choose the function ¢(s,Y’) as follows. We
consider

2me
(4.20) g(z1)(s,Y) = — ; Mo+ 8)b(21)(0,5,Y) do
and we take
(4.21) c(z1)(s,Y) =c(s,Y) = M(S)Ag;sg(zl)(s, Y)

where AL is the operator defined in Lemma 4.4. This choice of ¢(s,Y") is the one
which will permit us to check that an operator to be defined below is well defined
in its domain.
We define ¥ to be the space of functions z; : U — C2 such that z; € ¥ if and
only if z; satisfies
(a) 21(t,s,Y)is C° and analytic on (s,Y).
(b) For all (t,s,Y) € U such that (¢t + 2me,s) € D(ki — T, kg, 2k3), we have
that

z1(t +2me, 8,Y) = z1(t, s + 2me, Y).

(¢) llz1ll = supg 21 (¢, 5, Y)| < 400
We endow ¥ with the supremum norm and it becomes a Banach space. For

any p > 0, we define 3(p) as the closed ball of radius p of X. We define the operator
G : X(p) — X(p) to be the right hand side of (4.19):

G(z1)(t,s,Y)=M(t+s) M_l(s)c(zl)(s,Y)—i—/O M~ (o + 8)b(21)(0,5,Y) do

with ¢(z1) chosen as (4.21). Our goal is to prove that if p is suitably chosen then G
has a fixed point in ¥(p). For that we will see that G is well defined and that it is
a contraction in X(p).

First, we prove that G is well defined. Let z1 € X(p). If p is small,

2(t,s,Y) € U(kE, ko, 3k3,70)

and thus, the function b(z1) given in (4.18) is well defined. Moreover, it is clear
that, since M (t + s), M~(t + s) and z(t,s,Y) are C° and analytic in (s,Y), the
function g defined in (4.20) is analytic on U. Therefore, by Lemma 4.4, the function
¢(z1)(s,Y) is analytic in U. Thus G(z1)(t,s,Y) is also C° and analytic in (s,Y).
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Now we prove that the property (b) holds for G(z1). It is clear that, since
z1 € ¥ and X1(zx,v,0) is 2m-periodic in 6,

b(z1)(t + 27me, 8,Y) = b(z1)(t, s + 2me, Y).

Then
Glz1)(t + 2me,5,Y) = M(t+ 2me +5) [M*l(s)c(s, Y)
t+2me
+/ M~ (o + 5)b(21)(0,5,Y) da]
0
= M(t+s+2me) [M—l(s)c(s, Y)
t
+ M~ (o + 27e 4 8)b(21) (0, s + 27e,Y) da}
—2me
and
G(z1)(t, s+ 2me,Y) = M(t+ s+ 2me) [M_l(s + 2me)e(s + 2me,Y)

t
+/ M~ (o + 27me + 5)b(21) (0, s + 27e,Y) do}.
0

Thus, G(z1)(t, s + 2me,Y) = G(z1)(t + 27e, s,Y) if and only if
M~ (s)e(s,Y) — M~ (s + 2me)c(s + 27, Y)

2me

= _ i M~ (o + 8)b(21)(0,5,Y) do.

This last equality holds by definition of ¢ in (4.21).
Next we will see that if we choose p in a suitable way, G(X(p)) C X(p). Indeed,
let Cps be a constant such that | M (u)]|, ||[M~1(u)|| < Cps. We recall that,
f(5,Y) =M (s)c(s,Y).

By Lemmas 4.1 and 4.4 we obtain

6271'6/7'2 B
I£Il < Cpy—5—llg(z1)ll < CrrCpy [[b(z1)] < CrCp, [K|ple?||z1||* + K651,
Thus
IG(z0) < CRCpy (K|ple'p? + K&~ ") + Chydme(K|ule’p® + Ké5 ")
<

p
if p =202, K(Cp, + 4me)d¢ ™" and |ule? is small enough.
Therefore, G(o) € X(p), and the operator G is well defined.

Finally we prove that G is a contraction. Let 21 and z5 be two functions that
belong to X(p):

(422) 1(G(21) = G(z2))(ts,Y)| < | Mt +5) M1 (5) (elz1)(5,Y) = elz2)(5,Y))

¥ / Mo +8) (b(z1)(0,5,Y) = b(z2)(0,5,Y) ) do

—1
2me

M~ (s)e(z1) — M7 (s)e(z2) = D3 (g(21) — g(22)).

‘We observe that, since the operator A, - is linear
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By Lemma 4.4 we have

2me [T

(4.23) 1M~ (s)e(z1) — M~ (s)e(z2)|l < Cp,

- llg(z1) — g(22)]|-

Now we bound [|b(z1) — b(z2)||. Until the end of the proof, zp, z; and ze will stand
for zo(t +s,Y), 21(t,s,Y) and 22(t, s,Y) respectively.
It is clear that we can write b(z1) — b(z2) as
1
b(z1) —b(z2) = @[Xo(zo + pedzy) — Xo(zo + pelzse) — uetDXo(20) (21 — 22)]
+X1(20 + pelzy, t/e) — X1(z0 + peza, t/e)
1
= @(Xo(zo + pelz1) — Xo(20 + pez2))
—DXo(z0 + pe?z1)(z1 — 22)
+DXo(20 + pe¥z1)(21 — 22) — DXo(20)(21 — 22)
+ X1 (20 + pelz, t/e) — X1(z0 + pelza, t/e).
Using the bounds of Lemma 4.1 we get
[b(21) = b(z2)| < |ple?K ([l21 — 22/ + [zl |21 — 22])
(4.24) Hlule K (21 = z2ll* + |21l flz1 — z2)
= Klple®lz1 = 2.

A

Moreover, it is clear that
llg(z1) — g(z2)|| < Cn2me|[b(21) — b(22)]|-
Then, using (4.23) and (4.24) in (4.22), we obtain

627rs/'r2
1G(21) = G(22)| < CMCDOWHQ(ZH — g(z2)|| + 4meC3rlIb(z1) — b(z2)|
< K(Do, M)|[b(21) — b(z2)|
< K(Do, M)|ple?||z1 — 22|
< !
< 2||Z1 — 2o

if |p|e9 is small enough.

Therefore, since G is a contraction, by the fixed point theorem, there exists a
unique z; € 3(p) such that zo(t + s,Y) + uelz(t, s,Y) satisfies the conclusions of
the proposition, except that z is C°. Since z satisfies the equation

z(t,s,Y) = 2(0,s,Y) —|—/0 X, (2(0,8,Y),0/e)do,

it is C!, and the proposition holds. O

4.5.4. Proof of Theorem 4.1. The proof of Theorem 4.1 has two parts. The
first one consists on constructing flow box coordinates in Dy x W using Proposition
4.1. The change of coordinates so obtained may be non-canonical. In the second
step we modify these flow box coordinates in such way that they become canonical.

We begin by defining

w(u,0,Y) = z(el,u —£6,Y).
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Note that w is C' and analytic with respect to its first and third variables for
(u,Y) € Do(Kki — T, kg, k3) X W (r1). Moreover, since the solutions of system (4.3)
satisfy that z(t+2we, s,Y) = 2(t, s+ 27e,Y), we have that w is 2m-periodic respect
to its second variable. This is a very important property because it allows us to
extend the domain of w with respect to the # variable, that is, we can consider w
in the domain

Do(KE — 7, K2, 2K3) X R x W (2r1).
We have that

(4.25) (w(t+s,t/e,Y), t/e)
is a new parameterization of the solutions of (4.3). Indeed,
1
8t[’LU(t+S7t/E,Y)} = 8uw(t+s,t/s,Y) + gag’LU(t—FS,t/é‘,Y)
0sz(t,8,Y) + [0:2(t,8,Y)e + 0s2(t, 5, Y)(—¢)](1/¢)
= 0z(t,s,Y).

We observe that, if 4 =0, w(u,0,Y) = wp(u,Y) = 20(u,Y). We denote z;(e6,u —
€0,Y) by wq(u,0,Y) and hence

w(u,0,Y) =wo(u,Y) + pelwi (u,0,Y).

In the previous arguments we have not mentioned explicitly the dependence on
the parameters, but it is clear that the continuity on € and the analyticity on p is
maintained, and in particular w is C° in e and analytic in pu.

LEMMA 4.5. Let k] > 2kg. Under the hypotheses H1,H2, for any /{f > Ky,
kg > 0, k3 > 0 such that kK] — 3k3 > ko there exist v > 0 small enough and two
unique functions T and Y defined in U(/ﬁc7 K2,0,7) such that

(4.26) w(T (z,v,0),0,Y(x,v,0)) = (x,v).

The functions T and Y are C*, analytic in the (x,v) variables and 2m-periodic in
0. Moreover

T(x,y,0) = To(z,y) + O(ue?),  V(x,y,0) = Vo(z,y) + O(ue?)
where Ty and Yo are defined in (4.6) and (4.7).
ProOOF. We define the function
G(S,Y,xz,v,0,u,e) = w(S,0,Y, u,e) — (z,v).
on the set
Do(kE — 7, k2, 263) x W(2r1) x Up(ki, k2, 0,7) X R x P
where
P={(u,e) eCxR:|p| <poand 0 <e<ep}

with pg and €¢ small enough. Here we put explicitly the dependence on p and e of
the solutions.
By the definitions of 7y and ) in (4.6) and (4.7) we have that, when u =0,

(4‘27) Zo(%(x7v),y0($7’l))) = Yo(To(z,v), 4, yo(.%',’l})) = (.%‘,U)
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where 1) is introduced in Section 4.4. Then

G(To(z,v), Yo(z,v),2,v,0,0,e) = w(To(z,v),0,Vo(x,v),0,e) — (x,v)
= ZQ(%(.’L‘,U),J)()(:L‘,’U)) - (:mv)
0.

We observe that, by Proposition 4.1, G is analytic on (S,Y) € Do(ﬁli —T, K2, 2K3) X
W(2’I"1 ) .
Next we study the matrix Dgy G. Since the unperturbed system is Hamiltonian
with Hamiltonian
2

Fola,v) = 5 +vf (),

the solution zo(u,Y) = (23(u,Y), 23 (u,Y)) satisfies

Y? 22(u,Y))?
(1.28) T evie) = B v v,
Differentiating with respect to Y in (4.28) we obtain
Y + f(6)

(429) = (#5(u,Y) + f(2(u,Y)))y 25 (w, Y) + 25 (u, Y) f (25 (u, Y ) Dy 25 (u, Y).
Evaluating (4.29) at (u,Y) = (Zo(x,v), Yo(z,v)), we get
Yo+ f(8) = (v + f(2))dy 23 (To, Yo) + v.f )y 25 (To. Vo)

Now we prove that the derivative dsy G at u = 0 is invertible. Using (4.27)
and (4.29), the determinant of Dgy G evaluated at (S,Y) = (Zo(x,v), Yo(z,v)) is

det(DsyG) = 9s25(To, Vo)0y 25 (To, Vo) — Oy 25(To, Vo) s 25 (To, Vo)
= X8($7v)ayzg(%7y0) - Xg(I,U)@yZé(%,))())
= Yo+ f(9)

and by definition (4.7) of )y, we obtain
det(Dgy G) = —/f2(6) +v2 + 2vf(z).

We recall that |v] < r < rg, and that Cod? < |f(8)] < 167, hence, by Definition
4.1, taking §) = ¢

|det(DsyG)[* > f(8)* — o] = 2[vf(2)]
> C20%° — 2 — 2r0C1 00
> 0.

At this point it would be natural to apply the implicit function theorem to the
equation

G(S,Y,z,v,0,u,e) =0.

However to have a good control on the domains in which we will find the solution
7, Y in terms of (x,v,0, u,e) we follow the proof of the implicit function theorem
using the special structure of the equation we deal with. We will work in a space
of functions of the form

(S,Y) = h(z,v,0, p,e).
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In the rest of this proof we take the norm

[1(& )| = max{|¢], 0]}
for (£,m) € C2. We define the space T' of functions h : Uy x R x P — C? which

satisfy (we call (z,v, 6, u,e) the variables of h)

(a) his C°.
(b) h is analytic in (z,v, ) € Up(kT, ko, 0,7) x { € C: |u| < po}.
(c) his C! and 27-periodic with respect to 6.
(d) The norm

ol = sup |[A(z,0,0,p,€)|+ sup |[Gph(z,v,0,p, €]

UgXxRx P UgxRx P
= [Alleo + l1h]loo
is bounded.
We endow I' with the norm || - ||r and it becomes a Banach space. We call T'(p)

the closed ball of radius p of T', centered at (7o(z,v),Vo(x,v)) € T. We observe
that, since (7o(z,v), Yo(x,v)) does not depend on 6, for any h € T'(p),

1 = (7o, Yo)llr = 1h = (To, Yo)llo + [|06h] -
We define the operator G : T'(p) — T'(p) by
g(h)(z7v707pﬂ 5) =h- (Ds7yG(,T0,yo,I,U,Q,O,&))ilG(h,fE,’U,GMLL,E),

where in the right hand side, h = h(z,v,0, p,€), To = To(x,v) and Vo = Vo(z,v).
G is well defined. Indeed, let h € T'(p) with p small enough. By Section 4.5.1

(70,Y0) € Do(ki — T, ko, kiz) x W (ry),

thus, if p is small enough, h € Do(kf — 7, Ko, 2k3) X W(2r1) and then G(h) € T.
Next we will check that G(h) € T'(p).

To shorten the notation we will not write the dependence on the variables
(z,v,0,¢), and we will denote (7p, Vy) by hg. By Taylor’s theorem,

G(h)(p) = h—(DsyG(ho,0)) 'G(h,p)
= h—(Ds.yG(ho, 0) " (Gho,0) + DG(ho, 0) (h — o, )"

+ /0 (DG(Z(C)) = DG(ho, 0))(h — ho, )" dC)

where DG = (0sG, 0v G, 0,G) and Z(¢) = (ho + ((h — ho),(p). We observe that
G is well defined in Z(¢) for all ¢ € [0,1]. Then, using that

G(ho,()) = G(,TO,yOa 0) =0,
we obtain

gh)(w) = ho—(DS,YG(hmO))_l(,uauG(ho,O)

1
- [ 06(2(0) - DG(ho,0) 1~ o) dc).
0
We observe that
(430) a,u,G(hOa ,U/) = 5qw1 (%7 67 y07 My E) + ,u&qauwl (767 97 yOu My 5)'
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Since G is analytic in A, G has its second derivative with respect to h bounded
in Do(ﬁli — T, Ka,2K3) X W(2ry), restricting ks if necessary. Therefore

1G(R) = hollso < K(lule® + p* + plul) < p/2

if p and |p|e? are small enough. Here we have used that ||0,G(ho,0)||cc = O(e?) is
bounded and that, by the mean value theorem,

I[DsyG(Z(C)) — Dy Glho, 0)] (h — ho)lleo < Kplp + 1),
Using (4.30), we have that
09 G = O(e?).
Moreover, since hg does not depend on 6, and that
Opw(S,0,Y) = O(ue?)
and consequently 99 Dgsy G = O(ue?), we have that

1
106G (R) (Il < IMIK/0 |99(DG(2(¢)) — DG (ho, 0))(h — ho, )| dC

< ul( [ CoDG(E(C) @01, 0)T = i) G
+ [ 1D6(2(0) = DGR, 0)(00h.0)7 | &)

< |l K (|ple?p® + |ule? + p°)

< p/2

if |p|e9 is small enough. In fact we can take p = O(ue?).
The operator G is a contraction, thus the fixed point theorem can be applied,
and we find functions 7 and Y such that for any (z,v, 6, u,€) € U(/ili, K2,0,7) X P,

w(7T,0,Y,p,¢) = (x,v).
O
Now we prove that the flow can be straightened in U(nli, Ka2,0,7).

PROPOSITION 4.2. Let k] > 2kg. If the hypotheses H1, H2 hold, for any
/{f > Ky, kg > 0, there exist v > 0 and a change of variables

(x,v,0 = ;) € U(mli,fig,o,r) — (T,F,0) = (T (z,v,0), F(x,v,0),0) € Vv

analytic in the z, v variables, C* and 2w-periodic in 6, such that it transforms
system (4.3) to

T = 1
F =0
6 = 1/e

and satisfies T (z,v,0) = To(x,v) + O(pe?) , F(x,v,0) = Fo(x,v) + O(ue?) where
(z,v) — (To(z,v), Fo(x,v)) is the corresponding change for the unperturbed system
and is given in (4.6) and (4.4).
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ProOF. We fix (x,v) € Uy(kE, k2,0,7) and we consider the solution t(t) of
system (4.3) such that (0) = (z,v,0). By Lemma 4.5, there exist 7 (z,v,0) and
Y(z,v,0) such that

w(7T (x,v,0),0,Y(x,0v,0)) = (z,v).

Moreover since the solutions of (4.3) can be parameterized as (4.25), taking s =7
and Y =) in (4.25) we obtain that

(4.31) D(t) = (w(T (x,0,0) + t,t/e, Y(x,0,0)),t/e),

is also a solution of (4.3) such that ¥(0) = (x,v,0) = ¢(0). By uniqueness, ¢ = 1.
On the other hand, if ¢ is such that v (t) € U(f@li, K2,0,7), by Lemma 4.5, applying
(4.26) with (z,v,60) = 1(t), we obtain

(4.32) P(t) = (W(T (), /e, V(¥ (1)), t/e).

Therefore (4.31) and (4.32) give us two expressions for the same solution (t). We
observe that

To(w,0) + £ = To(to(t))
therefore, by the uniqueness of the functions 7 and ) given in Lemma 4.5, we have
(4.33) TW) = T(z,v,0)+t
Y(t) = Y(,v,0)
and then

d
VW) = o,
We define a new function
F(z,v,0) = Fo(0,Y(z,v,0))

where Fy is the Hamiltonian of the unperturbed system given in (4.4). We recall
that

1V = Volloe = O(pe?),
then, since Fy is constant along the trajectories of the unperturbed system,
F(z,v,0) = Fo(d,Yo(z,v)) + O(pe?)
= Folx,v) + O(ue?).
Therefore, from (4.33), it is easily seen that
(T,F,0) = (T (x,v,0), F(z,v,0),0)

transforms (4.3) in U(Iiic, Ka2,0,7) to

T = 1
F =0
0 = 1/e

and the statement holds. O
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Now we turn to modify the change of variables to get a canonical one. Before
starting the result we need some preliminary calculations.
We denote by 9 (t, z,v) the solution of system (4.3) such that (z,v,0) = ¢(0).
In the proof of Proposition 4.2, concretely in (4.33), we have seen that
(4.34) T((1)) = T(,v,0) + 1
F((t)) = F(x,0,0).

We introduce the matrix

(0TW®) 8.T(()
M“( f@@)&f@@))

Differentiating with respect to (x,v) in both sides of (4.34), we obtain

)
8951#1 (t) 8vlpl (t) _
d(t) ( ) > = (0).

x

8321/)2 t av ¢2 (t)

Since system (4.3) is Hamiltonian,

Ox1(t)  Outhr(t) ) _
d“(mw@ m%@)‘l

and therefore
(4.35) det ®(t) = det ®(0)

for all ¢ for which the solution is defined. Moreover, we know that for pu = 0,
det @(t) = det ®(0) = 1, thus

det ®(t) = 1+ puelg(y(t))

where § = g(x,v,0) is some C! function, analytic in (x,v) and 27-periodic in 6.
Moreover from (4.35) it is clear that

(4.36) 4501 =0

We define the function g : U, — C, by
9(T, F,0) = g(w(T,0, f(0) — / f2(6) + 2F), ).
The function g is C!, analytic in (T, F) and 2m-periodic in 6. If we differentiate
with respect to the time, ¢, in g evaluated on the solutions of T =1, F = 0,0 = 1/,
by (4.36), we get the following equality:
1
(4.37) 0=0rg+ gagg.

To deal with equation (4.37), we define the change (£,n) = (T +¢0,T — €6) and
the function

h(&n, F) = g((+n)/2, F, (§ —n)/2¢)
defined in
{(€m F) € C = ((€+n)/2, F, (€ —n)/2€) € Uy}
Then, by (4.37)
Och =0
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therefore,
g(T,F,0) = h(T+e0, T —e6,F) =h(0,T —eb, F)
is a function that only depends on first integrals of system (4.3). We define the
function p(F,S) by the condition
1
1+ peth(0,S,F)°
We remark that, since h is analytic in F' and S, the function p is O(ue?).

PROPOSITION 4.3. The change of variables defined by
(z,v,0 =t/e) € U(/sli,/fg,(),r) — (1,1,0) = (T (z,v,0),Z(z,v,0),0) €V

with Z(z,v,0) = F(x,v,0) + p(F(z,v,0),T (x,v,0) — 0¢) is canonical and is such
that transforms system (4.8) to

T=1
I=0
0=1/e.

Moreover, T (z,v,0) = To(x,v) + O(ue?) and I(x,v,0) = Fo(x,v) + O(ue?) where
To and Fy is the corresponding change in the unperturbed case.

PROOF. Let Z = Z(x,v,0) be as in the statement. Along the solutions of (4.3),
I =F+ Dpp(F,S)F 4 Dgp(F,S)(T — £6) = 0.

Thus, this change transforms system (4.3) to T'=1,1=1, 6 = 1/e.
To see that the change is canonical we only have to calculate the determinant
of

0., T 0,7
C(z,v,0) = ( oT 0,1 >

‘We have

det C(z, v, 0) 8, T0,T—0,T0,T

= [0,F + 0pp(F, T — 0)0,F + 0sp(F, T — 0e)0,T| 0, T
(0o F + Opp(F, T — 02)0,F + 0sp(F, T — 0)0,T) 0, T

= (0, F0,T — 0, FO,T)(1 + Opp(F, T — 0¢))

(14 pen(0,T — 0, F))(1 + Opp(F, T — b¢))

1.

Now we turn to the system in the original variables (z,y, ). We define
T'(x,y,9) 7(C(x,y,0))
Hxz,y.0) = Z(C(x,y.0))
where C defined in (4.2). It is clear that the change
(z,y,0) € V(KT, Ko, 0,7) — (T, 1,0) = (T (x,y,0), T (x,y,0),0) € V
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is canonical, since it is the composition of two canonical changes. Moreover

T 1
I =0
and
T'(z,y.0) = To(z,y— f(x)) + O(ue?)
I'(z,v,0) = Io(z,y— f(x)) + O(ue?)
= Folz,y — f(x)) + O(ue?)

where To(x,y — f(z)) and Fo(z,y — f(z)) = ho(x,y) is the change when p = 0 in
the original variables. This ends the proof of Theorem 4.1.
4.6. Proof of Theorem 4.2

We counsider the averaged system obtained in Proposition 3.1 (Chapter 3) whose
equation is:

T = Y+ ,uep+38yF2n,2(x, Y, 9) + ,U/2<€p+28yR2k,2(£L‘7 y)
(438) y = *V/(‘T) - prJrSazFQn—Q(xa Y, 0) - H2€p+28xR2k—2(xa y)
0 = 1/e.

We denote by

Vet 5) = (@, (t,5), B, (¢, 5))
the stable curve of this system and by

Yo(t + s) = (ao(t +5), Bo(t +5))
the homoclinic orbit of the unperturbed system.

We fix T > 0 big enough, then for k] =T — 1, k7 = 2T + 1 and k3 = 3a/2 we
have that

Yot +s) € Vo(kE F 1,2k2/3,0,0)

for T <t+Res <2T and |Ims| < a.
We observe that the averaged system (4.38) satisfies the hypotheses H1, H2,
of Theorem 4.1 with ¢ = p + 2, therefore there exists r < ry small enough and a

canonical change of variables, defined in the set V(ﬁli, K2, 0,7), which we denote by
(T, 1) = (TY(z,9,0),T'(Z,7,0)), such that transforms system (4.38) to
T =1
I = o.
Moreover, T'(z,7,0) = To(z,5) + O(ueP*?) and I'(z,9,0) = Zo(z,7) + O(ueP*?).
We must see that the parametric representation of the stable manifold of system
(4.38) enters the domain of analyticity of (7*(z,y,0),Z (z,y,0)).

Using the above definition, it is clear that, by continuity, for (¢,s) such that
T <t+Res < 2T and |Im s| < a we have that

’?Z,s(ta S) € VVO(’%lia k2,0, T)

if |g| is small enough.
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We call C the change from the initial to the averaged system, defined in Propo-
sition 3.1 (Chapter 3). We write (x,y,0) = C(Z,y,0). Where (Z,y) denote the
variables of the averaged systems. Moreover, we know that

(z,y) = (2,9) + O(ne?*).
We define new flow box coordinates
(T*(2,y,0),7%(2,y,0)) = (T"(C"}(x,4.0)). " (C" " (z,9,0))).

Since the change C is O(ueP*!) close to the identity and canonical, the new change
is also canonical and satisfies

(T*(2,y,0), 2%(2,9,0)) = (I3 (,9), L5 (,y)) + O(ue").

The change 72(x,y),Z3(x,y) = ho(x,y) is the corresponding change for y = 0.
The domain of the new change is C(V(Iiit, k2,0,7)). Moreover it is clear that the
change (T,1) = (T?(x,y,0),Z?(x,y,0)) transforms system (1.1) of Chapter 1 to

T =1

I = o
Let v, .(t,s) be the parameterization of the stable manifold of system (1.1) of
Chapter 1 given in Theorem 3.1. Since 7}, . = C(7,, .) we have that v}, _ belongs to
the domain of the new flow box coordinates.

We define a new change of variables. Let so be such that |Imsg| < a and
to € R. We define

(#*,y") = 7., (T — Re s, s0)

and the parameter
T =50 — T*(x*,y*, (T —Resp)/c) — to.
We observe that, if © = 0, the constant 7 is

C1(5,£(6),0) ds
T = / — to
2o V/2ho(z*,y*) — 2V (s)

where C! denotes the first component of the change and ¢ is the initial condition
of 7o as is defined in hypothesis HP1. 7 does not depend on (z*,y*) while (z*, y*)
belongs to the stable manifold of the unperturbed system.

We define the functions

S(z,y,0) = T2(x,y,9)+7
5(1773/,9) = 1-2(1]7y,9)—z-2($*7y*’9).

Next we will see that, since T2 =1 and I2 = 0, we have that for s = s,
S(V5.e(t80),t/e) =t —to + so.
Indeed, using the definition of 7
S(ie(tiso)t/e) = T*(c(ts0),t/e) +7
= t+’2'2('yi,5(TfReso,so),(TfReso)/s)JrT
= t+ T y", (T —Resp)/e) + 7
= t—1p+ 0.
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Let s € C, s # sg. Using that, for the unperturbed Hamiltonian system we have
that So(yo(t + s)) =t — to + s and the estimates S(x,y, 0) = So(z,v) + O(ueP™?),
72,5(t7 s) = vo(t + s) + O(ueP*!), we obtain

S(’)’Z’s(t, 8)7 t/{-:) =t— tO + s+ M€p+1X(S).

We note that we have X(sg) = 0, and that we have a lot of freedom to choose sg
and tg. Each choice gives a slightly different definition of S.
We also note that X(s) is 2me-periodic in s. Indeed, we have that

S(V5 o (t,s+2me), t)e) = t—to+ s+ 2me + pePT X (s + 2me)
SV (t +2me, 5),t/¢) t—to+2me + 5+ peP T X (s)
and, since v, _(t, s +2me) = 7, . (t +27e, 5), from the previous equations we obtain
X(s+ 2me) = X(s).

Finally,
Epe(t.)tfe) = T((ts).t/e) — T(a*.y".0)
= 0.
This ends the proof of Theorem 4.2.






5. The Extension Theorem

This short Chapter is devoted to recall the statement of the extension theorem
which is given in [DS2]. This theorem is stated for systems of the form

i = y+4 pePoyhi(x,y,t/e)
y = —V/(J)) - ,u€paxh1(1‘7 Y, t/&‘)

such that the unperturbed system has a homoclinic orbit, vo(u) = (ag(w), Bo(u))
and [ is an analytic function in |Imu| < @ and has singularities at u = +ia which
are poles.

Following the proof in [DS2] one can see that one can replace the condition
of u = 4ia being poles by u = +ia being branching points in the sense we have
introduced in HP1 in Chapter 1. For this reason here we do not reproduce the
proof of the extension theorem.

The goal of this theorem is to extend the domain of the parameterization
Yyic(t,5) of the unstable manifold (in our case produced in Chapter 3) until it
enters the domain of the flow box coordinates. To do this, the parameterizations
Ypi.e(t,8) and yo(t + s) are compared in the complex domain Dg**:

D™ ={(t,s) ERxC:|t+Res| <27, |Ims| <a—c}.

The extension theorem gives a useful bound for the distance between the unstable
manifold ), . and the homoclinic orbit 7o of the unperturbed system for (t,s) €
D&, That is,
Ve (t:8) = 0(t +5) = O(ue”),
where v is a parameter which depends on the system.
Therefore, if v > 0 and p and ¢ are small enough 7}, _(t, s), for some values of

(t,s), belongs to the domain of the flow box coordinates.
The extension theorem is

THEOREM 5.1. Let z(t,s) = (x(t,s),y(t,s)) be a family of solutions of
& = y+pPoyhi(z,y,t/e, pu,¢€)
y = —V'(x)—pdhi(z,y,t/e, p )
defined for tg + Res = =21, for some T > 0, such that
2(to, ) —Yo(to + 5) — ne? ' Gro(to + s), to /e, p,€) = O(ue?*?),
where G is the function such that

agG(l‘,y, 0,,&,6) = (6yh1($,y7 97,“3 8)3 _awhl('ra Z/797Ma 8))

and has zero mean with respect to 0, and (to,s) € D& verifies tg + Res = —2T.
Let £ be defined by (1.2). We assume that
v=p—4{2>0.

Then, there exist o, po and K such that the solution z(t,s) can be extended to
values of t € [to, 2T — Re s], with the bound

(5.1) |2(t,8) — Yo(t + 5)| < KpeP™*

63
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for (t,8) € D™, 0 < e <ep and |u| < po.

REMARK 5.1. Theorem 5.1 is also valid if V is a trigonometric polynomial and
we assume that hy is also a trigonometric polynomial in x and a polynomial in y.
We observe that in this case ag(u) ~ iClog(u F ia) near of singularity v = +ia
with C a constant which depends on the degree of V.. (See [DS2] for more details
about this case).

REMARK 5.2. We note that, if s € R, the estimate (5.1) can be improved.
Concretely, for (t,s) € R? such that —2T <t + s < 2T we have that

2(to, ) — Yo(to + 5) = O(peP*).



6. Splitting of separatrices

6.1. Introduction

This chapter is devoted to prove Theorem 1.1 and Corollary 1.1. To prove these
results we will use the results established in the previous chapters. In particular the
parameterization of the stable manifold, in Chapter 3, and the flow box coordinates
developed in Chapter 4 will play an important role. Let

(6.1) & = y+peloyhi(z,y,t/e)
y = _Vl(x) - :U/‘L:paxhl(xv Y, t/E)

We recall that, in Chapter 4, we have constructed flow box coordinates (S, E) =
(S(z,y,t/e),E(x,y,t/e)) defined in a complex neighborhood of a piece of the stable
manifold of system (6.1). In these coordinates the original system becomes the
simple equation:

S=1, E=0.
These variables evaluated on the parameterization of the stable manifold of system
(6.1), 75, (t,s) (with s depending on the initial condition) take the values

S(ipelt,s) t/e) =t —to+ s+ peP 1 X(s), EMe(t s),t/e) = 0.

We can prove the existence of primary homoclinic points by using that the
Poincaré map is area preserving and that system (6.1) is a perturbation of one
which has a homoclinic connection. Moreover, by the extension theorem, we get
that the parameterization of the unstable manifold v, (¢, s) enters, for some values
of (t,s), into the domain of the flow box coordinates.

In flow box coordinates the stable manifold corresponds to E = 0. We will see
that, in these variables, the unstable manifold can be written as E = ¢(S), with ¢
a suitable function, therefore we have the following situation:

E

Unstable manifold

Lobe

N So S
Stable manifolc/

Consequently the area of the lobe generated by two consecutive intersections
between the stable and the unstable manifold, expressed in flow box coordinates, is

So
6(S)ds| .

So

(6.2) A=

65
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The function ¢ is called the splitting function. Since the change from the
original variables to the flow box variables is canonical, the area given by (6.2) is
the same as the area of the corresponding lobe in the original variables (z,y).

The scheme of the proof is the same as the one given in [DS2]. For the conve-
nience of the reader we present the main points of it. In Section 6.2 we construct
the splitting function and we establish its properties. In Section 6.3 we prove the
main results. The flow box coordinates we use and the definition of the splitting
function permit to prove that the Melnikov function is a good approximation of the
splitting function.

Finally we will prove Corollary 1.1. We recall that we consider the case that
the singularities of the homoclinic orbit may be branching points in the sense we
have indicated in Chapter 1. This case is not considered in [DS2]. This fact forces
several technicalities in the computation of the Melnikov function.

The asymptotic computations of the Melnikov function are deferred to Sec-
tion 6.4.

6.2. The splitting function

To define the splitting function and to establish the properties we shall need
we begin by recalling some notation and some previous results.
We recall the definitions of the sets

D& = {(t,s) eRxC:|t+Res| <2T, |Ims| <a—c},
D = {(t,s)eRxC:t+Res>T, |Ims| <a},
D" = {(t,s)eRxC:t+Res<-T, |Ims| <a}.

The homoclinic orbit of the unperturbed system is

o(w) = (ao(u), Bo(w))

which is defined in (at least in) {u € C : |Imwu| < a}.
We denote 7,,L(t, s) the parameterizations of the stable and unstable manifolds

of the perturbed system and we recall that, by Theorem 3.1, the invariant curves

are solutions with respect to ¢ and satisfy
(6.3) Vet +2me, s) = v, 5 (t, s + 2me).
Moreover,
Voe(t,s) =0(t +5) + O(uePt)  for (t,s) € D®
Yie(t,s) =0(t + ) + O(uePtt)  for (t,s) € D"
We call U = C(V(ki, k2,0,7)) the domain of the flow box coordinates (S, F),

constructed in Chapter 4 (see in particular Theorem 4.2), which is a neighborhood
of

{7(t+s): T<t+Res<2T, |Ims| <a}

and is independent of p,e. In fact, we have chosen /iit, and ko such that, yo(t+s) €
Vo(kE F1,2k2/3,0,0).

By the extension theorem of Chapter 5, the domain of the parameterization of
the unstable manifold 7}; (¢, s) can be extended to values of (¢,s) € D', and in
this extended set verifies

Ve (E:8) = Y0(t +8) + O(pe”)
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where v =p — {.

Since v > 0 and o (t + s) € VO(,%Ii F 1,2k2/3,0,0), there exist €y and g such
that, for all 0 < ¢ < &g, |u| < po and (¢, s) such that T < t + Res < 2T and
|Ims| < a — ¢, the manifolds ), _(¢,s) and 7}, _(t, 5) are so close to yo(t + s) that
both belong to U for those values of (¢, s).

The expressions S(v,, .(t,5),t/e) — (t—to) and E(v,, (¢, 5),t/c) are well defined
for s € C such that T < t+ Res < 2T and |Ims| < a —e. Then, choosing ¢
arbitrarily we can define

(6.4)  S%(s) =St ), t/e) = (t = to), E4s) = ety 8),t/e).

Moreover, according to Theorem 4.2, they do not depend on time. We choose it in
such a way that T' <t + Res < 27T.

LEMMA 6.1. The functions S* and E" satisfy the following properties

a) The functions S"(s) — s and E%(s) are 2me-periodic with respect to s.
Hence 8" and €% can be analytically extended for all s € C such that
[Ims| <a—e.

b) Moreover, for s € R, § = S"(s) is real analytic and invertible, and its
inverse s = s"(S) satisfies that s"(S) — S is O(ueP*™t) and 2me-periodic
in S.

PRrROOF. We prove it for S"(s) — s. By property (6.3) and since S"(s) — s does
not depend on ¢, we have that

S"(s+2me) = (s+2me) = S(y,.(t,s+2me),t/e) — (t —to) — (s + 2me)
= S(v(t+2me,s), (t + 2me) /) — [(t + 2me) — to] — s
S"(s) — s.

Analogously, £%(s + 2me) = E%(s).
Next we prove the second part of this lemma. We recall that, by Theorem 4.2:

S5 o(t,s),t/e) =t —to + s + pe’ 1 X(s)
and that, for (z,y) € U
S(z,y,0) = So(z,y) + O(pe?t)
where Sy is a flow box coordinate when p = 0. Also, by Theorem 5.1,
Y e(ts ) —v0(t +5) = O(ue”)

for any t € R and s € C such that T' < ¢+ Res < 2T and |Im s| < a —e. Then we
obtain that

S's)—s = Shy(ts)t/e) = (t—to) —s
= So(n(t+s)) = (t—to) — s+ O(ue”, pe™)
(6.5) — O(ue").

Since S"(s) — s is 2me-periodic in s and analytic in the complex strip | Im s| <
a — €, we expand it in Fourier series,

SU(S) 5= ZS;;((?)GikS/E

kEZ
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with
1 2me )
Si(e) = / (S"(s) — 8)e— /2 ds.
0

T 2me

Moreover, for s € R we can write

1 2me , 4
Sie) = —— / (S™(s & i(a — £)) — (s & i(a — &))] e~k CFita=eN /e g
2me Jo
Thus, using the estimate (6.5), for k # 0, we obtain
e*\k|(a75)/a 27e N
Si(e) = 7/ [SU(s+i(a—e)) — (stila—e))]e /% ds.
2me 0

— O(‘ugu)e—|k|a/s.
where we consider the sign + for £ < 0 and the sign — for £ > 0. Summing the
Fourier series and applying the above equality, we deduce
S'(s)—s = S¥(e)+ O(ue”)e /¢
dSu v\, ,—a
7 8 =1 = O(ue")e /e,

(taking into account that %(s) — 1 has zero mean).
This implies that S = S"(s) is invertible. On the other hand, if s € R, by
Remark 5.2 we have that

Vet s) = 0(t +5) = O(per+hy,

hence
S"(s) — s = O(ueP™h).
Therefore SYi(e) = O(ueP™). We denote s = s%(S) its inverse which is analytic.
Moreover s%(S) — S = O(ueP™t). To see that s"(S) — S is 2me-periodic, we observe
that, by a), S"(s + 2me) = S"(s) + 27e, thus
sU(S 4 2me) — (S + 27e) sU(S8"(s) + 2me) — (S + 2me)
sU(8" (s + 2me)) — (S + 2me)
= s+ 2me — (S + 2ne)
s'(S) -8

as we wanted. O

Now we define the splitting function. From Theorem 4.2 it follows that the local
stable manifold v, (¢, s) (for (¢,s) such that [Ims| <a —¢ and T'<t+ Res < 27
can be written in the (S, E) coordinates:

(6.6) (S,E) = (S(c(t,5),t/e),E(c(t,5),t/e)) = (t — to+ 5+ pe"™ X(s),0)

and the local unstable manifold v, .(¢,s) (for (¢,s) such that |[Ims| < a — ¢ and
T <t+ Res < 2T) can be expressed as

(S, E) = (S(yue(t,5),t/€), E(yp ety 5), /) = (t —to + 8%(s),£%(s)).
We consider the Poincaré map
Pﬁ?s(xv y) = 30#76(271—5 =+ Lo, %o, T, y)a
where ¢, (¢, to, z,y) is the solution of system (6.1).
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The restriction to U of the unstable curve C" of Pft?e, is given by ’yl‘j’s(to,s)
parameterized by s € C such that T < Res < 2T and |Ims| < a — . Indeed,
let W**(Plo_,0) (*+ = s,u) be the right hand side of the stable and the unstable
invariant curves of the origin of the map Pﬁ"s. Since the parameterizations 7,;¢, as

functions of ¢ are solutions of system (6.1), we have that

¢ = {3, -(to,s):Res+to>T, |Ims|<a—c}cW>H(PL,0)
C" = {y.(to,s) :Res+to < =T, |Ims|<a—e}C W“’+(Pﬁ?5,0).

Moreover, since
'Y;,e(t + 27, 8) = 'y;i’s(t, s+ 2me), x =8,
in their respective domains, we have that
P (7. (to, 8)) = 7, (2me + to, 5) = 7}, (to, s + 2me),
which means that if we consider s as the variable in C® C W% (Pfo_,0) the dy-
namics of Pf°_ on C® is just
s +— s+ 2me.

Therefore in the (S, F) variables, C" is represented by
(S, E) = (S(vpe(to, s),to/), E(v (o, 8), to/€)) = (8%(s),E(s)).

By property b) of Lemma 6.1, the equality S = S"(s) can be inverted for values of
s such that |Ims| < a — ¢, s = s*(5), thus the function ¢ which gives the variable
E as a function of S, is, in fact, defined explicitly by:

(6.7) ¢(5) = €%(s"(9))-

We observe that the splitting function is 2me-periodic and hence is defined on R.

The parameterization of the unstable manifold, VE,s(t» s), introduced in The-
orem 3.1 is not uniquely determined. Indeed, if we take s = S + 0(S) where g is
a 2me-periodic function which is O(ue?*!), then 4! _(t,S) = i .(t, S + o(S)) is
another parameterization which also satisfies all properties we have proved until
now.

Since s%(S) — S is O(ueP*!) and 27we-periodic in S we can introduce the new
parameterization for the unstable manifold

Ve (,5) = 7 £ (¢, 5(5)).
We do not change the parameterization for the stable manifold
Vet 8) = Ve (8,5).

Finally, after this change of parameter, the splitting function defined in (6.7) can
also be represented in the form

(6'8) ¢(S) = g(ﬁﬁ,a(t,S),t/E).

Now we state two technical lemmas from [DS2]. Given (t,s) € D' and
£ : D™t — C?, we introduce 7 = |t + s — ia| and

|§(t, S)l‘r = |§1 (t7 S)| + T|£2(t7 S)‘
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LEMMA 6.2. Fort, tg, l real and s complez, such that 0 < Ims < a and
2T <ty+Res<t+ Res < 2T, to+Res <0

we denote

_ sup ————, if L#0
Plro(5) = o+ 5 — il
sup|In(loc + s —1ial)|, fl=0

where the supremum is taken for o € [to,t].
Then there exists a constant K which only depends on | such that

¢ do (-1

(6.9) < Kppy g (s).

to |0+ 5 —ial
LEMMA 6.3. Let o € (0,1) and let § : [0,+00) — R be a function such that
§(1) < 6o/7" L. Suppose that £(t,s) and £(t,s) are two functions defined in Dt

We will write £(t,s) = € = (€1,&) and £(t,8) = € = (&1,&). Assume that
4]

[&lr, €] < 8(7).
Then, we have that
& — &

[V (oot +8)+ &) — V'(ao(t +5) + &) < KT, (t,s) € D,

9ol +8) +E/) —glolt +5) + /)l < KETEE (s e pp,

whe’re g($7 Y, t/&‘) = (6yh1(1:7 Y, t/é‘), _axhl(za Y, t/€))
REMARK 6.1. Since
—V'(ao(u)) = fo(u) = éo(u)
has a singularity of order r + 1 at u = ia, we have that, for (t,s) € D' such that
0<Ims < a:

1
72-G-1(r-1)’
By hypothesis HP3, hy(x,y,0) is a polynomial in (x,y). When we evaluate hy at
(x,y) = yo(u), by the definition of £ in Chapter 1, the function has a singularity of
order at most { at u = ia, hence for (t,s) as before

1
l—=ki(r—1)—kar’

(6.10) VU (ao(t + 5))| < K forj >0.

(611) |8§18§2h1(70(t + S),t/6)| <K for k‘1, ko > 0.

Since hi(z,y,t/e) is 2me-periodic in ¢, the Melnikov function,

—+oo
Aﬂ&@:/ {ho b} (rolt + s), t/€) d,

—0o0
has the same periodicity with respect to s. We denote by Mj(e) its Fourier’s
coefficients, i.e.,

M(s,e) = Z My (e)et*s/e.
keZ

The next proposition asserts that the Melnikov function is a good approxima-
tion of &%(s) for |Ims| < a — € and gives that, in particular when s € R, the
approximation is exponentially small.
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PRrROPOSITION 6.1. Under hypotheses HP1-HP5, 8" and E" satisfy the follow-
ing estimates:

a) For s € C such that |[Ims| < a —¢,
EV(s) = uePM(s,e) + O(p2e® =1 uePth).

b) Let EY(g) = 5= 2755“(5) ds. For s € R,

2me JO
E%(s) — EM(e) = ueP M (s, &) + O(u2e®+7=1 pePt)e=a/e,

PRrROOF. In Theorem 4.2 we have proved that

(6.12) EMpc(t,8),t/e) =0
and
(6.13) E(z,y,0) = ho(z,y) + O(ueP™).

Since £Y(s) does not depend on ¢, for any s we choose t = Ty with Ts =T — Res
and therefore, for (t,s) = (1%, s), v, .(t,s) and v}, (¢, s) belong to the domain of
the flow box coordinates U. Then, from the definition (6.4) of £ and properties
(6.12) and (6.13):

E'(s) = E(ihlt,s),t/e) —E (b, 5),t/e)
(6.14) = ho(1pc(t:5)) — ho(.c (1)) + Ot ™),

if [Ims| <a—e.
Since, for any s such that |Im s| < a — ¢, we have that

Ypet,s) — 0 when t — 400
Ypelt,s) — 0 when t — —o0
we deduce
Jim ho(ve(89)) = Hmho(7.0(8,5)) = 0
Then

ho(Ve (T, 8)) = ho(7,,,e(Ts, 5))
Ts 400

— [ oulabeto)) dt— [ 0 fha.(t5)]

—o0 Ts

Ts 400
= pe? [/ {ho, ha} (v . (t, 8),t/€) dt+/ {ho, hi} (7}, (L, 8),t/e) dt| .

—o0 Ts
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Adding and subtracting the Melnikov function we can write

ho (Ve (Tss 8)) = ho (7, (T, 5))

—T,
= pe? / {ho Y (42 s 1/2) — Loy b} (0, /) di

T,
(6.15) +ue? [ {ho, i} (vycrt/€) — {ho, ha}(vo,t/€) dt

s

+o0o
e [ o, b} 05 eot/2) = {hos Yo /) di

Ts
“+o0
4 pe? / {ho. 1} (vo. /<) dt

where 7}, ., 7;, . and o denote v, (¢, s), 7, (t,s) and yo(t + s) respectively. By
conclusion 3) of Theorem 3.1, the first and the third lines of the right hand side of
(6.15) are O(u2e?P*1). It remains to bound the second line.

It is not difficult to see that, if we write v}; .(t,s) = (o}, .(t,5), 8}, .(t,5)) for
* =8, U,

{ho. hi}(v;c,t/e) — {ho, ha}(vo0,t/€)
=V'(a}, )0yh1 (V). s t/€) = Oyha (0, t/)] + [V (), ) — V' (0)]0y 1 (70, t/€)
— By 021 (7 o, t/€) — B (0, t/€)] = (B} - — Bo)zha (70, /).

Using bounds (6.10), (6.11) and Lemma 6.3 and taking into account that, by the
extension theorem, v, - — 0 = O(ue"), we get

u pe”
[{ho, 1} (Vs t/€) = {ho, ha (o, t/€)| < K

(we recall that 7 = |t +s—ial). Then, applying the estimate (6.9) with { = £ —r+2
we obtain that the second line in (6.15) is O(ueP*t*=*"=1). Thus

ho(V,1.o(Ts, ) — ho(7}, (T, 5)) = peP M(s, ) + O(p?e*+, p2e® 1),

Now a) follows from (6.14) and from the previous expression. Note that, since
{>r—1,onehas2p+1>2v+7r—1.

To prove b), since £%(s) is 2me-periodic in s and analytic in the complex strip
|Im s| < a — ¢, we expand it in Fourier series

E%(s) =Y Ep(e)e™/e.
kEZ
It is clear that, for s € R we can write

1 2me ) )
Ere) = ome )y Es +i(a —e))e kbFila=a)/e g,
Thus, by the conclusion a) of this proposition about the estimate of £%(s) in the
complex domain, for & # 0 we obtain
e—lkl(a—e)/e

2me
£() = T/o £%(s +ia — &))e—*5/= ds

— //LEpMk;(E) +O(’LLQEQV"F']-_I’,U/Ep—‘rl)e—“c‘(a—a)/eg’
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where we consider the sign + for k¥ < 0 and the sign — for £k > 0. Here Mj(¢)
are the Fourier coefficients of the Melnikov function. Now b) follows summing the
Fourier series and applying the above equality. (I

6.3. Proof of Theorem 1.1 and its corollary

First we will show that the function ¢ given in (6.7) can be used to measure
some magnitudes related to the splitting. Then we will prove the formulas in
Theorem 1.1. In the next proposition we prove the existence of primary homoclinic
points and we relate the angle between the invariant manifolds and the area of the
lobes with the splitting function. Moreover, we relate it with the Melnikov function.
First we state a technical lemma which we will prove in Section 6.4.

LEMMA 6.4. Under the standing conditions we have
MEPM(S, 5) _ MEV Z €—|k|a/eMkeiks/a
keZ\{0}
with My, = O(1) uniformly in k. Therefore,
dM
MEPE(S’, ) = O(pue”H)e /e,
PROPOSITION 6.2. The function ¢ : R — R is 2me-periodic, real analytic and
satisfies the following properties:
a) There exists h" € R such that vy _(t,h") = 7, .(t, h®), for all t (giving a
homoclinic orbit), with h® = S*(h"). For n € N, we define
h;, = h® 4 2men
which give homoclinic points. Clearly, for all n, ¢(h;) = 0. Moreover,
@'(h) is independent of n, and
¢'(hy) = s (th5) A sy (8, h5) (1 + O(uet ™))
= 107}, (8 B 10572 (t B3| sin 9 (¢, B3, ) (1 + O(ueP ™)),
for all t, where A denotes the exterior product on R?, and 9(t,hS) is the
angle between 0s7,, (t, h3,) and 057}, (¢, h3,).
b) The area of the lobe between the invariant curves is given by

A:

7

/h " 5(8)ds

where h and h are two consecutive zeros of ¢(9).
hyp+2me

0) b0 = I o(5)dS = 0.
d) For S € R, ¢(S) satisfies the estimate
B(S) = EY(sY(S)) = peP M (S, &) + O(p2e? =1 p2ev P pePtiye=a/e,

REMARK 6.2. In particular the splitting function ¢ is an instrument to study
the transversality of the intersections.

PRrROOF. We begin by proving the existence of homoclinic orbits. Let Pﬁ?s be
the Poincaré map

P:[”E(x, Y) = pu.e(2me + 1o, t0, 2, y).
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Since P%_ is area preserving and P has a homoclinic connection (which co-
e 0,

incides with the homoclinic orbit of the unperturbed differential equation), a well
known geometric argument, applied to P;?E restricted to the reals, gives that Pﬁ?E
has (real) primary homoclinic points. Since the iterates of the homoclinic points
are also homoclinic points there will be such points in U.
Then there exist A", h° € R, T' < h" 4+ tg, h® + tg < 2T, which depend on t,
such that
2= (b0, BY) = 7, (to, ).

Hence

Ve (b hY) = (8 17°)

are defined for all ¢ € R and are a homoclinic solution of (6.1).

Given a homoclinic point z" of Pﬁ?6 we can express it as ), . (to+2me, h* —2me).
This implies that h%(ty) = h®(tg + 27me) + 2me and hence 2" is the homoclinic point
of PloF2me corresponding to h3(tg) — 2me.

By Theorem 4.2, we can choose sy = h°. Therefore, taking t such that T <
t+ h",t+ h® < 2T, we can write

S(’ylst,s(tv hs)v t/E) =t—1to+ hsa
and
h® =S, (8, 1), t/e) — (t —to) = S(v, o (t, h"), t/e) — (t —to) = S"(h").
Moreover, by the definition of ¢ in (6.7) and the definition of " in (6.4) we have
¢(h°) P(SH(h)) = E%(s"(8%(h™)))
= EYRY) = E(y, (8 1Y), t/e)
= E(ne(t,h%),t/e) = 0.

By the 2me-periodicity of ¢, ¢p(h,) = ¢(h® + 2men) = ¢(h*) = 0.
Obviously ¢’ is also 2we-periodic, thus ¢'(hS,) does not depend on n. Now we
compute ¢’ (h®). We recall that

Ve (b hY) = 7 (887(B%)) = 7y, (£, 7).
Differentiating in (6.8) we obtain
(6.16) ¢'(h°) = 0.E(F, (t,h°),t/e)dsa" (t, h°) + 0, E (7, (¢, hS),t/€)ds % (t, h*)

where 7, _(t,s) = (&"(t,s), 3(t, s)). Moreover, differentiating with respect to s in
(6.6) we obtain

1+ O(/’[’Ep) = 8738(7;,5(12S)7t/€)8sas(t7 S) + ayS(’}/Zﬁ(t,S),t/c?)asﬂs(t,S)
0 = BEGL (1), /)00 (1, 5) + B,E G, -(1, 5), /)5 (1, )

and from this, taking into account that the change (z,y) — (S, E) is canonical, we
get, when S = h°

Bsa® (£, 1) (1 + O(ueP))

Oy€ (Ve (1, 1), /€)= 0yE (e (8, 17), t/€)
OyE (e (8, 17), t/¢)

s, A7) (1 + O(ue?)) = =0uE€(7,(t,17), /) = =02E(7, (8, 17), /).
Substituting the derivatives of £ in (6.16) we obtain the formula stated in a).
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In order to prove b) we recall that the change C, given in Theorem 4.2, which
transforms the initial coordinates (x, y) to the flow box coordinates (.9, F), is canon-

ical. Therefore.
a=|f dxdy\:|// 45 dE
Lobe C(Lobe)

Moreover, since the Poincaré map Pf[’s is orientation preserving, there exists at least
;

one primary homoclinic point of P/, between z" = ~7 _(to,h") and Plo_(z"). We
denote this homoclinic point by ’Y;SL,s(tOv h*). By definition of the splitting function,
the area of a lobe, in (S, E') coordinates, is the area of the splitting function between

two consecutive zeros of ¢, hence

s

A= o(s)ds

hs

with h® and h® are two consecutive zeros of ¢.

The conclusion c) asserts that the splitting function has zero mean. To prove it
we note that since P;?E is area preserving, a standard geometric argument gives that
the area of two consecutive lobes one inner and the other outer, coincide. Therefore
¢) follows from b) and the fact that the change C is canonical.

Now we prove estimate d). By estimate b) of Proposition 6.1 as well as by the
definition of ¢(S) = E%(s"(5)), we have that for real values of S

B(S) = EX(5"(S)) = E3(e) + P M(s"(S), &) + 022471, peb+1)e=o/e,

where &£ (¢) is the 0-Fourier coefficient of £". Thus, in order to prove Theorem 1.1
we need to estimate & (). By Taylor’s Theorem and Lemma 6.4 we have for S € R,
M(s"(S),e) = M(S+O(ueP™),e)
LdM
M(Se)+ [ LS+ COmer ), £)0(uem ) g
0
= M(S,e) 4 O(ue”)e /",
Therefore, we have that

B(S) = EXe) + peP M(S, e) + O(pu2e2+ =1 [ 2ev*P eptl)e=a/e,

Finally since by c), ¢9 = 0, and the average of M is zero we get
561(6) — O(,U,2€2V+T71, ,U,2€V+p, M€p+1)efa/5
and the estimate d) is proved. O

The proof of Theorem 1.1 is an immediate consequence of Proposition 6.2.

6.4. Proof of Lemma 6.4

The proof of this lemma has significative differences from the proof of the
corresponding lemma in [DS2]. As we pointed out before, we are considering the
case such that the parameterization of the homoclinic orbit has a singularity which
is a branching point. The proof of Lemma 6.4 is the place where this hypothesis
has to be taken into account. Since u = Fia are branching points, the homoclinic
orbit is defined in a neighborhood of the singularities except a segment starting
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at them, and therefore we can not use the residue theory in order to estimate the
Melnikov integral.

The case that the singularity is a pole also follows from this proof taking ¢ =1
below.

We recall the definition of J given in Chapter 1:

J(x,y,t/s) E{ho,hl ,y,t/g ZJ znt/e
n#0

and that J(yo(t + s),t/e) has a singularity of order at most ¢+ 1. We also observe
that the perturbation h(z,y,6) can be written as

hiz,y,0)= > alf)z"y>.
k<|l|<r,lEN?

We recall that, by its definition, ¢ can be expressed in the form
) ) ) . N
(6.17) 0= ji(r — 1)+ jor = jo + (1 +]2)5’

where j; and jy are such that

jl(T'f 1) +j27’ = max{ll(r - ].) +lg'f‘ : ll +lg Z k , | = (ll,lg) 5 CL[(G) 7£ 0}

Now we write the Fourier’s coefficients of M(s,e), M, (g), in terms of the
Fourier’s coefficients of J evaluated at vo(u): Jn(70(u)). We note that, since J is
only continuous with respect to /e, the Fourier’s series may not converge, although
their Fourier’s coefficients are well defined. However, since M(.,¢) is analytic and
2me-periodic with respect to s, its Fourier series does converge.

We claim that

+oo
M, (g) = 1 /_ e~E T (o(w)) du.

2me

Indeed, by definition of M (s,¢€), we obtain

1 2me +o0 )
M@ = o [ ([ gt s de) et
1 2we  p+oo ) U—8
- —ins/e ( )d d
| /_Oo e/ (row), =) duds
+ 27
_ L oo e_iun/a/ € em(u_s)/EJ<’YO(U)’ D) ds du
2me —o 0 3
+o0 )
= / e~/ g (o (u)) du.

Since hj is a polynomial in x, y, near the singularities u = =ia, from the
expression of vy given in HP1, J,(yo(u)) has the form:

Jn(v(u) = (u:l:zla“l("o_'—Z m(u £ ia) )

m>0
+

JE
- n,(j1+j2)c—m
(6.18) = D (- ia) S T
)e

—oco<m<(j1+i2
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where j; and j3 are defined in (6.17) and Ji(

. are coefficients which depend
n,(j1+j2)c—m

on ¢ and p.
Now we proceed to evaluate the integrals

+oo
(6.19) / e~E T (o(u)) du.

— 0o
We consider first the case n < 0. We choose the path of integration I' =T'; VI's V
...V Tg as indicated in the figure:

tib
L Fﬁ% j L G

L5

Iy “r I

Iy
R R  t+Res

where b > a, p is small (obviously p < a) and R is big. Since we will play with the
dependence of I" on p, we will denote the path by I'(p).
Since the function J_,, (y0(u))e™ /¢ is analytic in the region enclosed by T'(p),

[ atotwe ™ du=0.  ¥pe (0.p)
T'(p)

with po small enough. The advantage of considering these curves is that the above
integral does not depend on p. Therefore, in order to compute the dominant term
of

8

Z/ Jn(v0(u))e™ /e du,
T (p)

/ J,n('yo(u))e*m“/a du = —
T1(p) =2

the strategy consists on expanding the right hand side in terms of powers of p and
then taking limit when p goes to zero. The terms with negative powers of p must
cancel and the terms with positive powers of p tend to zero. Therefore we only
have to take into account the coefficients of p¥ in such expansion.

We begin to look for the asymptotic expression of (6.19). First we observe
that the integrals over I's and I's tend to zero when R tends to 4+oco and that the
integrals over I's(p) and T'z(p) are of order O(e™/¢), uniformly with respect to p.

Next we will compute the integrals over the paths I's(p), I'4(p) and T'g(p). For
these three integrals we stay near the singularity ¢a, thus we can use the expansion
of J_,(yo(u)) given in (6.18). For j =4,5,6, we have that

/ T n(0(u))e= ™ du
T;(p)

—inu/e

_ €
(6:20) S e | TR
m<(ji-+ia)e 3()

To evaluate the integrals in the right hand side of (6.20) we distinguish two cases:
m/q ¢ N and m/q € N. First we deal with the case m/q ¢ N:
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1. Integral over I's(p). We parameterize this path by g5(0) = ia + pe~*® with
6 € [0, 7]. Using the series expansion of the exponential we have that

—inu/e w —inpe % /e —if

e e (&

— T dU = 7'L‘€na/€ / — d0

/1“5(,0) (u— ia)7+]2+1 P 0 (p6710)7+]2+1

. l
m_ 1 (—in (e
s na/e - —J2 - 4 19(7+32—l) do.
iy [T () ¢

Therefore, since m/q ¢ N, the integral over I'5(p) has no constant term in p, then
this integral has no contribution to the p® term of its expansion.

2. Integral over I'y(p). We parameterize this path by g4(8) = p — i6 with
6 € [-b, —a]. Then

/ e—inu/s J ./b e—pni/seng/s "
— o AU = —1 ™o .
rutp) (u —ia) ¥ T o (pt(O—ay)t

Given | € Z* and n € (0,1), we introduce the notation

b enf/e
I = ————df
0= [ Gri—a
and
ena/a enb/e
fl (p) = +l - . +l N
P (p+i(b—a))"
Integrating by parts in I;(p) we obtain a recurrence formula for I;(p):
1 n
1, =—|\fi- —1I_
1(p) mri=1) (fz 1(p) + -l 1)

and therefore
(75 1

“\e Pn+l=1)---(n+1-7)
ny\! 1 1
Y e T(p).

(&) wrrn )

The contribution of the j-term in the sum (6.21) to the p° term is

MN

(6.21) L(p) = fi—i(p)

<.
Il

+

(6.22)

(n)j -11 1 enb/e

3O = 1) 1= ) (b — )T
Now we analyze Iy(p). Note that, since p > 0, we have that arg(p+i(z—a)) — 7/2
when p — 0 for z > a. Therefore, using the dominated convergence theorem

€

b nf/e b nf/e
In(p) / ¢ o — e~"m/2 / C hen p — 0
= ————df — — w — 0.
=) Go+i—a)n . (0—ay P

With elementary changes of variables we get

b nb/e e\ [n|(b—a)/e
(6.23) / —df = — enale / s e % ds.
a (9 - a)TI |n| 0

Moreover we have that

[nl(b—a)/e
(6.24) / s"e*ds =T(1—n)—y(e)
0
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where I' is the Gamma function and

e e\ —mie-ay
(e :/ s e %ds < () e~ Imb—a)/e
) In|(b—a) /e In[(b—a)

which is exponentially small. Using (6.22), (6.23) and (6.24), we obtain that the
constant term in p of I;(p) is

n\J—11 _enb/a
<7) i (+l—1)(n+1—35)(i(b—a))rti-1

=~
o
Il

1 9

() b () et - s

<.
Il

_|_

and therefore

l I=1+n
IlO _ <_1) (|n|> e—m‘Tr/Q m 1 e—\7L|a/5(1+O(€))

it € sin(7n) T'(l + n)

where we have used the formula I'(1 —n)I'(n) = «/sin(nr). Thus the constant term
in p of the integral over I'4(p) can be calculated with the previous estimates taking
I =jo+1+[m/q] and n = m/q—[m/q], where [] denotes the integer part function,
and it becomes

D (T e T L nlese
(6.25) i (5) e () I‘(l—l—n)e (1+0(e)),

where the O(g) term is uniform with respect to n.
3. Integral over I's. We parameterize this path by ge¢(0) = —p + i6 with
6 € [a,b]. Therefore,

e—inu/e ' b epPnifeond/e
/ —_' m_‘_],2_"_16111:1/ '%+j2+1d9
To(p) (u—ia)a a (=p+ (0 —a)i)

Thus, if we define

K b ePnile &
=] G

we have that K;(p) = I;(—p), and, for n > 0, by using the previous computations
we obtain

n\J-11 1
Ki(p) = 2_:1(5) R CE Sy Sy i)

<

_|_

(ZY$m+zfn”wK@

As before we calculate the constant term Ky of Ko(p). In this case, the argument
of —p+ (z — a)i belongs to (—37/2, —m) and therefore,

b enb/e 87/ b enb/e
K = —  df — ™7 do h — 0.
o(r) l ot i@ —ay e A @ —ay when p = 0
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Consequently, the constant term in p of the integral over I'g(p) is

=147
(=1 (|n] 3nj2_ T L
6.26 S— msn/e_T_____—_e~Inle/e(1 4 0
(6.26) T € c sin(mn) I'( —|—77)e (1+0(),
where the O(¢g) term is uniform with respect to n.

Now we consider the case such that m/q € N. Taking into account that,
m/q+ j2 + 1 € N, the functions

e—inu/s

(u _ ia)%-i-jz-&-l

have a pole of order m/q + jo + 1. Therefore we can apply the residue theory. In
this case the integral over I'; turns out to be

. 1 —in matse —|nla/e
(6.27) ZWZW (5) e (1+0(e)).

Now we compute the dominant term of M, (g) for n < 0. Let gy =¢—[¢{]. If £ ¢ N
and n < 0, by (6.25) and (6.26) we obtain that

o e—inu/s
M,(e) = Z J / _ . du
n —n,(j1+j2)c—m — ja)m/atiz+1
m<(jitiz)e oo (u—ia) ’
(6.28) — l+1 M ‘o J neim/2 *|n\a/€(1+0(5))
. = 1 - T+1) “n0€ e .
Note that i[femi™/2 = j*. If ¢ € N, using expression (6.27),
¢
2
(6.29) M, (e) = i**? ('Z') %Jjn’oe"”we(l—kO(e)).

REMARK 6.3. The expressions of My(e) in (6.28) and (6.29) are computed
independently. We note that (6.28) goes to (6.29) when 1y goes to zero. Therefore
we can use (6.28) for all L.

For the case n > 0, it is sufficient to observe that
(6.30) My(e) = M_n(e) and JZ, = J5,.

The result follows summing the Fourier series, taking into account that the terms
O(e) are uniform in n.

6.5. Proof of Corollary 1.1
Assume the same hypotheses as Theorem 1.1 and the further hypothesis HP6.

Then, J1+,0 = JZ; o are different from zero. We write J; , = |Jf,0\ei9.
From (6.28) and (6.30) we have

M(s,e)
2m n\?* , .

_ v —na/e |(_\0+1 7+ ins/e 0+1 17— _—ins/e
%F(ul) (5) ‘ [( D7 g€ T e }(HO(E))
—L_—a 27 . — _—is — —a

=& ée /EWQ Re(l€+1;]1$06 /E) =+ O(E e+le /E)

Since T ge /e = | | 0T DT/2 =i/ the formula for M (s, e) follows.
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From Theorem 1.1, to compute the area we have to estimate
S0
/ M(s,e)ds
50
e LU{ | /50 cos(0+ (L + 1)m/2 — s/e)ds + O(e)
Le+1)"H00

8
_ —t+1l —a/e J 9] )
€ e |:1—\(€_|_1)| 1,0 + (6):|
Summing the Fourier series corresponding to M’'(s,¢), in the same way as for
M (s, ) we have

4m
re+1)
If M(so,e) =0, then sg is such that sg/e = 0+ L+ 1)7/2+7/2+kn+O(e), k € Z,
and therefore, sin(6 + (¢ + 1)7/2 — s/e) = £1 4+ O(e). Using the formula for the
angle in Theorem 1.1 we get the result.

|M'(s,e)| = c—t-1 |Jf70|e—a/s sin(0 + (€ +1)w/2 — s/e) + O(E_ee_“/s),
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