Manuscript submitted to Website: http://AIMsciences.org
AIMS’ Journals
Volume 00, Number 0, Xxxx XXXX pp. 000-000

ONE DIMENSIONAL INVARIANT MANIFOLDS OF GEVREY TYPE IN
REAL-ANALYTIC MAPS

I. BALDOMA AND A. HARO

ABSTRACT. In this paper we study the basic questions of existence, uniqueness, differentiability, an-
alyticity and computability of the one dimensional center manifold of a parabolic-hyperbolic fixed
point of a real-analytic map. We use the parameterization method, reducing the dynamics on the
center manifold to a polynomial. We prove that the asymptotic expansions of the center manifold are
of Gevrey type. Moreover, under suitable hypothesis, we also prove that the asymptotic expansions
correspond to a real-analytic parameterization of an invariant curve that goes to the fixed point. The
parameterization is Gevrey at the fixed point, hence C°.

1. Introduction. Center manifold theory is very important in the analysis of degenerate fixed points
and in bifurcation theory. The questions of existence, uniqueness, smoothness of the center manifold,
and its applications, have been studied by many authors, among them [Pli64, Kel67, HPS77, Car81,
Sij85]. These works show up the puzzling properties of center manifolds. In the study of degenerate
fixed points, it is important to know the dynamical properties of the center manifol, what is known
as reduction of the dynamics to the center manifold. In numerical applications, one can approximate
the center manifold through power series expansions whose coefficients are recursively computed (see,
for instance [Sim90, Har99, Jor99]). In order to bound the error of finite order approximations, it is
important to know the rate of growth of the coefficient of the asymptotic expansions [Sim00].

This paper consider the previous topics for real-analytic (local) diffeomorphisms with a fixed point
whose linearization has 1 as a simple eigenvalue. Thus, we look for a one dimensional invariant manifold
going to the fixed point, where is tangent to an eigenvector of 1. A particular case is when the fixed
point is parabolic-hyperbolic, that is, the rest of eigenvalues are away of the unit circle, and the invariant
manifold is a branch of the center manifold. In this setting, the goals of this paper are:

(a) To give a parameterization of the invariant manifold for which the reduced dynamics is “simple”.
In particular, we show that it can be reduced to a polynomial.

(b) To describe the asymptotic properties of the expansions of the invariant manifold. We prove that
the expansions are of the Gevrey type, i.e., the coefficients of the expansions grow as a power of
a factorial.

(¢) To prove, under suitable hypotheses, that the expansions correspond to a real-analytic invariant
manifold that goes to the fixed point (a branch). This is proved under the hypothesis that the
dynamics tangent to the manifold is attracting and the dynamics transversal to the manifold is
not linearly attracting. We also prove that the manifold is of Gevrey type at the fixed point,
hence C°.

(d) To give sufficient conditions of uniqueness of the invariant manifold. This is proved under the
assumption that the dynamics on the manifold is attracting and the transversal dynamics is
repelling.
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Notice that the map on the invariant manifold is tangent to the identity. Several authors have
considered either conjugacy or normal form problems for maps that are tangent to the identity. These
authors find that one can reduce the dynamics to a polynomial. For instance Takens [Tak73] studied
the C'*°-conjugation between C'* maps in the real line. Voronin [Vor81] dealt with the problem of
formal and conformal conjugation between analytic maps in the complex plane. See also [Eca85].
Hence, instead of considering the invariant manifold as a graph, it is natural to consider an adapted
parameterization of the manifold so that its dynamics is a polynomial. The formal construction of the
parameterization is stated in Theorem 2.3. We emphasize that the information regarding the dynamics
on the manifold is given by this polynomial, which is of the form R(t) =t — at"¥ + bt>V~1, with N > 2
and a # 0 (in fact, doing scalings one can obtain @ = £1). The dynamics on the center manifold can
be stable, unstable or semi-stable, depending on the sign of a and the parity of N.

The idea of the parameterization method was developed in [CFdIL03a, CFdIL03b, CFdIL05], for
invariant manifolds associated to non-resonant spectral components of the linearization at the fixed
point. With this method one finds simultaneously a parameterization of the invariant manifold and the
reduction of the dynamics on it. This methodology has already been used to prove the existence of C”
one dimensional branches of weak stable manifolds of tangent to the identity maps, see [BFAILM]. (See
also [McG73, Fon99, BF04, Rob84, Eas84] for different approaches and aspects of this problem, including
applications to Celestial Mechanics. See [Sim80a, Sim80b, Sim82] for studies on the stability around a
parabolic fixed point of a real-analytic area preserving map). We also note that the parameterization
method has been applied to compute invariant manifolds attached to invariant tori [HdIL0O6b, HAIL06a,
HAIL].

It is well known that the center manifold of an analytic map can be non analytic at the fixed
point, even it could be non C*°, see for instance [Sij85]. But one always can find a formal power
series expansion of the manifold by matching terms of the same order in the corresponding invariance
equation. Thus, we are able to compute an approximation of the center manifold. Hence, expansions
are useful in numeric calculations, so it is crucial to control the growth of these coefficients [Sim00].
In this paper we will prove that the formal expansion of the invariant manifold is Gevrey of order
o = 5, that is the coefficients (indexed by n) do not grow more than C K™ (n!)® for some constants
C, K. This result is stated in Theorem 2.3.

As Poincaré already pointed out, formal expansions, even if they are not convergent, are very useful
since they give information about the functions that they represent. See for instance [Ram93, Bal94].
We will use some of these asymptotic techniques to prove that, under suitable assumptions, the formal
expansion of the invariant manifold corresponds to a real-analytic function defined in a complex sector
whose vertex is the origin, and this function is Gevrey at the origin. See Theorem 2.4. We emphasize
that the standard techniques in the literature of center manifold theory, such as cut-off functions, are
out of question here since we work in the analytic category.

Finally, the way we consider the uniqueness problem is quite standard in the literature. See for
instance [Pli64, McG73, BF04]. Assuming that the dynamics on the manifold is attracting, and the
transversal dynamics is repelling, one constructs a cone such that the points on the center manifolds
and its iterates belong to this cone and tend to the origin. Moreover, the distance between two different
points in a fiber transversal to the center manifolds experience a growth when iterating. As a result,
such a fiber can only intersect one center manifold, that is a weak stable manifold. We present this
result in Theorem 2.5. See [Sij85] for a different approach.

As a corollary of the results of this paper, we come back to the conjugacy problem of tangent to
the identity maps on the real line mentioned above. We prove that a real-analytic map of this type
is a-Gevrey conjugated to a polynomial of the form R(t) = t — at" + btV =1, with o = 1. See
Corollary 2.6.
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The paper is organized as follows. In Section 2 we introduce the problem and the notation used,
and we state the main three theorems of this paper. The first theorem corresponds to the formal
approach and the Gevrey estimates of the expansions, developed in Section 3. The second theorem
establish the analyticity and differentiability properties of the invariant manifold, proved in Section 4.
The third theorem is the uniqueness result, which is proved in Section 5. In Appendix A we provide
useful properties on Gevrey functions.

2. The problem and the results.

2.1. The parameterization method. In this paper we will consider a real-analytic map
F: UCRxR!Y — RxR?

2.1
i=(my)  — Fley) = (f@y).0) 21
defined in an open neighborhood U of 0 = (0,0), giving a discrete dynamical system of the form
{ T = x—axN +fN(xvy)+fZN+1(xay)7 (22)
y= Ay + g>2(z,y),

where:

the constant a is non-zero;
1 is not in the spectrum of A;
N > 2 is an integer number;
fN(m,y) is an homogeneous polynomial of degree N such that fN(;v,O) = 0. We denote v =
(N — 1)19N-19,£(0,0) € R?, so that d,fn(z,0) = zN~"10T. We will also write fy(z,y) =
—az™ + fn (@, y);

e f>n+1 has order N + 1 (all its derivatives up to order N vanish at (0,0));

e g>2 has order 2 (that is g>2(0,0) = 0 and Dg>2(0,0) = 0).
By “real-analytic” we mean that F' can be extended to a holomorphic function defined in a complex
neighborhood Ug of U, that is F¢ : Ue C C x C? — C x C%. For the sake of simplicity, we will also
use the notation F for its complexification Fg.

Remark 2.1. A natural question is to characterize the maps that are (locally) conjugated to a map of
the form (2.2). Assume that a map defines a dynamical system with a fized point whose linearization
has 1 as a simple eigenvalue. After a translation of the fized point to the origin of the coordinate system,
and a linear change of variables, we can write the equations as

T= z+ f(l‘, y)7
{ y= Ay+g(z,y), (23)

where f and g have order 2. Let N be the smaller integer such that the %(0,0) % 0, that is the
coefficient of N in the expansion off is non-zero. We would like to eliminate all the terms off of
order lower than N using changes of variables. This can be done using standard normal form techniques,
under suitable non-resonance conditions that we now describe.

Let A1,...\q € C be the eigenvalues of the matriz A. Then, the map (2.3) is (locally) conjugated to
a map of the form (2.2) in the following cases:

o If N =2, obviously;

o If N >2, and \j* .. . \Et £ 1 for all (ki,... ka) € N such that 1 < ky + -+ kg < N.

Remark 2.2. In particular, notice that having a parabolic-hyperbolic fized point (i.e., 1 is the only
eigenvalue in the unit circle) and N = 2 is a degeneracy of codimension 1.
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Assuming that the matrix A is hyperbolic, it is then clear that the dynamics near the fixed point is
dominated by the lower order terms

L(z,y) = ( * ‘A‘;mN ) . (2.4)

We will also denote G(z,y) = F(x,y) — L(z,y). Notice that the fixed point has a center manifold
(possibly non-unique) tangent to the z-axis, whose dynamics depend on the sign of a and the parity of
N. Thus, the dynamics on the center manifold can be stable, unstable of semi-stable, see the examples
in Section 2.2. Since a center manifold is one dimensional and tangent to the z-axis, we will refer to
the left branch or to the right branch of the manifold.

Let us focus on the right branch of the center manifold, since similar arguments can be made for
the left branch. The goal is to find an adapted parameterization of the branch, K : [0, p) — R'*? with
K(0) = (0,0) and DK(0) = (1,0)T, in such a way that the invariance equation

FoK(t) = KoR(t) (2.5)
is satisfied for a suitable polynomial R(¢). Notice that in such a case the manifold
W={K(®) | te 0} (2.6)

is invariant under (2.2), and that the information about its dynamics is given by the polynomial R(t).
We can deal with (2.5) at different levels. Either we can consider (2.5) as a functional equation in a
suitable Banach space of functions, or we can consider (2.5) in spaces of formal power series.
In both cases, a main ingredient will be the so called Faa-di-Bruno formula, which we now recall.
If f = f(w) and g = g(z) are two composible functions, that for the sake of simplicity we assume are
C°°, we can compute the [ derivative of fog by

(2.7)

D'(fog)(z) < D¥f(g(2)) [D"g(2),- -, D*g(2)]
ug :kz 2 k!g ’ I 1) =2

i PR

1<l;

If £(0) =0 and g(0) = 0, denoting f, = 4 D*f(0) and g, = £ D"g(0), formula (2.7) at z = 0 reads

I
(Fogu=>_ > felow, ol (2.8)

k=1 e tl=t
1<l;

Notice that fr and g are k-multilineal symmetric maps (that can be identified with homogenous
polynomials of order k, and we will write frw® = fi.[w,.*. w], etc.).

If we think now f(w) = Sy frwt and §(2) = Y5, g1zt as formal power series, then the [ order
term of the formal composition fog is given by (2.8). We emphasize that (fog); depends only on
fgl(w) = 22:1 frw® and §<;(z) = 22:1 grz® (we will use along the paper notations such as f.j,
f>141, etc. without more mention). Moreover, the only term of (fog)l in which f; appears is fig!, and
the only term in which g; appears is fig;. This remark is important when doing induction arguments.

As a result, when one considers (2.5) in the sense of composition of formal power series, one looks
for a formal expansion K (t) = s Kith € R[[t]]'*? and a polynomial R(t) = Rit + -+ + Ry,t™ of
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unknown degree (to be found) such that

l l
oY RIK,,-- K=Y > KR, --R, (2.9)

F= g =t
1<1; 1<l;

for all [ > 1.

Let us finish this introductory section with several notational conventions that we use throughout the
paper. We denote the projection over the z-component by 7%, and the projection over the y-components
by #¥. If W € C'*? (or if W is a map taking values in C'*% or a power series with coefficients in
C'*d), we write W = 7*W and WY = ¥ WV.

2.2. Examples. The dynamical properties of the center manifold, and the puzzling questions about
its existence, uniqueness, differentiability and analyticity can be grasped with the following simple but,
we hope, illuminating examples.

The first example is the time-1 map of the autonomous planar vector field

= —azV,
{ J= . (2.10)

that is

(2.11)

Map (2.11) is of the form (2.2) with A = e*. The dynamical properties of the fixed point, and
the uniqueness and dynamical properties of both branches (left and right) of the center manifold are
summarized below:

ea>0,A<0(0<A<])
— N even: saddle-node, unique left branch (weak unstable manifold), non-unique right branch;
— N odd: attracting node, non-unique left and right branches;

e a>0,A>0(1<A)
— N even: saddle-node, non-unique left branch, unique right branch (weak stable manifold);
— N odd: saddle, unique left and right branches (weak stable manifold);

e a<0,A<0(0<A<]
— N even: saddle-node, non-unique left branch, unique right branch (weak unstable manifold);
— N odd: saddle, unique left and right branches (weak unstable manifold);

e a<0,A>0(1<A)
— N even: saddle-node, unique left branch (weak stable manifold), non unique right branch ;
— N odd: repelling node, non-unique left and right branches;

Let us consider now the analytical properties of the center manifold. Notice that if we represent it as
a graph y = ¢(x), then it is

o (o) 21

where ¢ is a constant, and the right and the left branch is defined if lim,_,o+ ¥(2) = 0 and lim,_,o- ¥ (z) =
0, respectively. In particular, y = 0 is a center manifold which is analytic, but the rest of the branches
are C'*° in the origin. Moreover, the difference between two any branches is exponentially small. Notice
also that all the branches of center manifold have the same asymptotic expansion at the origin: it is a
formal power series with all the coefficients equal to zero.



6 I. BALDOMA AND A. HARO

The second example appears in [Car81] with N = 3. Tt is the autonomous planar vector field

; N
T= -z
. ’ 2.13
{2 e (213
that can also easily be solved by quadratures. With respect to the asymptotic expansion of the center
manifold, represented as a graph, we obtain

y=1@) =Y 2(N+1)...(2+ (N —=1)(1 - 1))a> V=1L (2.14)
>0

Using Stirling’s formula, it is easy to see that the coefficient iy with &k = 2+ (N — 1)l can be compared
with k!®, with @ = 1=, in such a way that

N-1>
% (27T)1_Ta 20— 1 717%a
Ele I'(2a)

where I" is the Gamma function. That is, the coefficients 1, grow as the power « of k!. In this case,
one says that the power series (2.14) is a-Gevrey. We emphasize again that the Gevrey order has to
do with the order of the dominant term in the center manifold: a = ﬁ We also emphasize that the
center manifold is not analytic.

Let us finish this section with one example in which our results do not apply directly. Let us consider

the 2-dimensional map

5o _ 3
{x rT—xy+2a°, (2.15)

g= 2y+a3.
It is clear that, although (2.15) is not of the form (2.2), the map has a center manifold which is tangent
to the x-axis. Notice, moreover, that the lower order terms constitute a map

r= x—uxy,
_ 2.16

{ y= 2y (2.16)
which is too degenerate (it has a line of fixed points). We can not know from the lower order terms
what is the dynamics on the center manifold. To do so, one uses the standard reduction principle to
the center manifold. In order to apply our results, notice that one can eliminate the term zy in the
first component using a normal form analysis. See Remark (2.1).

1

2.3. The results. Along this paper, we denote o = 5.

In the following theorems, we consider the dynamical system (2.2).

The first result is related to the formal solution of the invariance condition (2.5). We prove that
there exists a formal solution of (2.5) being R a polynomial of degree 2N — 1. Moreover, the expansions
are a-Gevrey.

Theorem 2.3. Assume that 1 ¢ SpecA.
Then, there exist a unique polynomial R(t) =t — at™ + bt*N =1 and a formal power series K(t) =
Y nso Knt™ € R[[H]' with Ko = (0,0) and K, = (1,0)" such that
FoK = KoR
(in the sense of formal composition). Moreover, the expansion is a-Gevrey, that is there exist constants
C, K > 0 such that
I K, || < CK™nle,

where ||-|| is a norm in R*+9,
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The following result deals with the existence of a real-analytic parameterization K of the center
manifold which it turns to be a-Gevrey at 0. We state the theorem for the case of a (weak) stable
invariant right branch, i.e. a > 0, under the assumption that the dynamics in the complementary
directions is not linearly asymptotically stable. We emphasize that those complementary directions
can contain eigenvalues of modulus 1. In such a case, the theorem constructs a weak stable invariant
manifold inside the center manifold. An analogous result is enunciated for a (weak) unstable invariant
branch. In the theorem we state both results for the right branch, but they also hold for a left branch
with minor changes.

Theorem 2.4. Assume that a > 0 and SpecA C {u € C | |u| > 1} \ {1}. Then, for any 8 < an there
exist p > 0 small enough and a real-analytic function K : (0, p) — R which can be holomorphically
extended to a complex sector

S=5(8.p) = {t=rc* cC|0<r<p, |¢l <B/2)

such that
FoK = KoR

in the sector, where R is the polynomial produced in Theorem 2.3. Moreover the parameterization K is
asymptotic a-Gevrey to the expansion K produced in Theorem 2.3, which implies that

1
lim —D"K(t) = K,.
S35t—0 n!

In particular, K can be extended to a C* function at 0. Moreover, the dynamics in the local manifold
W ={K(t) [ t €10,p)}

is (weak) asymptotically stable at 0.

Analogously, if we assume a < 0 and SpecA C {p € C | |p| < 1}\ {1,0}, then there exists a real-
analytic function K satisfying FoK = KoR, that is the parameterization of a (weak) asymptotically
unstable manifold W*" at 0.

Notice that in the previous theorem the result about the existence of a (weak) unstable branch can
also be obtained solving the functional equation F~1oK = KoR. This is just to apply the first part of
Theorem 2.4 to F~1.

In the following result we consider the uniqueness problem of the (weak) stable manifold constructed
in the previous theorem. We prove that it is unique under the assumption that the complementary
directions are linearly unstable. Again, an analogous result is stated for the uniqueness of a (weak)
unstable manifold.

Theorem 2.5. Assume that a > 0 and SpecA C {p € C | |u| > 1}. Then, there is a unique right
branch of center manifold, and it is (locally) W™¢, the manifold produced in Theorem 2.4.

Analogously, if we assume a < 0 and SpecA C {u € C | |u| < 1} \ {0}, there is a unique right branch
of center manifold, and it is (locally) W**, the manifold produced in Theorem 2.4.

Finally we present a corollary about the conjugation of tangent to the identity real-analytic one
dimensional maps. We prove that the conjugacy is a-Gevrey and analytic in a complex sector which
does not include the origin. This result can be related with the C'* results given by [Tak73]. In [Vor81]
and [Eca85] the problem is studied for the case N = 2.

Corollary 2.6. Let f(x) =z —ax™ + f(x) be a real-analytic map in a neighborhood of 0 in R, where
a # 0 and all the derivatives of f up to order N wvanish at 0. Then, f is (locally) a-Gevrey conjugated
to a polynomial map R(t) =t — at™ 4+ bt>N~1 and the conjugacy is real-analytic except possibly in 0,
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and it is analytic in a complex bisector —S(B, p) U S(B, p) with § < am . In particular, the conjugacy
is C* at 0.

Proof. Notice that there exist a formal power series K (t) and a unique polynomial R(t) such that
foK=(t) = K¥oR(t).

For the conjugacy in the right branch, if a > 0 we take a constant A > 1 and if a < 0 we take
a constant 0 < A < 1. In both cases, we consider the 2D map F given by F(z,y) = (f(z), Ay).
Applying Theorem 2.5 to F', we get a parameterization of the right branch of the center manifold
K, (t) = (K%(t),0) for t € S(3, p). In particular, we have foK{ = K7oR, and therefore f is conjugated
to the polynomial R in a sector S(, p).

For the left branch, we perform a change of variables * — —x and we repeat the previous argument
to the function f(x) = —f(—z), obtaining a conjugacy f(ﬁ defined in a sector S(8, p). The reduced
polynomial we obtain is R(t) = —R(—t). Hence, foK* (t) = K*oR(t) for t € —S(8, p), where K? (t) =
—K7(-t).

The conjugacy ¢ in then defined by ¢(t) = K7 (t) if t € S(8,p) and by ¢(t) = K*(t) if t € =S(8, p).
Both branches of ¢ are asymptotic a-Gevrey to the expansion K * and hence they are C* at 0.
Moreover, the left and right derivatives at all order coincide: D'K%(0) = D'K*(0) = I!K{. In summary,
 satisfies the properties stated in the corollary. O

3. The formal solution of Fo K — Ko R = 0. In this section we will prove Theorem 2.3. First of all,
in subsection 3.1, we prove that there exists a formal solution of the invariance equation Fo K = Ko R
being R a suitable polynomial. To do that we match powers in t. We also give a recurrence formula
to compute the coefficients K; of the formal solution K = Yot K;t'. The main key to obtain this
recurrence formula will be the Faa-di-Bruno for formal power series formula given in (2.8). Later we
will prove that the formal expansion is actually a-Gevrey. This is done in subsection 3.2.

3.1. Construction of the formal solution. The goal of this section is to prove the following propo-
sition:

Proposition 3.1. There ezist a unique b € R such that for any c € R there exist a unique formal power
series K = Y00, Kit!, K; € R with Ky = (1,0)T and K% = ¢, such that R(t) = t — at™ + bot?N !
and K satisfies formally the equation FoK — KoR = 0.

Moreover, the coefficients of K and R can be computed inductively. In the step I > 1,

o [fl#N: K = —(A-I)"'E}, K[ = a(l%lN)(EﬁNq +o'K}), Riyn-1=0;
e Ifl=N:K{=—(A-Id)'EY, Ky =c, b=Ron_1=E3y_1+v K¥;
where
l I-N+1 k
Ef =Y > GlKy- K- Y KDY [ R (3.1)
k=2 k=2 i=1

L=l Lt tle=l
1<l; <I—-1 1;>1
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and
I+N—1

Elw+N71 =—a Z HKZ + Z Z Gz[Klw"' 7Klk]

Lt tly=l4N—1 =1 It plp=l+N—1
1<l;<i—1 1<l;<I—1
-1 k
- > K} > IR (3.2)
k=2 Ltetle=l+N—1 =1

1;>1
Proof. We will prove first that the error E! in the order [ approximation K< is

B = Fo kel - Kaort) = ( ) ). (33)
First notice that K<1(¢) = (¢,0), R<n(t) =t — at” satisfies
N+1
E'(t) = Fo K<(t) — K<1 0 Ren(t) = ( og(t:) ) ) ,

0 (3.3) holds for [ = 1.
Now we proceed by induction. Let [ > 2, and assume that there exist polynomials K.; of degree
I —1and Rejyn_1 of degree [ + N — 2 such that the error in the step [ — 1 is

B O tNJrl 1
E'=FoKyg—KqoRayn 1= < (O(tl) ) ) : (3.4)

We want to find K; € Rt and R4 n-1 € R such that Ko =K+ Kltl and Reyn1=Roin+
Ripny_1t"N =1 satisfy (3.3). For that we introduce H;(t) = Kjt' and Sj1n_1(t) = Riyn_ 1tV =1 and
we compute

FoKq—K<qoRegyn 1 =E"'+ (FoK< — FoK.— DF(K)H)) + DF(K;)H, (3.5)
— (K<ioR<jyn-1 — K<joRci4n-1) — HioR<14 v ‘

up to order I + N — 1 in the z-components and up to order [ in the y-component.
Now we are going to compute the different terms in (3.5). We have that

-1 B EII+N71tl+N71 O(tl+N)
E (t) - ( Elytl + O(tl+1) )

F“@@—Fﬁhw—Dﬂxdmmw=( )
o (0 g ) )

I+N—-1 I+N
K<oR<pn-1(t) — K<io Rayn-1(t) = ( RHN_ét " ) + ( ngiwi ) ,
and
HioRin_1(t) = (t —ath + OV K;, = Kit' — al Kt TN =1 - O(#' V).
Henceforth we obtain that

El(t) _ (Elx_pN_l‘i’a(l—N)le—FUTKly _RH—N—l) tl+N_1 N O(tl+N)
(B} + (A-Td)K}) t! @y )

)
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Then, in order to satisfy (3.3), we take
-1
o IfI#N: K/ = —(A-1d)'E}, K = m(&ﬂwq +v KY), Riyn_y =0;

o Ifil=N: K}, =—(A—1d)"'E}, Ky =c, Ron—1 = Ef, y_, + v K}.
We denote b = Ron_1 and then R(t) =t — at™ + bt2N~1. We also emphasize that in the step N the
term K7 is free, and we fix it equal to c.

We will prove now the formulae for E} and EY, n_. First, notice that E} is the term of order [ of
Ty Bl = F¥oK o — KY,0Ri1n—1, so that B} = D'z¥E'=1(0)/1!. Applying Faa-di-Bruno formula we
obtain:

l -1 k
Ely:Z Z Flg[Klla"'vKlk]_ZK]g Z HRli- (36)
k=1

R=1 by = Letlp=t =1
1<l;<l—1 1<l;<I+N—2

In the first term, if & = 1 the summatory vanishes, and notice that for k¥ > 2 F = G}. In the second
term, K{ = 0. Then, for k > 2, if [ > [+ N —2 we would have { > [+ N -2+ (k—1) =1+ N +k — 3,
which is false. So, we have:

k k
Z HRli = Z HRzi = Ry,

lideotlp=tl 71 Lietly=l =1

1<l;<I+N-2 1<,
Notice that Ry is the coefficient of ¢ in
R* = (t — atN +bt* NP = ¢k VTR
and in particular, Ry; =0if k <l < N+k—1. Asaresult, 2 <k <[— N +1 in the second term of
(3.6). So, we have proved (3.1).

It only remains to prove (3.2). We proceed in a similar way as before. Again, notice that £} \_;
is the term of order [ + N — 1 of m,E'™' = FPoK | — KZ,0R 1y n_1. Applying again Faa-di-Bruno
formula, we obtain

I+N—1 -1 k
Bova= Y Y Bl x-Sk Y [[m 60
k=1 b=l N -1 k=1 Lttl=l4+N-1 =1
1<, <l—1 1<l <I+N—2

Since F?(x,y) = x — azN + G®(x,y), then for k = 1,... N — 1 the summatory in the first term of (3.7)
vanishes, and the whole term can be replaced by

N I+N—-1
xr xr
—a z : HKli+ z : 2 : Gk[Kll"“ ’Klk]'
Lttiy=l4N—1 =1 k=N fl=l4N—1
1<l;<1-1 1<l;<1—1

Finally, in the second term of (3.7), notice that if k = 1, then l; =+ N —1 > 1+ N — 2, so the
corresponding summatory vanishes. We obtain then (3.2).
With these lines we finish the proof of Proposition 3.1. O

3.2. Gevrey estimates. In this section we prove that the formal expansion K given in Proposition
3.11is a-Gevrey. First we perform some change of variables and scalings to get some suitable conditions.
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3.2.1. Preliminary changes of variable and scalings. The next lemma provide us a change of coordinates
in such a way that the new parameterization of the center invariant manifold is flatter than the original
one.

Lemma 3.2. We define the change of variables
(z,y) = H(u,v) := K<y-1(u) + (0,v)
where K<n_1(u) = Z;V__ll K;u/. In these new variables:

1. F=H o FoH has the same form (2.2) of F.

2. The formal solutions of F o K — K o R =0 obtained applying Proposition 3.1 to F satisfy
K@) =t0T+0tY), and R@Et)=t—ath +pt>N !

3. b="b, so R(t) = R(t).

The proof of this lemma is straightforward.

Remark 3.3. [t is clear that, if K(t) = Y_;2, Kt/ is a-Geurey, then K(t) = Sogoy Kjt? s also
a-Gevrey.

Now we are going to perform adequate scalings in order to get the constants a and b small enough.
We also obtain a simpler Gevrey condition for the first terms of the series K.

From now on, for § > 0, we denote by B(§) the closed ball of radius & centered at the origin of the
complex plane.

Lemma 3.4. Let § be such that B(8) is contained in the complex domain Uc of F. Let G = F — L and
M = max(ac y)EB(J) ||G($ y)”

Forallly € N, ag > 0, 89 > 0 and e > 0, there exists X := \(lo, o, 0o, €,6) > 0 such that the functions
F(z,y) = )\F()Fla:, )fly), G(z,y) = A\G\ "'z, A" 1y), R(t) = AR(A\"'t) and K(t) = NK(\~'t) satisfy
the following properties:

F' has the form (2.2), and its domain contains a ball B(5), with § = A6 > do.

Let M = max, . F) |G(z,y)||. Then M =AM and hence |G| < AMd—* for all k > 0.
||Kl|| < (N for all N <1 <ly. Moreover, K; =0 f2<I<N-1

R(z) =t —atN + bt>N=1 with a = \"Nt1a # 0 and b = A"2NV+2b. Moreover || < e.
Formally we have that

O 0 =

FoK—-KoR=0. (3.8)

We note that o := &% is invariant under scalings like the given in Lemma 3.4

In order to prove that the formal power series K is a-Gevrey at 0, we will check that K satisfies
such condition. To do that we will apply Proposition 3.1 to the map F to get an inductive formula for
the coefficients K.

First of all we provide some technical lemma which are given in section below.

3.2.2. Preliminary bounds. We define

k
Ry, = Z H R
i=1

httle=rv 7
Li>1
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We note that in formulae of Proposition 3.1 for K i and K // are involved sums of the form K LRy, and
K} Ry, with v =+ N — 1 and v = [, respectively. The following lemma, give us a bound of these
sums if we assume that || K| < (k!)® (which will be the case when we will proceed by induction).

Lemma 3.5. Let

k
Rk,u = Z H‘éll ) Jli,u = (k')aRk’V

Lt ly=r 1
1;>1
We have that:
—k
JE < ((v=N+1N*wr—mN+1 szl—i—am/z, if m::V €N,
k,v N_1

where o = &—bz. Otherwise J,i ,=0

Proof. Since Ry, is the coefficient of ¢ in (t — at™ + bt>N~1)% then

k! T
Rew = > K ymagm
’ m1!m2!m3!
mi+ma+mz=Fk

mi1+Nmao+(2N—1)mg=v

The indices ma, m3 in the formula has to satisfy (N — 1)mg + 2(N — 1)mg = | — k, that is mgo + 2m3 =
m= (v —k)/(N —1) € N. Henceforth Ry, =0if (v —k)/(IN — 1) ¢ N and otherwise

(%]

(v—(N-=1)m)! N1 2mma T
R L, = —g)m—2mspms
%, ZO (meN+m3)!(mf2m3)!m3!( @)
ma3=
Then, since
v—(N-1m)!  (v—(N-1m)! 4
< <(v—(N-1m)™ - N 1
(v—Nm+m3)! = (v—Nm)! St Jm)" (v m+1)
and
(%] (%] = ma
el i b 1 n
— <a|™ = < al™(1+ o)™
Z: _2m3 |m3! | | m?’Z:O ([m/2] —mg)!mgl a2 [%] | | ( | |)
therefore,
1
|Ri.| < @(u — (N =1)m)™ Y v — Nm + 1)]a]™(1 + |o])™/2. (3.9)
= !
We are now to bound J/%,,/ Notice that, since k = v — (N — 1)m, then
1
[kl < W(V — (N = 1m)!*(v = (N = ym)"™ (v = Nm + 1) a|™ (1 + |o])"/?
? .

The proof of Lemma 3.5 follows from
(v = (N =1)m))*(v — (N —Dm))"™ "t (v = (N —=1)m)"~
(v —=N+1)He (v=N+1)---(v (N—l)m+1)]
- (N-Dmmt
~ (v—(N—=1)m+1)m-HN-Da — =

where we use that o = ﬁ O
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In order to make estimates of the norms of K i and K / computed in the [ step of the construction
given in Proposition 3.1, we have to estimate

Yo Il K,

Lt +le=v
1<l;<v—1

where, again, v = [+ N — 1 and v = [. In the induction arguments, we have to estimate such a sum

assuming that Hf(le < (I;)*. Notice also that we assume that Ky = . Kyn_1=0, by Lemma 3.2.

Lemma 3.6. We denote
My, = > (L' - Do
Li++lp=v, ;>N

We have that:
My, < ((v—k+1))*NFL i kN <.
Otherwise My, ,, = 0.

Proof. Obviously, if kN > v, M, ; = 0. Let us assume that kN < v. It is easy to see that, if a,b,c € N
with b < ¢, then (a + b)le! < bl(a+ ¢)!. We fix l3,la,--- ,lp > N such that 1 +--- + Iy = v and we use
the previous property with to bound I;!l5! in such a way that, since I; > N,

L= (1 = N+ NI < NIy +1 — N)L
Analogously,
I3 < N1y + 1y — Nzl = NIy +1p — 2N + N)Ug! < (N)2(Iy + g + 13 — 2N)!
and applying this procedure recursively we get
ol L < (NP1 4+ 1 — (E—=1DN) = (N1 (v — (k= 1)N).
On the other hand it is clear that

# U+ +lh=v, ;,>N}=#{mi+ - +mp=v—kN, m; >0} = (VkN+k1>-

k—1
Henceforth
Mk,u < (N!)O‘(k_l)((y _ (kﬁ _ 1)N)!)a (l/ — ké\/'_ik‘ — 1)
< Nk_l((z/ —(E=1)NH*(v — kN + 1)”“_1
. — kN + 1)kt
< Nk 1 —k 1nNe (V
= ((V + ) ) (l/ _ (]C _ 1)N + 1)&(]\]71)(’(?*1)
< NE((w =k + 1)),
and the proof is complete. O
Lemma 3.7.
1
T2, = D CLERERS LD < N(1+N)k((z/—k+1)!)a. (3.10)
Lt l=v

lizl or llzN
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Proof. For k = v, Jl?,v = 1 and the bound is obvious. Assume that 0 < k < v. Then,

k—1 k—1
k k i (14 N)*
P L < _ | pnTk—i—1 < . e
Jk,y Eﬁo < i )Mk—l,l/—l > a ( i >(1/ k+ 1) N < (l/ k+ 1) 7]\[ s
and the proof is over. O

3.2.3. The formal solution is a-Gevrey. We prove Proposition 3.8 below which finish the proof of
Theorem 2.3.

Proposition 3.8. Let o = 2(1+ N),

: 1 1
o mm{zx\/l + o] (A — 1)1 4(1 + o)) }

and

lo > max{ (43151 (A— 1) NN + 2 (1+ NN (1 + 2((&)} (3.11)

=

(where the constants 6, M are defined in Lemma 3.4).
The formal solution K = E;il K;tl of th~e equation F o K — K o R =0 with F the map of Lemma
3.4 with these constants ly, 0o, satisfy that || K || < (1) for all j > 0.

Proof. By Lemma 3.4, |K;|| < (I!)* for all [ < Iy with Iy satisfying the condition (3.11) of Proposi-
tion 3.8. We proceed now by induction. Let I > lp and assume that for all j < —1 we have that
11l < (1. ) )

First we deal with K. From Proposition 3.1, K} = (A — Id)~!(H} — H}), where

I-N+1 !
H'= > K{/Rey, H}=> >  GlK,, - .K,]
k=N k=2 Lo
1<l;<i-1
(Notice that K§ = --- = K% _, =0, by Lemma 3.4.) On the one hand, by Lemma 3.5,
I—N
I—-N+1 [N—l]
IEH < Y ()[Rl < (L= N+1)H* Y (1 =mN +1)(jaly/1+ o))"
k=N m=1
< (= N+1)H*(1— N +1)2|al\/1+ |o],

where we assume that |a| < e with /14 |o| e < %, which is implied by the hypothesis ¢ < of

Proposition 3.8. Moreover, since o = 1/(N — 1), we have that
I-N+1
' [e3%
(I — N +2)e®V-1) S OK

1
4(1+[o)

(I—-N+1)H*1I-N+1) < (H*
On the other hand, by Lemma 3.7 and Lemma 3.4

1

l l
HE < AMY 67 I, <AMD 6771 —k+1))*—(1+ N)*
[HP( < AMY 67 I < A ;5 ((=k+1)* A +N)

k=2

1 _/1+N\? M _
< . _ -« !a< iy e !a
)\MN2( : )z ()" < 215" (1)
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where we assume that 1J%N < %, and use that § = \d. In summary,

. M
@& < 200 - 1)) (VT Tl e+ i ) <1,
0
because 2|[(A —1d) "' ||\/1+ [o] e < & and 2[|(A — 1d) || M5~y < L by the hypotheses of Proposi-
tion 3.8.
Now, we deal with K’f Again from Proposition 3.1, f{f = Cl 4+ C? — C} with

N -1
1 - 1 -
1 _ T 2 x
¢ = T_N Z HKZ , O = m Z K Rri4n-1
LA tly=l4+N—-1 =1 k=N
1<l;<i—1
1 I+N—1
C} = GiKy,,- -, K,
l d(l—N) Z Z k[ lis ) lk:]7
k=N 4 =1+N—1
1<, <l
where in Cl?’ we use that R’Q’” =... = f(}{rq = 0 by Lemma 3.4 and that f(l?/ is already known. We
notice that, using Lemma 3.7,
1 1 1
Ol < ——= LIy < —(1+ NN~
sy X @) S ey

I1+-+HIn=I+N-1
li=1 orN<[;<l—-1

To bound |C?| we use Lemma 3.5 and we get

[x=5]

! (I)2( — N(m — 1))[al™ (1 + o]/

lal(l — N)

-1
1
|Cl2| § m Z(k!)aRk,lfNJrl §
k=N

1 ~ « ~ «
< m2|a|2(1 + o) = 2lal(1 + [e) (1D,
where we assume /1 + |o]e < 3. Finally,
7 Mt A\ o (1 +N)k

2 : N 1
3 < —k 72 < 7 E e
|Cl ‘ — |C~L|(l . N) = 0 Jk,l*‘v’N*l - |C~L|(l _ N) = ((l N k) ) N

v N 7 N

§~/\M(l!al2(l+N) < 2M <1+N) (1>
laf(l—N)" " N p la|[N(lo = N) \ ¢

14

m=2

~—

N < 1 and we use that @ = \'™"Va and § = AJ. In summary, we obtain the

where we assume that
bound

1
5 2
1

. oM 1
N~ K| < 2(1 —(1+NV 1+ ) — <1
(™K < 2( +|0'|)6+N( +N) <+|Q5N)IO_N—’

because 2(1 + |o])e < 3 and £ (1 + N)V (1 4+ 2M ) i~ < 3 by the hypotheses of Proposition 3.8.

laoN

With these lines we are done with the proof of Proposition 3.8, and so the proof of Theorem 2.3. [
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4. The solution of F o K — K o R. In this section we will prove Theorem 2.4. In fact, we will give
all the details of the proof for the stable case in which a > 0 and the eigenvalues of A are all of them
of modulus not smaller than 1. At the end of this section, we will indicate the minor changes to prove
the Theorem in the unstable case.

We will see that the formal solution K obtained in Theorem 2.3 is the a-Gevrey asymptotic expansion
of a real-analytic function K defined in a sector S, and K is a parameterization of a one dimensional
invariant manifold of F. As a result, K is C* in a interval [0,r), and real-analytic in (0, r).

We recall also that o = . We also denote by Uc the domain of the analytic extension of F' to

N-1°
the complex numbers.

4.1. The action of R on sectors. In this short section we are going to study how R maps sectors of
the complex plane. For the sake of completeness, we will consider a more general case.

Lemma 4.1. Let R(t) =t — at™ + b(t)tN+! be an analytic function defined in a neighborhood of 0 in
C, where a > 0, N > 2 is an integer number and b(t) is analytic. Let 0 < 8 < am be an opening. Then,
for all p small enough the function R maps the sector S = S(f3, p) onto itself. Moreover, for allt € S,

R(1)] < ltly/1 — acos AtV 1, (4.1)
where A = (N — 1)g In fact, R maps any closed subsector S C S onto itself.

Proof. Let us write R(t) = tR(t), with R(t) = 1 — at¥ 1 + b(t)tN. In order to obtain (4.1) we have
just to bound R for points ¢ = rel¥ with [t| = r < p and [(N —1)p| < A\. We write R(t) = 7€'?, so that
R(t) = riel(#+?),

Hence

72 =1 —2acos((N —1)@)r¥ =t 4+ 02N =1),

By taking p small enough (depending on a,b and )), we obtain 72 < 1 —acos \r¥~! and the bound
(4.1).

We also obtain tan ¢ = —asin((N — 1)p)rV "1 (1 4+ O(rV~1)), so

¢=—a(N —Der" 1+ 0N ).

Again, by taking p small enough ¢ < 0 and @] < |¢|.

In summary, for p small enough, the points of the sector S =S (8, p) are mapped onto itself. In fact,
any closed subsector S; C S gets mapped onto itself. O

4.2. A quasi solution. Let K the formal solution obtained in the previous section.

Proposition 4.2. Let 0 < f < am be an opening. For all p small enough, there exists an analytic
function K. : S = S(83, p) — Uc C C**4 such that

(a) K s the a-Gevrey asymptotic expansion of K.;

(b) The error function E = FoK, — K.oR is exponentially small in S of order .
That is, for a given norm ||| in C**¢, for every closed subsector Sy C S there exist positive constants
C, K and ¢,k such that

(a’) foranyn >0 andt € Sy, ||Ke(t) — K<n(t)|] < CK™nl[t|™";
(b") for anyt € Sy, |E(®)|| < cexp (—x|t| "N =b).

Proof. The existence of a function K, such that K, =, K in a sector S = S(B, p) is guaranteed by the
Borel-Ritt-Gevrey Theorem (see Theorem A.4). Notice also that, by Proposition A.2,

i (M) () = nl
Sgg)OKe (t) = nlK,. (4.2)
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In particular, K.(0) = 0 € Uc. So, making p small enough, we can also assure that the image set of K.
is included in the (complex) domain of F', and that R maps the sector S to itself, which is the domain
of K.

An straightforward application of Faa-di-Bruno formula assures that the function E is a-Gevrey in
S (in fact, is a well known result that the composition of Gevrey functions is also Gevrey). By the
formal construction in Theorem 2.3 and (4.2) we obtain that

lim E™(t) =0.
S5t—0

Again by Proposition A.2 we obtain that E =, 0, where here 0 means the formal series with all the
coefficients equal to 0. The exponentially small estimate of E comes from Proposition A.5. O

4.3. The invariance equation. We will solve first the invariance equation in the stable case. So, let
us assume a > 0 and the spectral radius of A~! is not greater than 1.

We will fix now a closed sector S1 C S(/3, p), so the conclusions (a’) and (b’) of Proposition 4.2 are
satisfied, in particular that there exist positive constants c, s so that ||[E(t)|| < cexp (—&[t|~ =) in
S1. We emphasize that x does not depend on the norm ||-|.

Since K, is a quasi-solution, we will look for a “flat” and real-analytic function H : S; — C'*¢ such
that

Fo(K.+H)—(K.+H)oR=0. (4.3)

A_<(1)Sl).

By writing N(z) = F(z) — Az, notice that (4.3) is equivalent to the fixed-point equation

Let

H=-A"YE+No(K,+H)—NoK,—HoR) (4.4)

The Banach space in which we will consider (4.4) is

X ={H:S5,U{0} — C'™| continuous, real-analytic in S; and |H|x < oo}, (4.5)
where
1H |2 = sup || exp(slt =N H(1)]. (4.6)
teS,

In order to prove that the RHS F(H) of (4.4) is contracting, we have to control all the terms. In
particular, since N(0) = 0 and DN (0) = 0, we can make | N o (K, + H) — N o K,|| very small compared
with H. The crux point in then to control H o R, which is provided by the following estimate.

Lemma 4.3.

||HORHX < eféan(Nfl)cos)\”HHX'
Proof. From

|HoRl|x = sup (™ [HoR()|) = sup (ex(" ™ =IROET ) )
tesSy teS
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and, using Lemma 4.1,

N—-1
2

IR(#)|"WV=D > J¢|~WV-1) (1 - acosA|t|<N*1>)_

1
> [t~ VY (1 + acos)\|t|(N1))

1
= |t~ N=D 4 §(N —1)acos A
we obtain the estimate of Lemma 4.3. O

Proposition 4.4. Taking the radius v of S1 small enough, there exists H € X satisfying the equation
(4.4).

Proof. In a given closed sector S; C S(f3, p), we recall that the error E of the quasi-solution K, is
exponentially small of Gevrey order o = ﬁ and constant k (see Proposition 4.2). We emphasize that
k does not depend on the norm chosen to make the estimates.

Since the spectral radius of A= is 1, we can find a norm |[|-|| in C'*4 so that

I = HA—lne—%an(N—l)cos)\ <1, (4.7>

which makes contracting the term A~'HoR of (4.4).
Since N(0) = 0 and DN(0) = 0, there exists § > 0 small enough so that for all 2 € C'*¢ with
Iz|l <6, z € Ue and
[A DN )] < 252 (18)
Let us also define )
n= A |Blx , s = 7. (4.9)
Finally, let us take also the radius 7 of the S; so small that:
o forallt € Sy, |K ()| < g;
o s exp(—rr~N-D) <
With this election of the radius r, we claim that the operator

F: Bx(s) — Bux(s)

H — —-AY E+No(K.+H)-NoK.—HoR) (4.10)

is well-defined and contracting in the closed ball of radius s and centered in the origin of X, Bx(s).
First, notice that for H € By(s), and for all t € S,

IH (t)]] < exp(—r[t]~ D) H||x < exp(—rlr|~V")s <

N

So, we can make the compositions involved in the definition of F(H).
Moreover, for all Hy, Hy € Bx(s),

|F(Hs) = F(Hy)llx < |A7 (|INo(Ke + Ha) = No(K. + Hi)||x + [|(Ha — Hi)oR||x)

IN

<|A_1|| \|Sl||l£)5 DN (2)|| + ||A_1|€_é“K(N_1)C°“> | Hy — Hyllx
1
S+ L)||Hzy — Hyl|x-

IA
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In particular, for all H € By (s),

1 1-L 1+L
IFE )2 < [FO)lx +I1FH) = FO)lx <+ 5A+ D H]x < ——s+——s=35,

so F(H) € Bx(s). B
Hence, we have proved the claim that F maps the closed ball Bx(s) onto itself, and that it is a
contraction there, with Lipschitz constant £ (1 + L). The fixed point H satisfies (4.4). O

With the proof of Proposition 4.4 we are done with the proof of Theorem 2.4 in the stable case.

Let us consider briefly now the unstable case, that is @ < 0 and the spectral radius of A is not greater
than one. It is clear that the formal power series K satisfies (formally) F oK = KoR™!. By Lemma
4.1 the function R~ maps a sector S(f3, p) onto itself. Hence, following previous arguments, one can
deduce that there exists an analytic function K. in a sector S(8,p), such that K is its asymptotic
a-Gevrey expansion and the error E = F~1oK, — K.,oR™! is exponentially small (Proposition 4.2).
From now, all the arguments in the stable case apply now in the unstable case, changing F' by F~!
and R by R~%.

5. The uniqueness of the invariant manifold. In this section we will prove Theorem 2.5. We only
deal with the stable case, being the unstable case analogous. In particular, we will prove that the right
branch of center manifold is uniquely determined by the parameterization K founded in the previous
section. The main assumption is that the dynamics in the y-direction is strongly repelling, that is
specA C {u € C: |u| > 1}. Hence we fix a norm in R? such that ||A|| > 1 and ||[A~!|| < 1. We define
the norm in R by | (z,y)]| = max{le], ly||}.

We will follow the scheme presented in [McG73, BF04] to prove that the (weak) stable invariant
manifold is actually the graph of a suitable function.

For h,p > 0, we define the cone

C(h,p)={z=(z,y) eR™ . 0<z <h, |y| <pz},

which is a convex subset of R'*?. We also define the sector

S={¢=(&n) R g < )]}

From now on we will take p < 1 so that ||(z,y)| = |=| if (z,y) € C(h,p). Now we are going to prove
a technical lemma, which will be used as an induction step.

Lemma 5.1. For all h,p are small enough, the cone C(h,p) satisfies the following properties:
1. There exists a constant M > 0 such that for all z = (z,y) € C(h,p)
0 < 7°F(x,y) <z(l — MzN1).
2. Let 21,29 € C(h,p) such that zo —z1 € S. Then
F(za)~F(z1) €8 and |[n"(F(z) - F(z) = |7(22 — )]l
Proof. We recall that the map F' can be expressed as

z+ [n(y) + fonei(z,y)
Fla,y) = < Ay + g>2(x,y) )
with
In(zy) = —az™ + fx(z,y), a>0, fx(z,0)=0.
Since f n is an homogeneous polynomial of degree N and fN(:r, 0) = 0, there exists a positive constant
C such that fx(z,y) < Clly| l|(z,y)||N~". Moreover, since all the derivatives up to order N of fsn 1
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vanish at zero, for any £ > 0 there exists h > 0 small enough so that |f>yi1(z,y)| < g (x,y)||V for
[[(xz,y)|| < h. Hence, for all points (z,y) in the cone C(h,p), with p < 1, we have

m"F(x,y) =z —az™ + fn(z,y) + f>ni1(2,9)
with R

[fv(z,y)] < Cplal and |foni(z,y)| < efa]™
The first item is proved taking p and € small enough.

Now we deal with the second item. Let z1, 29 € C(h,p) such that { = z0 — 2; € S. By the mean’s
value theorem, we have that

1
F@g—lﬂa):/aDF@@»@g—aym
0
where z(t) = 21 + t(22 — z1) € C(h,p) for all ¢t € [0, 1]. Notice that,

(10 O(|zIN=1) O(||=[IN =)
DN@<O A)*( o(|12)) O(ll=I) >'

Moreover, since ¢ = (&, n) satisfies |£] < ||n]l, |I<|l = l|n]|- Then, using that ||z(¢)|| = |7*z(t)| < h, there
exists a constant C satisfying

\ / nyDF<z<t>><dtHzAn— [ IDE G0 - gl (147 - n) ol

Henceforth, taking h small enough F(z1) — F(23) € S provided that ||A~!|| < 1. Moreover,
17 (F(22) = F(z0)| = (IATHI™! = Ch) [lnll = [|7¥ (22 — 20)]].

1

/ ﬂZDF<z<t>><dt\s [ G+ o1 @ < (140057 .

The next result follows from induction arguments.

Lemma 5.2. Let C(h,p) be the cone of Lemma 5.1. We have that:

1. If z belongs to the center manifold then F™(z) € C(r,[3) for all n > 0.
2. If z € C(h,p) and for alln >0 F"(z) € C(h,p), then lim F™(z) = 0.
3. If 21,22 € C(h,p) such that zo—2z1 € S, and for alln > 0 F™(z1), F™(22) € C(h,p), then z1 = 2.

Proof. We prove that if (z,y) belongs to the center manifold, then (z,y) € C(r, 5). Since

DHQ@z(é 2),

the origin has an unstable manifold which is tangent at the origin to the vector (0,1)T and the center
manifold which is tangent at the origin to the vector (1,0) " (of course the center manifold could not be
unique). It is clear that the center manifold has to be (one of) the center manifold, hence it is tangent
at the origin to the vector (1,0)" and the claim follows trivially. Finally we note that, if z belongs to
the center manifold, then F™(z,y) also satisfies this condition, for all n > 0 and henceforth, by the
previous claim, F™(x,y) € C(r,3) for all n > 0.

For 2., let us consider the sequence z, = (zpn,yn) = F"(2) € C(h,p). For 1. of Lemma 5.1, the
sequence of positive numbers x,, is strictly decreasing and then it has a non-negative limit, say ..
Moreover, from the fact that z, 11 < 2, (1 — Mz 1) it follows than the limit is z,, = 0. Since for all n
we have ||yn|| < px,, then the sequence y,, goes to zero when n goes to co. In summary, lim F™(z) = 0.



ONE DIMENSIONAL INVARIANT MANIFOLDS OF GEVREY TYPE 21

For 3., notice that both sequences F™(z;) and F™(z3) go to the origin of R'*?. Notice also that
from 2. of Lemma 5.1 we obtain that for all n > 0 F™(2z3) — F™(21) € S and that the sequence
|[7¥(F™(22) — F™(z1))|| is increasing (and converges to 0!). So w¥z9 = w¥z;. Finally, since z3 — 21 € S,
then |77 (22 — 21)| < ||7¥(22 — z1)|| = 0, so 21 = 2. O

We are now ready to prove the following uniqueness result, which is a corollary of the previous
lemma.

Proposition 5.3. There is only one right branch of center manifold. Moreover, this branch is a (weak)
stable manifold of the origin.

Proof. We observe that applying Theorem 2.4, we already know that for any x € (0,r) there exists at
least one y; € R™ such that (z,y;) belongs to the center manifold. Indeed, this is due to the fact that
7* K is invertible, hence there exists ¢ such that x = 7#* K (t) and therefore y; = 7Y K (¢) satisfies that
(z,y1) belongs to the center manifold.

Let us assume that there exists z € (0, h) such that there are y; # yo satisfying that (x,y1), (z, y2)
belong to the center manifold. Let z; = (z,y1) and 2o = (z,y2).

We notice that by 1. of Lemma 5.2, F™(21), F"(22) € C(h,p) for all n > 0. Moreover, by 2. of
Lemma 5.2 lim F(z1) = 0. Obviously, we also have lim F™(z3) = 0.

Since z3 —z1 = (0,92 —y1) € S and for all n > 0 F™(z1), F"(22) € C(h,p) then, by 3. of Lemma 5.2,
z1 = 2z9. S0 y1 =y for all 0 < x < h, and both branches coincide. O

Remark 5.4. We emphasize that the uniqueness result stated in Proposition 5.3 holds under the as-
sumption that F is C™t1, with r > N.

Appendix A. Some elementary facts on Gevrey asymptotics. In this paper, we deal with
asymptotic expansions of real-analytic functions which can be extended to analytic functions in sectorial
regions of complex numbers. In this appendix we review some definitions and results on Gevrey
asymptotics, adapted to the purposes of this paper. See, for instance, [Bal94].

A sector of radius p > 0 and opening v € [0, 27), given by

S(v,p)={z=re? e C|0<r<p, o] <v/2}.
A closed sector is given by
S(y,p)={e=re?eCl0<r<p, lo| <v/2}.
In the following, a € (0, 1]. )
We say that a formal power series f = > o0 faz™ € Cl[[2]] is a-Gevrey iff there exist positive
constants C, K such that for every non-negative integer n
|fn] < CK™nl*.

The set of a-Gevrey power series is denoted by C[[z]]4-
We say that an analytic function f in a sector S is a-Gevrey iff for every closed subsector S; C S
there exist positive constants C, K such that for every non-negative integer n and every z € Sy,

1
(n) n, |«
n!|f ()| < CK"nl™ .

The set of a-Gevrey functions in a sector S is denoted by G (.5).

We say that an analytic function f in a sector S is asymptotic a-Gevrey to a formal power series
f , or that f is the a-Gevrey asymptotic expansion of f, in short f =2, f , iff for every closed subsector
S1 C S there exist positive constants C, K such that for every non-negative integer n and every z € Sy,

Irp(z,m)| < CK™nt®
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where 7 is the residue

ri(z,n) =z"" <f(z) — Z_:szk> .
k=0

The set of asymptotic a-Gevrey functions in a sector S is denoted by A,(.5).
The following propositions relate the notions introduced above.

Proposition A.1. Let f be an analytic function in a sector S, asymptotic a-Gevrey to a formal power
series f. Then, f is a-Gevrey.

Proof. Let z be any point in S. Take S; a closed subsector of S containing z. Then,
rp(z,m) = ful = |2lr(z,n + 1)] < [2|CK™ (0 + 1)1
Therefore

li = fa.
Jim () =

Since, in any closed subsector S; we have |r;(z,n)| < CK"n!® for suitable constants C, K, we obtain
the same bound when z goes to zero. So, |f,| < CK™n!®. O

Proposition A.2. Let f be an analytic function in a sector S and f(z) = >0 [n2" be a formal power
series. Then, f is asymptotic a-Gevrey to f if and only if f is a-Gevrey and for every non-negative
integer n
li M) =n!f. . Al
Jim f0() = nif, (A1)
Proof. Let us assume first that f =, f . Notice that we can consider the termwise [-derivative formal
series of f,
fOE = 1= (1. (4D fniz",
n>0 n>0

and the corresponding residues of f(), T (2,m).

Let S; C S be a closed subsector, and take Sy C S another closed subsector such that S; ; S5. Let
§ > 0 be small enough so that for every z € Sy we have B(z,[2|6) C S2. Let Ca, Ky be the a-Gevrey
constants of f in the sector Ss.

Let z € S1, and n,l non-negative integers. From Cauchy’s theorem

d il w oy (w,n + 1)
n _ n+l - A
“To (z,m) = dz! (2 rf(Z7 n+D) 2mi /w—zl_élz (w—2)H+t o

and (n +1)! < 2"*Inlll, we obtain
I (2,m)] < Ca (2%(1 4 8)5 K,) 11 (27(1 + 6) K)" nl®,
incidentally proving that f() =, fo [Bal94]. Moreover, we have
1FOE)] = rpay (2,0)] < Co (27(1+ 8)87 1K) 11+,
proving that f is a-Gevrey. Finally,

' M) = 1 =W _n
S%lznlof (2) sggorf(”(z’o) fo .
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Conversely, assume that f is a-Gevrey at the sector S and that the limit (A.1) exists. We consider
the Taylor residues

L)y
Ry(zum) = = (£) = 0 T )
k=0

—-n n 1
z "z —u _
— (n(_l)')/o F™(u+ Az —u) (1—=A)""Ld,
for every z,u € S and n > 0. We observe that

ri(z,n) = S;iunio Rs(z,u,n). (A.2)

We fix now a closed subsector S; C S, and let C, K be the corresponding a-Gevrey constants. For
z,u € Sy, |f™ (u+ Mz —u))| < CK™(n!)'*e so
|Ry(z,u,n)| <|z|7 "z —u|"CK"nl®.
Therefore, using (A.2) we have that
Irr(z,N)| < Séiunio || 7Nz —u|/NCK™(n))* = CK™n!®,

and the proof is complete. O

Notice that Proposition A.2 incidentally proves that the asymptotic a-Gevrey expansion f of an
asymptotic a-Gevrey function f in a sector S is unique, by (A.1). We can then define a map J :

Aq(S) — C|[z]]« mapping each f to its asymptotic expansion f.
The following proposition is straightforward.

Proposition A.3. Let S be a sector. The sets C[[z]]a, Ga(S) and Ay(S), under natural operations,
are differential algebras.
Moreover, J : Ay (S) — C[[2]]a is a morphism of differential algebras.

So, for an asymptotic a-Gevrey function in a sector S, there is a unique a-Gevrey asymptotic
expansion f = Jf. The following is a Borel-Ritt-Gevrey theorem, which states that J is surjective if
the opening of S is “small”.

Theorem A.4. Let f € C[[z]]a and a sector S of opening B < an. Then, there exists a function f,
analytic in S, so that f =, f.

A natural question is then how much do two asymptotic a-Gevrey functions with the same asymptotic
expansion differ. The answer is in the following proposition.

Proposition A.5. Let S be a sector of opening 8 < am, and let f be analytic in S with f =, 0, where
0 denotes the zero power series. Then, for every closed subsector S1 C S there exist ¢,k > 0 so that

|f(2)] < cexp (—5|z|—é)

for all z € Sy. That is, f is exponentially small in S of Gevrey order o and constant k.
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