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Abstract

This work explores the tensor and combinatorial constructs underlying the linearised
higher-order variational equations LVEZZ of a generic autonomous system along a particular
solution ¢. The main result of this paper is a compact yet explicit and computationally
amenable form for said variational systems and their monodromy matrices. Alternatively,
the same methods are useful to retrieve, and sometimes simplify, systems satisfied by the
coefficients of the Taylor expansion of a formal first integral for a given dynamical system.
This is done in preparation for further results within Ziglin-Morales-Ramis theory, specifically
those of a constructive nature.
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2 LINEARISED HIGHER VARIATIONAL EQUATIONS

1 DMotivation and first definitions

1.1 Introduction

Integrability, an informal word for reasonably simple solvability, is an important problem in
Dynamical Systems. Its opposite phenomenon, and specifically low predictability with respect
to time, is usually summarised under the term chaos. If the system is Hamiltonian, as are
most problems in Mechanics, the “chaos vs solvability” disjunctive is doubly advantageous. On
one hand, it is amenable to the techniques of Symplectic Geometry. On the other, theory and
empirics yield a specific, thus observable integrability condition: the existence of a precise amount
of conserved quantities.

The introduction of the algebraic approach by Ziglin, Morales-Ruiz and Ramis produced
hallmark contributions to the study of the integrability of Hamiltonian systems [6, 22, 23, 27],
essentially couched on a study of the invariants of a given matrix group, associated to a linear
system: the first-order variational equations introduced in 1.2.

A second step forward was carried out by Morales-Ruiz, Ramis and Simé ([24]) in order to
extend the preceding theoretical framework to the Galois groups of the (linearised) higher-order
variational equations along a particular solution.

The second step described in the previous paragraph is the driving force behind this paper.
A constructive version of the Morales-Ramis-Simé theorem was already started by Aparicio-
Monforte and Weil in [2] and tangentially tackled from another viewpoint in [5] (see Section 5)
and the present work aims at expanding this effort by offering a closed-form expression for the
linearised higher variationals. May the reader bear in mind that at no stage in the results of this
paper from Section 2 onwards is the system required to be Hamiltonian.

1.2 Dynamical systems and variational equations

In accordance with results succinctly described in 1.3 and thereafter, we need to observe the

following convention outside of Sections 2 and 3: dependent and independent variables for all

dynamical systems will be allowed to be complex. Any open set T' C IP)}C is an admissible domain

for the time variable, embedded into the Riemann sphere to include ¢t = oo as a valid singularity.
Consider an autonomous dynamical system:

z=X(2), where X : U C C" — C". (DS)

Assume X is holomorphic. Basic mathematical objects are defined analogously to their real-
valued counterparts: conserved quantities and foliations of solution curves.

Definition 1.1. (DS) given, assume

a) A first integral of (DS) is a function F :'V D U — C constant along every solution of
(DS). Equivalently, such that DxF =0, where Dx := Y ", Xia%i'

b) For every z € U, let ¢(t,z) be the unique solution of (DS) such that ¢(0,z) = z,
defined on a mazimal open set I(z). Function ¢ : I(z) x U — C" thus defined is C!
and whenever y = ¢ (1,x) for some T € I(z), translation I (y) = I(z) — 7 holds and
o (t,y) =@ (T +1t,2), for every t € I (y). ¢ is called the flow of (DS).

Clarifying preliminary comments are in order whenever a particular solution ¢ (¢) is considered:

a) trivially, the partial derivatives %gp (t, @) of the flow are multilinear forms of increasing

order (or, alternatively, multidimensional matrices, see e.g. [17]) and may also be charac-
terised as the blocks appearing in the Taylor expression of the flow along ¢, minus the



factorial denominators:

2
o(t2) =g (t.g)+ O (o gy, L0 (00)

bracket notation summarising multilinear forms.

(z—¢}’+..., (1)

{Z—¢}2-‘r 83%(t7¢)

1
3! 23
b) each of these partial derivatives aa—zkkgo (t, @), inverse factorial unaccounted for, may also be

characterised as satisfying an echeloned set of differential systems, depending on the previ-

ous k — 1 partial derivatives and customarily called variational equations or systems.
They are explicitly called higher-order whenever k > 2.

c) the variational system corresponding to k = 1 is linear:

09X

Yl = A1Y1, Al (t) = 87 ¢( )
zZ=Q(t

€ Mat,, (K) (VE¢)
its principal fundamental matrix being the linear part of the flow along ¢, and K = C(¢)
being the smallest differential field containing C (¢) and the solution.

d) For k > 2, however, the system is not linear, yet a linearised version may be found. The
aim of the present paper is to do so with explicit formulae.

1.3 Morales-Ramis-Ziglin theory and extensions

Heuristics of all non-integrability results within the Ziglin-Morales-Ramis-Simé theoretical frame-
work are firmly rooted in the following principle, expected to affect a widespread class of systems:

If we assume general system (DS) “integrable” in some reasonable sense, then for
every particular solution ¢ (t) of (DS) the differential system satisfied by each of
the partial derivatives of the flow at ¢ (t) must be also integrable in an accordingly
reasonable sense.

Any attempt at ad-hoc formulations of this heuristic principle for (DS) has an asset and a
drawback:

e there is a valid integrability axiom for linear systems (and thus, for (VE,)): that the
identity component of an algebraic group attached to them, named the differential Galois
group [22, 26], be solvable;

e still, in order to transform this principle into a true conjecture it is necessary to clarify a
notion of “integrability ” for (DS).

The latter item is cleared in the Hamiltonian case by the Liouville-Arnold Theorem establishing
a sufficient condition for a system to admit, at least locally, a new set of variables rendering it
integrable by quadratures. Said condition is the hypothesis on H in the following:

Theorem 1.2 (Morales-Ruiz, Ramis, 2001). Let Xy be an n-degree-of-freedom Hamiltonian
system having n independent first integrals in pairwise involution, defined on a neighborhood of
an integral curve ¢. Then, the identity component of the Galois group of the variational equations
of H along ¢ is an abelian group. [

See [23, Cor. 8] or [22, Th. 4.1] for a precise statement and a proof.

Theorem 1.3 (Morales-Ruiz, Ramis, Simé, 2005, [24, Th. 5]). Let H be as in the previous
theorem. Let Gy, be the differential Galois group of the k-th variational equations, k > 1, and
G = lUm Gy, the formal differential Galois group (inverse limit of the groups) of Xg along ¢.
Then, the identity components of the Galois groups Gy and G are abelian. [J
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Theorem 1.3 makes use of variational equations defined as in Section 1.2 and the language
of jets, after proving said non-linear equations equivalent, in practicality, to any consistent
linearised completion. Efforts towards a constructive version of this main Theorem, as well as
the line of study described in Section 5, are hampered by a lack of consensus on the explicit
block structure of said linearised completion. The present work, summarised in its main result
(Proposition 4.5) aims at contributing to fill in this gap. Hence, outcomes will be purely restricted
to symbolic calculus and do not constitute new results in the theoretical framework summarised

above.

Notation 1.4 (Multi-indices and lexicographic order). Part of the conventions listed below were
already introduced in [5].

1. The modulus i = |i| of a multi-index i = (i1,...,4,) € Z" is the sum of its entries.
Multi-index addition and subtraction are defined entrywise as usual.

2. We use the standard lexicographic order: (i1, ..., i,) < (j1,...,Jn) means iy = ji,...,ix_1 =
Jr—1 and i < ji for some k > 1.

3. Let ' : U C C" — C be a complex analytic function over the open set U. We define the
lexicographically sifted differential of F' of order m as the row vector

omF
F(m) (.I') = lex A A i (.ﬁU) s
Oxy' ...0xy
where i1 + ...+ i, = m and entries are ordered as per <jex on multi-indices.

4. We define

+ k-1
dn,k = (n n—1 ), Dn,k = dn,l + dn,Z +- dn,k- (2)

It is easy to check that the set of possible k-ples of integers in {1,...,n}, or alternatively
the number of homogeneous monomials of total degree n in k variables, has d,, ;, elements.
Quantity D,, j, will become useful in Section 4.1 when LVE(’Z is introduced.

Notation 1.5 (Multi-index binomials and multinomials). Given integers ki,...,k, > 0, we
define the usual multinomial coefficient as

ki+--+ka (it ky\ (B4 + k)
ki,....kn | k T kylko! k!

(3)

For a multi-index k € Z%, define k! := k1! - - k;,!. For any two such k, j, we define

K\ kylko! - - k! A kn @
P/ pilpolppl (k1 —p)! (B2 — p2)! - (kK — pn)! p1) \p2 )’

and the multi-index counterpart to (3),

Ki+-+kpn) (k4o k) )
ki, ...km | kilkol-- Kk,



2 Symmetric products and powers of finite matrices

2.1 Definition and properties

Let K be a field and V a K-vector space. Let us first recount the definition and the requisite
existence and uniqueness results for the symmetric power of V. See [13, 14, 18] for details.

Definition 2.1. An r** symmetric tensor power of V is a vector space S, together with
a symmetric multilinear map ¢ : V' = Vx .T. XV — § satisfying the following universal
property: for every vector space W and every symmetric multilinear map f : V" — W there is
a unique induced linear map fo : S — W such that the following diagram commutes:

VxVx.m. xV *f; w
® -7 -
J, _ 7 Jfo
S ~
In other words, isomorphism Hom (S, W) = S (V"™ W) holds between the vector space of linear

maps S — W and the vector space of symmetric multilinear maps V" — W.

Lemma 2.2. For any two symmetric " powers (S1,¢1) and (S2,02) of V., an isomorphism
¥ S1 — Sy exists such that o = 1P o 1.

Proposition 2.3. Given any vector space V and any r € N,
a) a symmetric r'™ power (S, ) exists for V. We denote:

e VO OUy =@ (v1,...,v,) for every vy,...,v, €V,
e Sym'V, Vo .7. oV or O"V in place of S,

k
o vOF :=v® -~ v for any vector v € V, and

o vOP =P @ ... @vOP, for any set of vectors v1, ..., v, and multi-index p € Z5y.
Conventions Sym'V =V and Sym°V = K arise naturally.
b) Furthermore, {v1 ® -+ @ v, : vy, - ,v, € V} is a system of generators of Sym" V.

¢) For any vector space W and multilinear map f : V" — W, the linear map fe induced by
the universal property is defined on the set of generators of Sym"V as

fo1©---0wv) = f(v1,--,0,).
d) If dimV = n < oo then every basis {e1,...,e,} of V induces a basis for Sym"V :
{e10 . 0e)O(e2® 2.0e) @0 (e, 0. ®ey) 1,20, |t =r};  (6)

hence, dim Sym"V = d,, ;.

in particular, symmetric products of vectors operate exactly like products of homogeneous poly-
nomials, with commutative, associative properties etcetera.

Remark 2.4. Sym” may also be defined explicitly in terms of the tensor power @", delegating
observation of a universal property on the latter and then taking quotients Sym"V = Q" V/ ~
modulo the equivalence relation v1®- - v, ~ V,(1) @ - - QV,(, for every o € &, thus equating,
via isomorphism, Sym"V to the subspace ({e;, ® e;, ® --- ®e;, : 1 <iy <2 < -+ <4 <n})of
V@ for any basis {e1,...,e,} of V.



6 LINEARISED HIGHER VARIATIONAL EQUATIONS

Given any K-vector space W and two linear maps f,g: V — W, define

h:V xV — Sym’W, h(vi,v2) = 5 [f (v1) © g (v2) + f (v2) © g (v1)]. (7)

N =

Immediately bilinear and symmetric, it is granted a unique linear he : Sym?V — Sym?W,
obviously defined hg (v1 @ v2) := h (v1,v2), by the universal property. Let us write f ® g := hg.
It is easy to check that f © g = g © f and, given linear maps f1,¢1 : W — Wh,

(fief)O(grog)=(f1Ogq)o(fO9).

A similar construction applies to the symmetric product of m > 3 linear maps f; : V — W:

1
f1® O frn: Sym™V — Sym™ W, 1)1@"'@’Um’_>m E fi (va(l))Q"'Gfm(vU(m))‘ (8)
ceEG,,

Let us generalise the above symmetric product into one involving any two linear maps
f:SymV — Sym“W, g¢:Sym’”2V — Sym”2W, J1,72,%1,12 2 0.

Assume V and W finite-dimensional, V' having basis {ei,...,e,}. We will use notation in
Proposition 2.3. Defining the bilinear map

¢ (u1,u2) = u1 © ug, u; € SymjiV, 1=1,2, 9)

we look forward to building a new symmetric bilinear function h in terms of f and g generalising
(7), and proving there is a unique linear he completing the diagram

Sym/'V x Sym”2V SN Sym® 2|
_7
@l - (10)
-

We want £ to be a symmetric, bilinear map depending on f and g and yielding coefficient 1 for
all-round repeated vectors as in (7). Symmetric, multilinear h : V71172 — Sym™ 2 is easier

Symjl +i2y/

to define, generalising (7): for any wq,...,uj 4, € V,
- 1
h(ulv'“,ujl-‘rh) = W Z f(uo(l)G‘”@uU(jl))®g(u0(11+1)®'”®u0(]‘1+j2))’ (]‘1)
J1 €S| is
where

Sjjo i ={0€645,:0(1)<---<0o(j1) ando(j1+1) <--- <o (j1+J2)}- (12)

Define
(SOI X 902) (ulv s 7uj1+j2) = (Qpl (ulv <o 7uj1) )y P2 (uj1+17 SRE) uj1+j2)) )

©; being the universal map of Sym?'V; we intend the diagram involving the cartesian product

V XJ1+s2

i \ (13)

Sym/'V x Sym”2V SN Sym®t iz



to commute. Let u,,, .. be j1 + jo vectors in V, each an element of base {ey,...,e,}.
1 J J

We have

? i1 +dg

(o1 X 2) (uiw e ’uij1+j2) = (“il O Oy, Wiy 4y ©- O “ij1+j2>
and we may also split each set of vectors into copies of separate basis vectors:
{Uip .. ’uih} ={e; P ey,...,e,, Pr e}, {uij1+1v e ,uij1+j2} ={e; 2, eq,...,e,, I ey},

with |p| = j1 and |q| = j2, and define k = p + q. The expression of (11) in these basis elements
is now an immediate consequence of basic combinatorics:

~ 1 k'l k2 kn —
k kn = > e oP k=P
h (61 ke, ... ey B .,en) (ﬁ;h) = <P1> <P2> (Pn f (e ) GOg (e ) ,
leaving no option for (13) to commute but

h (9P, €29 — (jhth) Z <p1 + Q1> <p2;r2Q2> <pn;;LQn>f (eQP) oF (e®p+q—P) . (14)

, . P
J1 7 P|=j1 !

On the other hand, the universal property on the total symmetric product (Symjl+j2{/] (ﬁ)
yields a unique hg such that he o @ = h,

Y/ XJ1+i2

P1Xp2
J/ ho =7
%) -

Symh +i2y,

The fact ¢ o (p1 X p2) = @ is immediate. And fixing ¢ (and h) the uniqueness of hg follows
from construction: any other he rendering (10) commutative would require the commutativity
of the perimeter of (15), hence he = hg.

Hence all we need to do is express f ® g := hg in terms of its action on base elements (6) to
obtain a simple, explicit form.

Notation 2.5. When dealing with matriz sets, we will use super-indices and subindices in the
following manner.

1. The space of (i,j)-matrices Mati;{;n (K) can either be defined by its underlying set, i.e.
all dy i X dy,j matrices having entries in K, or as the vector space of linear maps between

symmetric powers Hompg (SymjV; SymiW> whenever V2 K™ and W =2 K.

2. It is clear from the above that Mat®? (K) is the set of all scalars o € K and Mat%* (K)
(resp. Matk0 (K)) is made up of all row (resp. column) vectors whose entries are indexed
by d,, i lexicographically ordered k-tuples.

2. Reference to K may be dropped and notation may be abridged if dimensions are repeated
or trivial, e.g. Mat;? := Mat;J,, Mat,, ,, := Mat,, ,, Mat,, := Matl!, etcetera.

n,n’ m,n’ n’

Checking product ® defined below renders diagrams (10) and (15) commutative is now
immediate.



8 LINEARISED HIGHER VARIATIONAL EQUATIONS

Definition 2.6 (Symmetric product of finite matrices). Let A € Mat’,}b”],} (K), B e Mat%:ﬁ (K),
i.e. linear maps A : Sym’' K™ — Sym“ K™ and B : Sym/2K™ — Sym®2K™.
Given any multi-index k = (ky,...,k,) € 7% and k| =Fk1+ -+ kn =71+ Jo,

1 k _ _
(A0 B) (e el) = Gz <p> (A€t -wet) @ (Bl o el ), (16)
Ji p

notation abused by removing ® to reduce space within basis elements (6), binomials as in (4)
and summation taking place for specific multi-indices p, namely those such that

pl =41 and 0<p; <kiy i=1,...,n.
The following is a mere exercise in induction:

Lemma 2.7. The product of A1,...,A,, recursively defined by
A O 0A =400 A1) A4,

where A; € Mat]f,;'z%, t=1,...,r, is expressed in terms of multinomials by

1 k - o : ,
SOOEES (T 2 <p1 p > O 4™, if |kl=ji+---+j, (17)
. o Pr/ o T

3171'27---,3;) P1,--,Pr
sums obviously taken for p1 + -+ + pr =k and |pi| = ji, for everyi=1,...,r. O
Remarks 2.8.
1. For an equivalent “non-monic” formulation of (16) (i.e. one for which entry ; ; need not

have coefficient 1 in its formal expression) using multi-indices in both columns and rows,
see e.g. [8, 9, 10, 11].

2. Notation in Proposition 2.3 extends to matrices: Sym” A := A®" := A ® - © A.

3. In the case of a square (1,1)-matrix A € Mat, (K), powers ®" according to (16) are
obviously consistent with multiple product (8), hence equal to established definitions for
group morphism Sym” : GLy, (V) — GL,, (Sym” (V')) in multilinear algebra textbooks such
as the expression in terms of the permanent of A (e.g. [13, Th. 9.2]), or %A@ L ®Ain
multiple references such as [2, 5, 7].

Example 2.9. Given matrices A € Maty" (K) and B € Mat>? (K), we may write them as

big b2 bis
_ _( a1 a1z _ o2 ©2 y_ | D21 b2z bag
A_(AelAeg)—(a21 a22>’ B—(Be1 ‘B€1®62‘BGQ )— bsi bso bss

bagi bao bags

and it is immediate to check that the (4, 3) (hence four-column, five-row) matrix product
A0B=( (A0B)(ef?) | (A0 B) (ef? 0 er) | (A0 B) (er@es?) | (40 B) (e5%) )
is equal to

1 1
a1,1b11 3(a1,2b1,1 4 201,101 2) 5(2a1,2b12 + a1,1b1 3) a1,2b13
b b az,2b1,1+2a2,1b1 2+ay1 2b2 14+2a1,1b2 2 2a2,2b1 2+a2,1b1 34+2a1 2b2 2+a1,1b2 3
a2,101,1 + Q71,1021
az,1b21 + a1.1b3,1
a2,1b31 + a1,1b4,1 3 3
1 1
a2,1b41 53(ag2b41 + 2a2,1b42) 5(2a2,2b4 2 + az,1b4.3) a2,2b43

3 3
az,2b2 1+2a2,1b2 2+ay1 2b3,14+2a1,1b3 2 2a2,2b2 2+a2,1b2 34+2a1 2b3 2+a1,1b3,3

3 3
a2 2b3 1+2a2,1b3 2+a1 2bs4,14+2a1,1bg 2 2a3,2b3 2+a2,1b3 3+2a1 2bs 2+a1,1bsa 3

a2,2b13 + a1 2ba 3
a2,2b2 3 + ai 2bs 3
a2,2b3 3 + a1,2b43



The following is straightforward to prove from either direct application of the universal
property or the analogous techniques used in [8, 10], and will not be delved into here:

Proposition 2.10. For any matrices A, B, C, whenever products make sense, the following
properties hold:

a) A B=B0® A.

b)) (A+B) 0 C=A60C+B06C.

¢) (AoB) o C=A6(BoO).

d) (0A) ® B=a(A® B) for every o € K.

e) If A is square and invertible, then (A*I)Qk = (AGk)il.

f) A®B =0 if and only if A=0 or B=0.

g) If A is a square (1,1)-matriz, then Avy ® Avy @ -+ ® Avy, = A1 @ -+ O V.

h) If v is a column vector, then (A ® B)v®@P+d) = (Av®P) © (Bv®?), for every p,q € Zxo.

m+n—1

i) If rank (A) = r then rank (A°™) = d, ,,, and det A°™ = (det A)( <)o
The next two results are immediate as well:

Lemma 2.11. For any two matrices A € Mati;j and B € Mat?? and vectors vi,...,vj44 €V,
the following holds, S; 4 deﬁned as in (12):

Z A(Vo(1) @ O V() @ B (Vo(j41) @ O Vo(jng) - (18)

(A©B) (0,0 O v4y) =
( q JGS’]q

Proof. Nothing but the universal property on (11) and diagram (15) with different notation. [J

Lemma 2.12. Let k> 1 and {e1,...,e,} be a basis of K™.
a) (see also [, 10]) For any A € MatPd and B € Mat%", and every vector v € Sym*K",

(v A)B=v0 (AB). (19)
b) If {e1,..., ey} is the canonical basis formed by columns in Id,,, then
> (em @ 1AFH 1) (e, @ TAGH ) = 1dFh+L,

m=1
Proof.  a) It suffices to prove it for basis elements of Sym?: for any k such that |k| = p,
(v© A) Be® = v © (AB) e®k. (20)
But this is immediate from equation (18) or the definition (16) of ® itself.

b) Using the previous item and the associative property in Proposition 2.10,
(em © Idgk_1> (e% ® Idgk_l) =en O (eﬁ © Idgk_l) = (em © e%) ® ISk
it is immediate to check that e,, ®el is a square (2, 2)-matrix whose only non-zero element

is 1 in position ,, ,, hence

n

k— k—1) _ -
Z(emQIdg 1) (eﬁ@ldg 1) an_:l en el

m=1

)| @Y =149 o [dPF ! = 197

O
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2.2 More properties of ®

We need to generalise some of the above properties in Proposition 2.10 for later purposes.
Matrices will not be necessarily square unless specifically defined as such throughout this Section.

Lemma 2.13. Given square matrices A, B € Matﬁ’k and matrices X; € Matﬁ’ji, 1=1,2,
1
(A@B) (Xl@XQ): 5(AX1®BX2+BX1@AX2), (21)

and in general for any square Ay, ..., Ay, € Math® (K) and any X; € Matbdi (K), i =1,...,m,

(6 A@') (6X> X O (22)

m: €6y i=1

Proof. All it takes for m = 2 is applying the universal property on either (7) (replacing V with
SymFK™) or (14) (replacing j; and jo by k) on the product of A ® B by each of the columns
of X ® Xs: indeed, for every i such that |i| = j1 + j2, X1€®P and X5e®=P are both vectors of
Sym”* K™ whenever |i| = ji, hence

(A® B) [(X1€°P) © (X2e®77P)] = = [A(X1eP) © B (X2e®"P) + B (X1e%P) © A (X2 P)]

DN =

and attachment of (niin) > ipl=i1 (rl>) to both sides of the equation, along with (16), yields (21).
J1

Equally true for arbitrary m, using the universal property on the multiple product (8), now
expressed on v1,...,vm as (O; 4:) (Q;vi) = %Y sce,, Oi Aiv, ), replacing each v; by the

corresponding product O, A;e®Pi and attaching (]JIL J”])_1 Yorom (o) k o) asin (17). O

Lemma 2.14. Given A € Mat}{j and X1, ..., X,, such that X; € Mat};q", assuming 1 < j < m,

(T) (A@1a7m) <ZC7S1XZ> - Y [A(xe-oeox)]e O X. @3

1< < <i;<m SF01 0l
Proof. Defining B := Id9™J € Mat™ 7™J and v; := X;e®P: where |p;| = ¢;, i = 1,...,m,
equation (18) becomes
I 1
(Aol /) (D)X, e = —~ > A(X; %P1 0-- 0 X; ePh) @ X,e®P:. (24)
r=1 (J) 1< < <ij<m SFECULyenny

Attach (gf;“flz)fl > o1 D (pl’}ipm) to both sides of the equation and let k be any ordered

multi-index having modulus ¢; + -+ - + ¢y,. The left-hand side becomes (A ®I1dY™7) (O, X;).
Multiplying the right-hand side of (23) by e* and expressing the result in terms of each of its
symmetric product factors, the product of the resulting five binomial and multinomial coefficients
is equal to (q1+ +qm) ~! and the span of the multi-indices is precisely that of those in the right-

q27 )
hand side Of ( 24) once embedded into its sum. O
An immediate consequence of either Lemma 2.13 or Lemma 2.14 is

Corollary 2.15. Given a square matriz A € Mat,li’l and X1,...,X,, such that X; € Mat,li’ji,

(A®Id2m‘1)<6Xi> ;f: jo (o oXe - 0X,). O (25

i=1 =1
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1,1

Lemma 2.16. Given square matrix X € Mat,

w0, any vector v € K™ and r > 1,

(Xv®Id®) XO = Xt (y 9 1d“") . (26)

Proof. The first step is proving (Xv ®1dY") X©" = Xv ® X®". This is immediate from (19)
but let us elaborate on the proof for the sake of clarity and illustration. The fact IdS" = Idg, ,
simplifies some steps. Equation (18) for i = 1, j = 0, p = ¢ = r yields, for every set of vectors
vy,...,0, € K",

(XvoldY) (v 0v,)=Xv0 (V10O v,). (27)

Set v; := Xe®Pi € K™ for any given p;, slight notation abuse notwithstanding since |p;| = 1.
Then (27) becomes

(Xvold)") (XeP o0 XeP) = Xvo XeP 0 0 XePr. (28)

Hence

!

1 k
(XveId)) Xe” = (Xvold)) = Y (XePL @ .- O XePr)
" P1y,Pr pl’ 7p7’

1 k
= — Z Xvo XeP ... 0 XePr
7! P1,.-Pr P1,---,Pr

1 k
= Xv0O— Z Xe®PL ... Xe®Pr
r! Pi,...,Pr

: P1;--,Pr
= XveXOretk (29)

sum multi-indices p; adding up to k and having successive moduli j; as always.
Equation (20) and application of Proposition 2.10 imply

xortl (v O IdY") ek = xortl (v ® e®k) =Xv ©® XQI““le?k1 ORRRNO) Xleegk",

precisely (29). O

If (K,0) is a differential field [26], i.e. 0 : K — K is a derivation, a linear map satisfying
the Leibniz rule 0 (ab) = b0 (a) + ad (b), this extends entrywise to matrices, 0 (a; ;) := (Ja; ;)
and the Leibniz rule applies to ®. This is immediate and well-known for square matrices, but
we are in a more general case:

Lemma 2.17. For any given X € Mat¥J1 (K) and Y € Mat*272 (K),
0(XoY)=0X)oY+X0oo(®). (30)

Proof. Tt suffices, from expression (16), to check it true for symmetric products of vectors u,v €
SymF1**2 (™) but this is as trivial as for homogeneous polynomials in n arbitrary unknowns
K [Ey, ..., E,] in virtue of Proposition 2.3 or isomorphism Sym*1 k2 (V*) 2 gkitk2 (v K) and
can be gleaned from any of references mentioned in Section 2. O

Although the next result will be rendered academic by simplified expressions in Section 4.1,
it is worth writing for the sake of clarifying certain routinely-appearing matrix blocks a bit
further.
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Lemma 2.18.

a) If Y is a square n x n matriz having entries in K and Y = AY, then

%Syka =k (A©Sym* ! (Id,)) Sym*Y. (31)

b) If X € Matl9' (K) and Y € Mat:72 (K) satisfy systems
X =AX+B;, Y =AY + By, A € MatL! (K), B; € Matlii (K),

then the symmetric product of these matrices satisfies the linear system

d
dt(X@Y)—2(A®Idd L) (XOY)+(BIOY + B0 X). (32)
¢) More generally, if X;, B; € Mat>Ji (K), i =1,...,m, A € MatL! and

Xl:AX,L—{—BZ, t1=1,...,m,

then

ié){i m (A6 1d5m 1)@X +ZB o X;. (33)
=1

=1 j#i

Proof.  a) Immediate upon application of commutativity and (22) or (25) to

k k
d ’ k =
T Y@ @Y ZY@ @Y@...@Y:ZY@...@AY@...@Y
=1

b) Follows from Lemma 2.17 and the commutative and distributive properties of ®.

c) We use induction, m = 2 being the previous item. Leibniz rule (30) and associativity imply
= -
ZQXZ: (dt @X) © Xm + (QX) ® X,

wherein induction hypothesis implies

m—1 m—1
(m—1) (A0 15" ) @X + 3 Bio () Xj|® X + (AXp + Br) © (O X,
i=1 1=1 j#i i=1
which is equal in virtue of the distributive property and (25) to
m—1 e m—1
Z AX; © (X1®"'®Xi®"'®Xml)] O Xm + Z Bi@@Xj@Xm
i=1 i=1 j#i

m—1 m—1

+AXm 0 () X+ Bno () X,
i=1 i=1

= liAXi®<X1®---®E®~~®Xm)
i=1

—‘rZBi@@XJ‘,

i=1 j#i

further application of (25) ending the proof.
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Remark 2.19. Albeit not explicitly as in (31), the matrix proven equal to k (A ® Idgkﬂ) has

appeared in numerous prior references (e.g. [2, 3, 4, 5, 7]) whenever an equation for Sym* such
as (31) arises, has been sometimes labelled sym”* A and has been consistently called symmetric
power of A in the sense of Lie algebras, its Lie group counterpart summarily standing therein
for ©% as defined in this paper.

3 Symmetric products and exponentials of infinite matrices

The next step towards a compact form to linearised higher variationals is assembling the matrix
blocks gleaned from Remark 2.19 together into a compact matrix whenever dealing with different
blocks Y7, Y, ... satisfying different differential equations.

3.1 Products and exponentials

Of the myriad ways to note a set of infinite matrices, we may need one taking finite submatrix
orders into account. Alternatively, of all the ways in which to write a K-algebra S, a need may
arise to express it whenever possible S = Sym (V) := @y Sym* (V) for a given vector space.

Notation 3.1. From now on Mat™" (K) denotes the set of all block matrices
A= (4;;)

i >0 A Sym’K™ — Sym’/ K™,

hence A;j € My, ;xd,, ; (K) = Matfl’f'm (K):

Az Az Az o Asp
A=

As s Az Ao “«+ Asp

Az Ay A — Ao

Ao 3 Ag 2 Ao,1 — Ao

We write Mat (K) := Mat™" (K) if the context allows for it, i.e. the value of n is unambiguous.

Conversely, the set of matrices Mati;’jm (K) is identified as a subset of Mat™™ (K) by identi-

fying every such block A; ; with an element of Mat™™ (K) all of whose blocks are zero save for,
perhaps, A; ;.

We define the following product on Mat™" (K). For a formulation yielding the same results
see [11, p. 2].
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Definition 3.2. We define, for every given A, B € Mat™™ (K), matric A©OB = C € Mat™™ (K)
where for every given i, j,

J
Cij= Y <j1>Ai1,j1 ® Bi—iyj—j1- (34)

0<i; <1
0<j1<J

Same as always, ©F will stand for powers built with this product.

Example 3.3. Matrix A ® B takes the following form in its simplest echelons:

: ApoB20+ A10® Bio+ A20Boo |
Ap,oB11+ Ao @ Bio+ A0 ®© Bo1 + A1,1Bo0 AgoBio+ A10Boyo
Ap,0Bo.1 + Ao,1Bo,0 ‘ Ap,0Bo0

and coefficients other than 1 will start appearing in further block rows and columns. We split
row .o and column g, from the rest of the matrix for further clarity.

The following is immediate and part of it has already been mentioned before, e.g. [10]:

Lemma 3.4. Product ® on Mat™™ is associative and commutative, and (Mat (K),+,®) is an
integral domain as well as a K algebra if endowed with the usual product by scalars in K. Its
identity element is 1 made up of zero blocks except for oo which is equal to 1x. [

Definition 3.5. For every matriz A € Mat (K) we define the formal power series

1 =1 :
expy A =1+ A% 4 5A@Q fo=) 5A@ € Mat™™ [[X]].
=0 "

Whenever A has all but a finite distinguished submatriz A equal to zero (e.g. Examples 3.7
below or Lemma 3.11), the abuse of notation expg Aj = expy A will be customary.

See also [10]. The fact ® is commutative saves us the trouble of having to check matrix
commutation in the properties below, whose proof works exactly like that of scalar exponentials:

Lemma 3.6.
a) For every two A, B € Mat™™, expg, (A+ B) = expy, A ® exp, B.
b) For every Y € Mat™"™ and any derivation § : K — K defined on field K, then

dexpy Y = (8Y) @ expy Y.

¢) ([8, Corollary 3]) For every two square matrices A, B € Mat:!, exp, AB = expg, Aexpg B.
d) In particular, for every invertible square matriz A € MatL?, expg A7l = (expg A)_l. d
Examples 3.7.

1. Let A € Mat (K) such that all blocks are zero except for 1 ;:

A= A'1,1
0 |

0
0
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For %A@, expressions (34) containing A%% are those for which ¢ = j = 2, hence

LAy tao2 | - AR
2 Aqq

5

|1

and the pattern is clear in general: exp, Ay, = exp, A = diag ( . ,A%’f, AL, 1) .

. For row or column vectors this expression is even simpler. If the only non-zero block in A
is a row vector, Ay o= = (:L‘l, ceTd, k) € Mat,, 0 (K),

A= ... 0o 0 ---1lo0 |,

0 = . ‘ 0
the only expression (34) not automatically zeroin (A ® A)is (A ® A)y 9, = (Qkk)A()’k@Ao,k.
Recursively, the only expression not automatically zero in A®7 is

(40 Aj—l)wk _ (Jk"’) . (U —k” k) . (2:> A8, (35)

For instance, if £ =1,

eprA:Zij: 0 0 0 010

720 R R
. This does not apply mutatis mutandis to matrices whose only non-trivial blocks are in the
0k column. The only non-trivial block in A®7 is jk,0 Whose expression is summarised in

switching row and column indices and expunging binomials from (35). For k = 1, we have

0 %a:@j
exXpy T = eXPg = : :

0 %sz

0

0 1

A fourth example, namely matrices A € Mat (K') equal to zero save for block row 14, k > 1

(see (37)), deserves special attention in the forthcoming Sections. Let us first fix conventions:

Notation 3.8. For every set of indices satisfying 1 <11 < - <ipandir+---+i, =k, ¢

k

1] geeeylp

is defined as the amount of totally ordered partitions of a set of k elements among subsets of
8izes i1,...,14.. We will write cf following i = (i1, ...,i,) and omit super-index * if sum |i| is
known beforehand.

Remarks 3.9.

1. Ci‘i,...,ij = #Iilk“ following (61) below. Needless to say, Zi1+,,,+ij:k Ci‘i,...,ij = {k.}, the

Stirling number of the second type ([1, §24.1.4]), and Z;‘?Zl D i1tk th---,l‘j = By, the
k™ Bell number [25, Vol 2, Ch. 3].
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2. Since each subset of size ig is supposed to be ordered, we must divide the total amount by
the orders of the corresponding symmetric groups, hence the explicit formula:

(i, (i, vij) = (k1 0k ks 72 Koy - e T2 o)
I‘C = 1122 15 Tyeveey J 1 .--- 1,2 % 2 s v, <o m)
Gy nil-- gl where { 1<k <ky<- - <kp. (36)
Lemma 3.10. Let Y € Mat (K) equal to zero outside of block row 1y, k > 1:
Ve=| 0 0 070 "y cMatli (37)

Y Yo Y7 |0
0 0 0 0160

Let Zy s, s,m > 1, be the corresponding block in expy Y. Then,

a) Row block r in expy Y is recursively obtained in terms of row blocks 1 and r — 1:

sr+1
2 Z <>YQZHSJ (38)

In particular, Z,, = 1®T and Z, s = 0q,, ,.d,, whenever r > s.
b) For every m,r > 1 and any v € K",

Vv IdY") Zrp = Zri1 41 (v© 1A . (39)

¢) Using Notation 5.8 and (36), for every s >r

Zyps = Z & Y, 0Y,0 --0Y,.

A T P Tr
i1t tir=s

(40)

d) Let A € Mat (K) defined with similar disposition asY , its horizontal strip not necessarily

at level 1 4:
0 0 0|0
<o A3 Ay A1 | O
A= -+ 0 0 0|0 |, A€ Matﬁ’t.
0 0 0|0
0 0 0 00

For every t,i > 1 and s > t + i, the following factorization holds:
— t+1
Z < ) AtZt,J O Lis—j= ( i ) (A ®Id® ) Ziiys- (41)

e) If Q € Mat™ has only its square 11 block different from zero, then expy QY = (expg, Q) (expy Y).
Proof.  a) Using (34) on A=Y and B = Y51
s 1 s |
Zr,s =3 Z A1,81 © Brfl,sf& = Z YS1 © ((7“ - 1)-ZT7178781)§
T 1< <5 S1 T 1< <s S1

hence, using the fact Z; ; = 0 for ¢ > j, (38) ensues.
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b) Direct from (26) in Lemma 2.16.

¢) By induction. For s = 1, r can only be equal to 1 in order to have a non-zero block and
Z11 =Y = c}Yi. Assume (40) holds for all r smaller than or equal to s — 1. We have

s—r—+1 s—r+1 ]
! z ( )y YA z ( ) S g, YieY,o- Y, .
i1t 1=5—j
Summand redistribution renders the above equal to
1
- Z CJL 7JrY}1 sz ©--0 Y}w (42)
T .
Ji++ir=s

where, setting (j1,...,7,) = (k1 Pk, kg 2 koo Ky Mo k), and defining k; = (k; T k)
and Kz = (kl, NN 7kz’—1a kz Lo ki, ki_|_1, e ,km>,

S k —k S _k"L
ler":j’r = Cklwwkm = <k1>CK1 ' + <k2> CK2 ’ + + <km> Ci{m '

Each of the summands in Cj, . ;. is equal to

(s—=k:)!
s! R Y S LT Y LR P Ly Sy L oy ey [y g
kil (s — k;)! nilng!l -+ (n; — D)L+ npy! Mg
. . y . 1 s _ s
hence the coefficient of Y;; ©---©Yj, in (42) is equal to : (n1 + - - - + 1) e = Chy e

d) Let us express the left-hand side in (41) in terms of (40):

5—1
=t \J
distributivity yielding it equal to

if(s) Z Z LSO kl, Lk [At( "'®Ymi)]®Yk1®"'®Yki. (43)

Jj=t J M1yt ky,....k;

Ay Z Cznl,...,mtyml ©-0 Ymt
mi+-+my=j

ki+-t+ki=s—j

The above multi-sums are indexed, respectively, by sets J; ; and J; s_;, where
Jre={(n1,...,np) €Z": 1<y <nag <---<npandny + -+ +n, =c}.

The set of all ordered concatenations of index vectors in J; ; and J; s—; as j varies from ¢
to s — ¢ equals the complete set J;4; ;. Conversely, for every multi-index

n-— (7117 ey Ny M1y - - ,nt_H‘) € Jt+i,87

consider the set of pairs of multi-indices m = (my,...,m) and k = (kq,...,k;) whose
ordered concatenation is n

Zii(m) ={(m,k) : o (my,...,me, ki,..., ki) =n for some 0 € GS;44+}

the terms in (43) indexed by Z; ; (n) are summed up in

> <|ri1|> em x [At (Y, @ 0 Y,)] (Y, @O Y3,) .

(m,k)€Z; ;(n)
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Let us discriminate among terms in the above sum. For every (m,k) € Z;; (n), split m
and k into copies of different integers:

m = MI-MI-MI,"WMPMHN;)

ko= (mfm,op KW; } PSS S S tnaxipa) (44)
= Kypg, e g Koy

This obviously implies (equalling M; or K; multiplicities to zero whenever necessary)

Mmax +Killax
n-= (Ml Mtk K15 Bmax{p,q} o) {pay /Lmax{p,q}) ’ (45)
and
max{p,q} max{p,q}
S M+ K, =t+i, > My + Ky, = s;
v=1 v=1

the amount of permutations of n in (45) leaving m and k in (44) invariant is equal to

M) + K, ) Mo + Ko . Mmax{p,q} + Kmax{p,q}
My My Mmax{p,q} .

Multiplication of this product by ¢y, yields (writing » = max {p, ¢})

(M) - (R () - () s!

(M + K0)! (M + Ko)l - (My + Kp)! My g PR MK Ly, VR

(46)

Let us now return to sum
to a given (m,k) € 7, ; (n

s s (M1M1+---+Mpup) (K1M1+~~+Kquq)
Cm Ck = = k
|m)| Mypg + -+ Mppp MllMp' Klqu'

which simplifies into (46).

43). Using multiplicities as in (44), the summand corresponding
has its coefficient equal to

(
)

Hence (j)cj i times [A; (Yo, @ - @ Yi,)| @ Yiy @ -+ O Y, equals Con ) times all per-
mutations of the factors leaving these products invariant. This allows us to apply Lemma
2.14 to A; and Y@mQYQk = le ®®Ymt ®Yk1 ®®Yk1

o |t ;
(j)cymck TA (Yo, @+ O Y )] OY), @ 0Y, = (Z—: ) (AtQIdn) Yom ©Yok. (47)

The fact every summand in (43) fits the same profile as the left-hand side in (47) allows

us to factor (th) (At ® Id%) out of the whole sum, namely Z;; ;.

e) Replacing each factor Y;; by QY;; in (40) and applying Lemma 2.10 we obtain exp, QY =
<ZT,;€) where

Dpg = Z Q°" ® Cfl,...,iTYil OY,0---0Y = Q@er,
i1+"'+ir:5

hence matrix exp Y appears multiplied by diag (--- ,Q%%, Q%! 1) = expg, Q.

Lemma 3.11. Let A and Y be as in Lemma 3.10. Then,

(Aexpy Y) ©®expy Y = (A ®expg Idy) expy Y- (48)
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Proof. Upon observation of (34), B := A ® expg Id,, € Mat (K) is defined recursively by
(o5y) AL O TdR !

k Ok—2
A ©1d
Bi=4;, By= (=2 o , k=1

. : By1

(O)Ak

Let
Lk
Ze—1k
¢ =Y, D = ) , k>2, (49)
: D
21k

be the matrix formed by the first £ row and column blocks in exp, Y. Block row r of B is
Bri= ( (5 Ao 017 | () Ak, 01 [ [ (I A 0T o] - [0 ),

the row comprised of the first k blocks in A is written Ay = (A1 k, A1 g—1...,A1,1) and the first
block column in &y, is ZF := (Zijor Zi—1 s - - - » Zlyk)T.
For every s > 1, block 1 5 in Aexp, Y is equal to

S
Xo=AZ°=> A;Z;s,
j=1

hence for every r =1,...,k block , 1 in (AexpyY) ® expy Y is equal to
k—r+1 k k—r+1 k 7
S )Xi0Zigi= D ) DAZy | © Zeoi oy,
=\ =1 \J/ \i=1

which can be rewritten as

k—r+1k—r+1 k
> < ) (AiZyij) © Zp_1 j—js
t=1 =t \J

its innermore sum ostensibly calling for Lemma 3.10 reenacted with p =1, s=k and ¢ =r — 1.
(41) indeed yields the above equal to

ki“ t+r—1
r—1

) (At ©) Idi:?H) Ziyr—1k
=1

precisely block combination B, Z*. O

3.2 Application to power series
Since polynomials and power series split into homogeneous components, Example 3.7(3) implies:

Lemma 3.12.

a) Let F' € K [[z]], x = (21,...,2n), be a formal series. Then there exists a set of row blocks
Ml{ﬂ’l € 1\/Iaut,1q:f7n (K), i > 0 such that F' admits the expression F (x) = Mp expg X, where

Mp:=| - O 0 0 0 leMath(K), X:=
. MF’ MF’ MF7

0 0 0
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b) If F = Fy x --- x Fy, is a vector power series, adequate lef' € Mat,lﬁfn (K) render

— | 0 0 0 mn
F(x) = Mpexp, X | where Mp := M}JQ M}Jl M}’O € Mat™".
0 0 0

Following Definition 3.5, we write F' (x) = Mp expg x if it poses no clarity issue. O]

From the above Lemma it follows that every formal power series can be expressed in the
form MFp expg x, where abusing notation once again

M2 Ao 0| aLo
MFZJFJFM#O::(... o0 o) \or 0 ) (50)

In other words: Mp equals the sum of two matrices with easily computable ®-exponentials: one
following Example 3.7 (3) (same as ) and one following pattern (37). This fact, Lemma 3.6, the
fact (Mat (K),+,®) is an integral domain and the universal property of ® on finite products
yield the following two results; see [8, 10] for a proof.

Lemma 3.13. Given power series F' = (Fi,...,Fy) and G = (Gy,...,G)p) in n and m inde-
terminates, respectively,

a) If n=m, Mpg = Mr ® Mg.

b) expg, F (x) = (exps, M) (expy ).

¢) Mgor = Mg expg Mp.

d) expg, (Mg expy, Mp) = (expy, Ma) (expe, MF).

Corollary 3.14. Let F (x) = (F1,...,Fp) (x1,...,x,) be a vector power series, y = F (x) and

X = Ryxexppxec K N N.n Pp
Y = S,yexpyye KP, R, x € Mat™" (K), Syy € Mat™?(K),
be independent and dependent variable changes, which we assume admit formal inverse changes

T = RxgexpyX,

y = SyyexppY } Rx, € Mat™" (K), Sy, € Mat’” (K).
- Y © -+

Then, the expression of F in the new variables, written in that in those old, is

Mpxy = Syy (expy Mpay) exps Rx » where y = F (x) = Mg expgox. O (51)

As was hinted at in [10, p. 5], the above result shows interesting light on the way finite-
level transformations translate into transformations on Mat™™. For a linear transformation of
the independent variables @ = BX, however, basic properties of exp., are as useful as (51) in
proving F' admits the following expression in the new variable X (mind the effect of the first
matrix, equal to zero save for block 1 ; which is equal to Id,, on the second one):

F(X) = Id, (expo M) (expe B) X = (Jr + M°) (expg, B) exp, X. (52)

This will be applied to first integrals of dynamical systems in Section 5.
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4 Higher-order variational equations

4.1 Structure

Let us step back to what was said in Section 1.2. For each particular integral curve ¢ =
{¢p(t):t €T CPL} of a given complex autonomous dynamical system (DS), the variational
system VE’(Z for (DS) along ¢ is satisfied by the partial derivatives ;’—Zkkgo (t, o (t)).

Case k = 1 being trivial as shown in (VE,), the situation of interest is & > 1. We will eschew
formulations such as those in [24, eq (14)] in favour of a two-fold explicit expression: plain, sum-
related expansion (63), and equally plain formulae (53), (64), (LVE,) and (VEE) using Linear
Algebra to express multilinear maps.

Notation 4.1. Define ¢ (t) be a particular solution of (DS), K := C(¢), 4; = X0 (p) and
Y; :=lex (%gp(t, qb)) , and following Lemma 3.10, let

Zi k
Zi—1k
o =11, D) = ) . k>2, (53)
: Dy
AN
be formed by the first k block rows and columns in ® = exp, Y. Define A,Y € Mat (K) as in
Lemma 3.10 with the above terms A;, Y; as blocks.
We also denote the canonical basis on K™ by {e1,...,ey}.

Lemma 4.2. In the hypotheses described in Notation 4.1, let k > 1. Then,
" Y1

Vi= 3 St (en o1, (54)
m=1 m
and for everym=1,...,n,
9 _ Ok

5 Ve = Yiei (en ©107Y), (55)
aer’k = Zrkn (em ® Idgk) — (Ylem ® Id,?rfl) Zr_1k, foreveryr <k, (56)

9 _ Ok
54k = Ak (Ylem ®1d¢ ) . (57)

Proof. (54) is an immediate consequence of Lemma 2.12 and equation (55) which we are now
going to prove. We have, for every given ordered multi-index i = (i1,..., ),

9 d 9

—e; e e, =
azm “ © © e 8Zm 827:182;7:2 e 8Z”Lk

= Yk+1em®ei1 ©--O©e;.

The right-hand side in (55) is equal to this expression, too, by simple application of the same
principle as in (20) in order to obtain (em ©) Idgk> e®! = e,, ® 1. The effect of ;% on A; is
clear as well: chain rule implies

DA, ) X n o1 X oo,

—e; @ . .@e- —] —
0z D2 024,02y -+ - 0z, 02,0z -~ 02,02 02

2 Ak (er ©) 6®i) gfn:7

which is equal, again using (20) in order to obtain gfn: e, ® el = (g%er ©) Id,?’“) e to

n . 8 , n
Ak+1 Z (er © 861) % = Ak+1 Z (
r=1 m r=1

8307‘ @i) Z ( 8807" ) i
= Aps1 Y 149" ) e®!
N b1 2\ g, O O N0 )€
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hence to 5
Ak+1 ((,0 ® Idgk> 8®i = Ak+1 (Ylem ® Idgk) e®i.
O0zZm

Let us prove (57) by induction over k. Assume the equation holds for all values smaller than
k. Derivation of (38) and use of (55) and Leibniz rule (30) yields

8er,k =51+ 52 — S,
where
1 k—r+1 Lk ]
Sl = ; ( > |:}/j+1 <em © Id?)] O] Zr—l,k—j7
=1\
1 k—r+1 Lk )
So = - ( .>Yj © [Zr—l,k—j—H (em O] Id,?ki])} )
=1 \/
1 k—r+1 Lk
Sy = ( ) Y0 |(Yiew ©1d772) Z, op ] -
=1\

Completion of S3 with j = k — r + 2 and application of (41) with i = 1,t =r —2, s = k,
A =Yie, O Idg“2 and p = r — 1 yields

k
k—r+2

Sy = - ; ! (Yien ©1dY" ") Z, 1 — 1(

. )Ykr+2 o [(Vien ® Id,?"‘Z) Zr_2—2]. (58)

The second term in the above expression can be written in the same manner as summands in
Sa; indeed, using (26) and the fact Z,_9, o = Y1®T_2,

(Yiem © Idy?r_2) Zr72,r72 = erl,rfl (em © qu?r_2> )

hence the second term in (58) is

1 k . 1 k .
; <I€ —r+ 2> ka'r+2® [(Ylem © Idg 2) Z’r72,r72] = ; (k —r 4+ 2> Yk7r+2® [erl,rfl (em © Idg 2)] )

namely the additional summand for j = k —r + 2 in S.
A missing term % (Ylem ® Idg’"_l) Zy_1 needs to be accounted for in the first summand

of (58). But it equals term j = 0 for S;. Hence, index shift puts Sy, S2 and the two extra terms
from (58) together in a single sum:

where

5= (0 B om0 )]0 2nangr (5150 (st fom 01024)]- 09

Let us check s; is equal to (kjl) (Y; ® Zy—1 jy1-4) (em ® Idgk). The columns of the latter matrix
(m)
are of the following form, defining 1,, = (O, ey 1y ,O) € 7" and whenever |k| = k:

kE+1 k+1 . B
( j ) (Y? © erl,kJrl*j) e®k+1m = Z ( i m)Y}eQ‘ ®© Zr71,k7j+1e®k+1m 17
li|=j
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and can be split into two sums depending on whether i = (i1, ...,1iy,) above satisfies i,, > 0:

k
Z (p) Yj(em © e®p) © Zr—l,k‘—jﬂe P+ Z ( )Yjqu © Zp—1k—j+1 (em O] er*q) ,

Ipl=j—1 lal=j
precisely sjeX as in (59). Hence
0z 1* kE+1 _
aTT’k - - Z ( )Y O Zr 1 jy1-; (em @Iko) - (Ylem ®1d°" 1) Zr 11
m j=1

= Zupir (€m0 1d7%) = (View ©145"1) Z, 1.

O
Proposition 4.3 (First explicit version of non-linearised VE’;)) In the above hypotheses,
Y = Aexpgy Y (VEy)
in other words, for every k > 1
k
*Yk ZA Zri=2 41 Y. i YaOY,0--0Y, (VER)

Jj=1 i1+-tij=k

Proof. Assume the result is true for £ — 1, and let us prove it for k. That is, assume VEI(;_1
can be expressed in the form %Yk—l = Z?;ll A;Zj 1. We recall the entries in Y;_; are partial

derivatives of ¢ (t,2), hence & = % on every entry, Schwarz Lemma applies and derivation of
(54) yields

fyk Z gt 8;/’“7”1 (e ©TAFH!) = Eij E)E)E)th L (el o1dgh )

induction hypothesis and Leibniz rule render %Yk equal to

ZA Zpk-1

~ 0 . 0A 0z
Py - (ef, o 1aph-1) = Py pz:jl s + Ayl (e o 1)

’I’I’L

equations (56) and (57) imply this is equal to S; + S — S3, where

n k—1
Sio= 3N At (Miew ©1d57) Zypa (el 01741
m=1 p=1
n k—1
S = DY A7y (e 01 (ef, @ 1),
m=1 p=1
n k—1
S5 = 30X 4, (Vien 0147 Y) Z, 141 (€], 0 141

ﬁ
—_
ﬁ
—_

Sum swapping in »_,, >, implies

Sy = Z ApZo i Z (em ® 1dok~ 1) (eénﬁ ® Idgk—l) = kapzp,k. (60)
p=1

m=1



24 LINEARISED HIGHER VARIATIONAL EQUATIONS

Simple index shift on p and (39) render S; — S3 equal to

n

Z A (Ylem © IdShl) Zi—1,k—1 <6£ o) Id{?kfl) = Ak Z (Y1 © Zk—1k-1) (em ® Idgkfl) (efn ® Idgk’l) ,
=1

m=1
which is equal to

n

A (M © Zirjn) Y (em ©1dPFT) (ef, @ TATET) = Ap (Vi © Zi o1 x1) = AxZiy,
m=1
the missing summand in (60). O

The following is but a reformulation of the above result:

Corollary 4.4 (Second explicit version of non-linearised VE@) Let o (t,¢) = (p1,...,0n)
denote the flow of (DS). Let k > 1 be the order of the variational system. Given integers
Ni,...,Np > 1, r=1,....k and my,ma,...,my > 0 such that 375y m; =k, define:

a) Sny...N, :={0 (Ni,...,Ni) : 0 € &} and the set of partitions of {Ny, ..., Ny} in ordered
subsets of sizes my, ..., My:

Iy =K, Ky) € Shy vy K = (Ko Ky ) s Kin <o < Kim, b5 (61)

b) and, using abridged notation 3>; . to denote 377 1377 205 1,

OTXZ- o™ ¢j1 amrqﬁjr

OIS VD 3 @
RS k .
(K, Kp) el g T T I Ozj, -+~ 0zj, 92k, Ozk,
Then, the order-k variational equation along ¢ = {¢ (1)} is summarised in the following:
d ok,
— i Z > TN, i,N1,...,Ny € {1,...,n}, (63)

dt&leazNQ---asz =1 e

indices in Y, . again constrained by 0 <my <mg <o <my and my + - +my = k. U

In the previous Lemma we effectively settled the entries for lower n rows in ALVE$ and the

first n columns in @), by virtue of (VEY). Let us now prove the result true for the rest of the
matrices.

Proposition 4.5 (Explicit version of LVE];). Still following Notation 4.1, the infinite system

X = ALVE¢X7 ALVE¢ =A0 €XPg 1d,,, (LVE(z))

has ® := expy, Y as a solution matriz. Hence, for every k > 1,

a) the lower-triangular recursive D, x D, form for LVE’; is Y = ALVE;(;Y, its system

matriz being obtained from the first k row and column blocks of Arvg,

(1%1)141 © Idg:_l
(7o) As ® IdFF2
Apype = : y , (64)

LVE{;—l
(§) A
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b) and the principal fundamental matriz for LVEI(; is @y from ® = expy Y in Notation j.1.
Proof. (48) in 3.11, (VE,) in Proposition 4.3, and item (b) in Lemma 3.6 imply
— .
expoY =Y OexpyY = (Aexp, V) @ expy Y = (A ©® expg Id,,) expy Y.
The rest follows from Lemma 3.10. O

Example 4.6. For instance, for kK = 5 we have

5A4; ©1d24
104, ©1dS3 44, © 1493
Apys = 1043 ©1d%? 64, ©1dY? 34; © 1422
54, ©1d, 44301d, 34,0Id, 24;061d,
As Ay As A A

and, using any of the equivalent expressions (38), (40), the fundamental matrix having Idp,, ,
as an initial condition is

Y@S
1
10}/1@3 oYy Y1®4
5= | 10,20 Y3 +15Y; © Y32 6Y,2? ® Ys Y3 ,
0, 0Y;+5Y10Y;  4Y10Y3+3%20Y, 310V, Y2
Ys Yy Y3 Yo 1

hence (VEE) for k = 5 can be expressed as

Y5 = A1Ya+A (10Y5 © Vs + 51 © Ya)+45 (10Y,72 0 Y + 15Y1 © Y522+ 44 (10Y,7% © Y3 ) +45 V(.

4.2 Explicit solution and monodromy matrices for LVEI;

Let T C }P’(lc be the domain for time variable ¢ in (DS) and v C T a closed path based at point
to € T. Analytic continuation extends to polynomial functions, hence to symmetric products
as seen in (16). Assume k = 1. If Y] is a fundamental matrix of first-order (VE,), analytic
continuation along ~y yields

Y1 (to) ﬁ Y1 (to) - My,

M,  being the monodromy matriz ([28]) of (VE,). Assume Y7 := ®; is the principal fundamental

matrix for (VE,), any other fundamental matrix ¥; recovered from ¥; = Y1V, (tp).
Having computed Y7, the non-linearised second-order equation, after Proposition 4.3, is

YQ =A1Yo + Ay - Sym2 (Yl) . (VE;)
Following Proposition 4.5, linearised completion LVE% has principal fundamental matrix
©2
Py = " .
Yo Vi

A particular solution Y3 of (VEi) is found via usual variation of constants:

Yo=Y [ Y7 Apsym? (1),



26 LINEARISED HIGHER VARIATIONAL EQUATIONS

which becomes a contour integral whenever time is taken along path ~:

Yy LQLZ«, = M1,«,/Y1_1A2Sym2 (Y1), (65)
cont ~
hence
Y22 (to) M2 0 M2 0
Id,, = ® (t)) —— [ L Ly — P (¢ Ly :
n ) ( Yi(to) Quzy  Yil(to) My, 20 Qi

and [y] = M; , is a group morphism m (T',tg) — GLp,, , (C), hence for any fundamental matrix

M2 0
Wy (tg) —— Uy (¢ Ly ;
2( 0) cont 2( O) ( Q1,2,fy ML’Y )

therefore the monodromy of LVE; along v will be

M@2 O M@2 0
My, = Mo _ L 66
al ( Qu2y My My [, Y A{A2Y1®2 M (66)

Assume k = 3. The principal fundamental matrix of LVE% will be

Sym® (Y1)
P3=| 3V10Y: Sym?(V)
Y3 Ys Y1

and any other fundamental matrix can be expressed in the form V3 = ®3C as usual. Let us now
find a solution to _
V3 = A1Y3 + 342Y1 © Yz + AsSym?® (Y1), (67)

Same as before, a particular solution Y3 of (67) is Y3 = Y1V3 where
"/'3 = Yl_l (3A2Y1 0Yy + AgSyng (Yl)) ,
yielding a new contour integral if 7 € :

Ys Lo Quan = My, / Y (34251 0 Y + AgSym® (V1)) dr. (68)
con ¥

The remaining term of our monodromy matrix is a direct consequence of analytic continuation
as performed on 3Y7 ® Yo:

0 = 3Y1 (to) © Ya (o) CJT> 3Mi, © Qi =3M1,® (MM / Y1_1A2Y1®2)
v

Our monodromy matrix is

M 2 M
N © —
My = | 3Miy©Qu2y My, =| 3Mi, 0 Q24 |y, (69)
2y
Q1,3 Qu2y My Q134
The pattern is clear now. Assume we have computed solutions Y7, ..., Y;_1 and performed
continuation up to k — 1:
Qk—1,k—1,
Qr—2k-17 Qr—2k—2~
v .
Qp g —— Pp M1y :=Ppq : ;
cont
Qo1  Q2r-2ry - Q224

Q1 r-1, Qri—2, - Qi2y Q114
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where
Q'I’,S,’Y = Z C'?17"-77:7‘Q1’i1"7 © Qlﬂéﬁ ©-0O Ql,i?‘»V’ s > r > 2. (70)
i1+ +ip=s
Then, the fundamental matrix for (LVE’;) will be expressed in the form (53), its lower left

block Y}, being computable in terms of the blocks Zyy, ..., Zy ) above it (all of which involve
Yi,...,Yr_1) in virtue of (VEQ) Y}, = Y1 V4, which is continued into Q1 k. := M1 fy Vi, where

Vk = Y1_1 Z§:2 A;Z; . Upper terms Zoy, ..., Zy ) are continued into Qak, ..., Qkx as in (70),
s replaced by k. It is clear we have proven the following:

Lemma 4.7. The monodromy matriz ®y, to LVE];; along closed path v is composed by the first
k row and column blocks in

. 0 0 0
exps @~ :=expo | o+ Qioy Q1,0 |, (71)
. 0 0 0

where Q1,1 := M1, blocks above the bottom row are computed according to (70) and
S
Qly&’Y = Ml,’Y / Ylil Z Aijasf}/’ 2 < s < k' |:| (72)
ol j=2

We assume there are two generators [v],[¥] € m1 (T';to), yielding two different matrices:
Y QA Qs
Commutativity of monodromy matrices now admits simple, compact formulation:

Proposition 4.8. Two monodromy matrices My~ and My 5 for LVE’(Z commute if, and only if,
their previous blocks My_1 , My_1 5 commute and the additional properties hold

k k
Z Qijv’Yijkf? = Z Qr7j7:ijﬁk)'7’ for every r= 17 Tt k; - 17
j=r r

matrices defined as in (70) and (72). O
Remarks 4.9.

a) The monodromy group of a linear system is contained in its differential Galois group
(e.g. [26]). The motivation for the above Lemma and Proposition is to capitalise on this
fact. This may in turn be a step towards future constructive incarnations of the Morales-
Ramis-Simé Theorem 1.3. The main obstacle implementing Proposition 4.8, symbolico-
computational issues aside, is the incertitude on whether My, and Mj 5 belong to the

Zariski identity component Gal (LVEZ)O; a sufficient condition for arbitrary order is ful-
filment at order 1, M, M; 5 € Gal (VE,)°, itself an open problem in general.

b) All disquisitions and results on the variational jet in [20, 21] are referred to the lower n-row
strip for commutators of these monodromies. More specifically:

e what is called jet therein is lower strip Y in principal fundamental matrix ® = exp, Y
for infinite system (LVE,), and we will use this terminology in the following Section;

e morphism properties imply monodromy matrices along path commutators are equal

to monodromy matrix commutators: M, MMM M,

Ay AT e T ke M e 2 Ry
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e hence, the “jet commutation” properties in [20, 21] amount to lower strip ¢, o W
112 1

(that is Y after passage along 75 'v; '9271) equalling Id,. Ditto for calculations in-
volving powers of monodromy matrices used in other references.

Although [20, 21] clearly benefit from the use of automatic differentiation techniques (see
also [19]), it may be argued that expressions such as those in (LVE,) provide for a fuller
control of the general structure of the whole variational complex when it comes to symbolic
computations, as well as a further check aid for the aforementioned techniques.

5 First integrals and higher-order variational equations

Let F': U C C" — C" be a holomorphic function and ¢ : I C C — U. Firstly, the flow ¢ (¢, z)
of X admits, at least formally, Taylor expansion (1) along ¢ which is expressible as

p(t,&+8)= G+ ViE+ LYo 4= §t Jyexpo € (73)

where Jy is the jet for flow ¢ (¢,-) along ¢, displayed as Y in (37) and defined in Notation 4.1
— that is, the matrix whose ®-exponential ® is a solution matrix for (LVE).

Secondly, the Taylor expansion of F' along ¢ can be written, cfr. [5, Lemma 2] and Notation
1.4, as

(o.9]
1
Fly+¢)=F(@)+ ) — (@) , Sym™y). (74)
)+ 3 o (F )
Basic scrutiny of Example 3.7(3), Lemma 3.12 and (50) trivially implies (74) can be expressed
as F(y+¢) = MI? exp., Y, where

ME=J0+FO(g):=| -~ FC FO () | € Math" (K),

ie. Jﬁ is the jet or horizontal strip of lex-sifted partial derivatives of F' at ¢.

Definition 5.1. We call

X = Awve; X, Apyg; = — (A ©expg Id,)", (LVE})

the adjoint or dual variational system of (DS) along ¢. Same as in (LVE,) and all throughout
4.1, consideration of finite subsystems, namely the lowest D, . X D, block, leads to specific

notation (LVE](;)*.
The following is well-known for finite systems and immediate upon derivation of equation
¢, @' =1dp, ,
N\ . L . k
Lemma 5.2. (@k ) is a principal fundamental matriz of (LVE¢> for every k > 1
Hence, (@*1)T, is a solution to (LVE}), where ® = expg, Jy. O

The following was proven in [24] and recounted in [5, Lemma 7], and may now be expressed
in a simple, compact fashion:

Lemma 5.3. Let F' and ¢ be a holomorphic first integral and a non-constant solution of (DS)
respectively. Let V := JE be the transposed jet of F along ¢. Then, V is a solution of (LVE}).
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Proof. Let us recall formal expansion (73) and F' (y) = Jl‘? exp. y for every y € K". Let ¢ =
o (t, ¢+ €). We have, using Lemma 3.13,

F(¢)=F (¢p+ Jyexpy &) = Mg expg, (Jpexpg &) = (Mf; expg, J¢> expg &,

and F' (1) is supposed to be constant, hence applying (LVE,) and Lemma 3.13

= (Mf; expg, J¢) exp, & = MZE + M?'ALVEd, expg, Jg expg € = M;,f + MI?ALVEd) expg, (Y — @),

—
hence M;? + M?ALVE , = 0 leading us to the final result after transposing both sides. O

Compound the jet of field X, i.e. A in Notation 4.1 and Proposition 4.5, with a 1 term Ay,
equal to X0 = X (¢) = ¢r

0 0 0
A= - Ay A | A |, A:=X9(¢) e Matl (K).
0 0 01]0

It is easy to check, via possibilities offered on i; and j; in (34), that the symmetric product of
A with expg Id,, adds only a relatively minor addendum to Apyg,, namely a superdiagonal of

blocks (;) Ag ©1dY" € Mati ¢ i > 1, effectively rendering it block-Hessenberg:
AL\/E(25 =A06 expg Id,, = 1i’1€rn ELVE](;’

where, isolating ALVE’; within A\LVEk by means of a solid line,
¢

Ap ® IdS*
()AL T Ao Id,?’f—1
(1>Ak_1 ® Idn (k I)Ak 2® Idn
Ay A1
0 0
(HXO (¢) 01"
(o) XD (¢) 0T
- |EET @ 4,
(G)X® (¢) © 1d7°
Using the Mj—M; notation in [5], it is immediate to check that
M =1d" "o ¢ =1d* o X (), (76)

and ﬁL\/E{; = ML | for every k > 1. An older result using said notation is easier to prove
in this setting. Indeed, the same reasoning underlying (55) applies to row vector F®) | hence
%F(k) = F(k+1) (em ® Id,?k) , and following Lemma 2.12

= P S (e @105%) 6 = P (0 103) = PO (g 0 1a3").

m=1

T T
implying (F(k)) = (Ao ® Id,?k) (F(k“))T; placing all terms on one side, and observing Lemma
5.3 and the transpose of expression (75), we obtain:
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Proposition 5.4 ([5, Th. 12]). Let F', ¢, V be defined as in Lemma 5.3. Then fTEVE¢V =0.0

This takes us back to the end of Section 3.2. Consider gauge transformation ([2, 5, 6, 22])
x = PX transforming linear system & = A;£ into equivalent

==PAE= (P4 P-P'P)E

Using notation Y; = PX;, J4 = PX and item (e) in Lemma 3.10, we recover the result already
seen in previous references, summarised in the extension of gauge transformations to higher
dimensions via POF:

expg (X) = expe, (P1J5) = expg P~ expg Jy = diag (-, (P) " (P12, P71 1) expg Jy,

and very simple application of properties seen so far extends the general structure of the gauge
transformation to ¥ = exp, p1 expg, Jg:

¥ = P [Apym, | ¥ i= (expo P~ Auvp, expg, P — (P PP @ expy, P71 ) exp, P) W, (77)

The above gauge transformation can be seen as the effect of transformation z = PZ on
the jet of (DS). Given a first integral F' of the latter, we may always assume F'(¢) = 0, which
. . 1,0 . . o n
implies Mz~ = 0 and, as seen in (52) or in Lemma 3.6,

Fp(Z) = Jr (expg, P) expg, Z,

a first integral of the transformed system Z = P~'X (PZ) — P~'PZ. The jet of this formal
series is

0 0 0
Jrp =Jp (expg P) = | -+ FO(¢) PP FP(¢)P? FU(¢p)P || € Mat""™ (K),
0 0 0

and applying (77), Lemmae 5.3 and 5.4, we have just proven the following:

Proposition 5.5. The transposed jet Vp := J};P in the new variables must satisfy

. T o T
Vp=-P [ALVE(J Vp, <P [ALVE¢] © expg Idn) Vp=0. O (78)

The key importance in practical examples resides in ensuring the reduction matrix P sim-
plifies P [ALVE ¢] enough to render (78) easier (or more convenient) to solve than its unreduced

counterparts, Lemma 5.3 and Proposition 5.4: see [3, 4] for precise information.

5.1 Work in progress

One last comment in this direction is the possible application of a Baker-Campbell-Hausdorff
[15] sorts of formula to (78) and the solution ¥ = exp,, P! exp, Jy of the adjoint system of
the reduced variational system (77). The process would involve the computation of a matrix @
such that ¥ = exp, @ = expg, p1 expg, Jy, followed by inversion and transposition of expg Q
in terms of (), a trivial task if QQ € Mat};l but less so in general — this is where the degree of
reduction of (77) by P would most likely play a role.
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