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Fourier analysis

= Introduction

Setting
We are given an analytic, quasi—periodic function
f(l) — Z akei27r<k,w)t7
keZm

satisfying the Cauchy estimates

lax| < Ce™F (3C€>0,6 >0, k| = ki, k)| = ki|+ -+ kn| )
and with a vector of basic frequencies w = (wy, .. ., wy,) satisfying a
Diophantine condition

|{k,w)| > (3D,7>0).

D
k|7
maxor

We want to numerically compute the frequencies { (k, w) k|0 and
amplitudes g from the values of f.
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Introduction

Fourier Transform

The Fourier Transform will be denoted as
F 7 > —i27Tw
10 Lo F)w) =i = [ foe

If £ (¢) is quasi—periodic, its Fourier transform is a discrete set of impulses
based at the frequencies:

— Z akei27r<k,w>t i) f Z ak(S(k w)

kezm kezm
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Example: f () = cos(270.1¢) 4+ 0.5 cos(270.2¢) + 0.4 cos(270.35¢)



Fourier analysis

Introduction

Time truncation — WFT
Graphical development (E.O. Brigham, 1988)

Time truncation gives rise to the phenomenon known as leakage.
Example: T = 40, f(¢) = cos(270.1¢) + 0.5 cos(270.2¢) 4 0.4 cos(270.35¢).
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The maxima of the WFT (bottom right) are displaced from the true
frequencies.
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Introduction

Time truncation — WFT

Explicit formulae

» Windowed Fourier Transform:

1) = T F (o))

1

T
= 7 [ xonlr@e
0

» Leakage of a complex exponential term.

P2 (=w)T _ |

|Genmr p(w)| = m‘
sinw(v —w)T

(v —w)T ‘

= |sinc((v — w)T)|
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Introduction

Reducing leackage

There are two strategies:
» Increase the window length.

[bezrur p(w)] = [sine((v — w)T)| =

sinm(v — w)T’

(v —w)T
T=40 T=80
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Introduction

Reducing leackage

There are two strategies:

» Use a smoother window.
We use Hanning’s:

H (1) = g, (1

being g, = ny!/((2n, — D).

27t > i
—cos — | .
T

The corresponding WFT is denoted by

1

¢;fT(w) = f(H"hf) (w) = T/O H’Tl'h (t)f(t)efi%rwtdt’
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Introduction

Reducing leackage

There are two strategies:
» Use a smoother window.

eiZw(u—w)T -1 0 1
Germurr(w) = 2r(v—w)T ((1/ - w)T)7

(_l)nh(nh!)2(ei2ﬂ'(u—w)T— 1) = 0( 1
(v—w

\A]

¢Zihz”t’T(w> - Tor I ((1/ —w)T —I—j)

=—ny

0.1F

| DFT |
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Introduction

Discretization — DFT
Graphical development (E.O. Brigham, 1988)

T =40,N = 32,f(t) = cos(2m0.1¢) + 0.5 cos(270.2¢) + 0.4 cos(270.35¢)
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Introduction

Sampling — DFT

Explicit formulae

» DFT of {f(]]%)}jv:_ol defined as {Fy r y(k)}Y =, , being
1 T T k
Frante) =57 (Z xon (7 )/ (0 N)%> (7)
JEZL

=2

1T
_ 1 Zf<j_)efi27rkj/N.
N &' VN

» With Hanning’s window:

Fpip (k) = }VNZIH? () Oy
=0

L\ —i2wki/N
]N) e .
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Introduction

Sampling — DFT

Explicit formulae

» Relation with the WFT:

Frrn(k) = ¢fTN(—)—|— Z <¢fT1v(k+lN) ¢f,T,N(k_TlN)>

1eZ\{0}

error term

» The fundamental domain of the DFT for real signals is [0, 7/(2N)].
T/(2N) is Nyquist’s critical frequency.
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= Introduction

Sampling — DFT

Explicit formulae

» Relation with the WFT:

Frrn(k) = ¢fTN( )—|— Z <¢fTN(k+lN) ¢f,T,N<k_TlN)>

1€Z\{0}

error term
» The fundamental domain of the DFT for real signals is [0, 7/(2N)].
T/(2N) is Nyquist’s critical frequency.
» The error term above can produce aliasing:

if a frequency of the signal is outside the fundamental domain of the
DFT, we will detect an alias of it.

» Aliasing is avoided increasing N.
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The method

Algorithm

Parameters: T (time length), N (number of samples), n, (Hanning index)
bmin minimum threshold, several tolerances.

1. Set an starting threshold for collecting peaks of the modulus of the
DFT of f(¢).
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Algorithm

Parameters: T (time length), N (number of samples), n, (Hanning index)
bmin minimum threshold, several tolerances.

1. Set an starting threshold for collecting peaks of the modulus of the
DFT of f(¢).

2. Find initial approximations of the frequencies, starting from the
peaks of the DFT greater than the thresold.
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Algorithm

Parameters: T (time length), N (number of samples), n, (Hanning index)
bmin minimum threshold, several tolerances.

1. Set an starting threshold for collecting peaks of the modulus of the
DFT of f(¢).

2. Find initial approximations of the frequencies, starting from the
peaks of the DFT greater than the thresold.

3. Find the amplitudes of the frequencies found in the previous step, by
solving DFT(Q;) = DFT(f).



Fourier analysis
= The method

Algorithm

Parameters: T (time length), N (number of samples), n, (Hanning index)
bmin minimum threshold, several tolerances.

1. Set an starting threshold for collecting peaks of the modulus of the
DFT of f(¢).

2. Find initial approximations of the frequencies, starting from the
peaks of the DFT greater than the thresold.

3. Find the amplitudes of the frequencies found in the previous step, by
solving DFT(Q;) = DFT(f).
4. Simultaneously refine ALL the frequencies and amplitudes of the

current quasi—periodic approximation of f, by solving
DFT(Qy) = DFT(f).
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= The method

Algorithm

Parameters: T (time length), N (number of samples), n, (Hanning index)
bmin minimum threshold, several tolerances.

1. Set an starting threshold for collecting peaks of the modulus of the
DFT of f(¢).

2. Find initial approximations of the frequencies, starting from the
peaks of the DFT greater than the thresold.

3. Find the amplitudes of the frequencies found in the previous step, by
solving DFT(Q;) = DFT(f).

4. Simultaneously refine ALL the frequencies and amplitudes of the
current quasi—periodic approximation of f, by solving
DFT(Qy) = DFT(f).

5. Perform a DFT of the input signal minus the current quasi-periodic
approximation obtained in step 4, decrease the thresold and go back
to step 2.
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An illustration of the algorithm

For f(t) = cos(2r0.13t) — 4 sin(270.27¢) + sin(270.371),
T=N=512,n,=0.

1. Starting thresold: 0.8

modulus of the DFT of the input data:

1 T

T
0.8 -
0.6 -
0.4
0.2
0 . . . . . .

0 005 01 015 02 025 03 035 04 045 05

= peaks j = 61, = 189.
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= The method

An illustration of the algorithm

For f(t) = cos(2r0.13t) — 4 sin(270.27¢) + sin(270.371),
T=N=512,n,=0.
2. Approximation of frequencies:
peak 67 = frequency 0.130859375
peak 189 = frequency 0.369140625

3. Computation of amplitudes from known frequencies:

Frequency Cosine amplitude  Sine amplitude
0.369140625  0.702312716711  0.136800713691
0.130859375  0.137731069235  0.699288924190

modulus of the DFT of the residual

0.0003

0.0002

0.0001 | /J\ M
o . . . . . . . .

0 005 01 015 02 025 03 035 04 045

0.5
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= The method

An illustration of the algorithm

For f(t) = cos(2r0.13t) — 4 sin(270.27¢) + sin(270.371),
T=N=512,n,=0.
4. Tterative refinement:

Frequency Cosine amplitude  Sine amplitude
0.369995932915  0.005462459021 1.000450861577
0.129998625183  0.999908805689  -0.002241420351

5. modulus of the DFT of input signal minus step 4:
0.0003

0.0002 - ]
0.0001 b

0 I I I I " I I I
0 005 01 015 02 025 03 035 04 045 05

1
0.8
0.6
0.4

0.2
0 005 01 015 02 025 03 035 04 045 05

New threshold: 0.2
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The method

An illustration of the algorithm

For f(t) = cos(2r0.13t) — 4 sin(270.27¢) + sin(270.371),
T=N=512,n,=0.
5. modulus of the DFT of input signal minus step 4:

1
0.8 -
0.6 [

04t /\
02t
0 . . . . . . . . .

0 005 01 015 02 025 03 035 04 045 05

New threshold: 0.2
2. Approximation of frequencies:

peak 138 = frequency 0.26953125

3. Amplitudes from known frequencies:

Frequency Cosine amplitude  Sine amplitude

0.369995932915  0.005462459021 1.000450861577
0.129998625183  0.999908805689  -0.002241420352
0.269531250000  -0.309714556917  -0.330986794067
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= The method

An illustration of the algorithm

For f(t) = cos(2r0.13t) — 4 sin(270.27¢) + sin(270.371),
T=N=512,n,=0.
4. Tterative refinement:

Frequency Cosine amplitude Sine amplitude

0.3700000000000000  0.0000000000000009  1.0000000000000022
0.1300000000000000  0.9999999999999997  0.0000000000000010
0.2700000000000000  -0.0000000000000028  -0.4999999999999995

modulus of the DFT of the residual:

5e-14
4e-14
3e-14
2e-14
le-14

0 )

0 005 01 015 02 025 03 035 04 045 05
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= The method

Computing amplitudes from known frequencies
We ask DFT(Qy) = DFT(f), being

Ny
14 . 14
1) = A§ AS 27 —t) + Af 27 —1).
0r(1) 0+IE:1( ,cos(wT)—i- ,sm(wT)

Since we work with real signals, we use the sine and cosine transforms:

N—1
n 2 ) o .
crir (k) = ¥ FGEHY (j)cos(2nk)), k=0,..,%,
j=0
5 N=1
Sral) = 5 D FURHY () sin2my)), k=15 1.
Jj=0

They are realted to the DFT in complex form by

7, 1 n, . N,
Ff,hT,N(k) ) (CfflT,N(k) - lsf,hr,zv(k))a k=0,...,N/2.
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Computing amplitudes from known frequencies
The system of equations to be solved is linear and (1 4 2Ny) x (1 4 2Ny):

AGet'r n(0) + Z Ajey v (0) + ATE) y(0) = 'z n(0)
Af)c’;hTN(] + Z AfﬁﬁhN ) A;EZ’;N )) = er‘lf[T,N )
IN}

Z( s () AT () = se'r ()

=1

where j = [v; 4 0.5], [ = 1 + Ny (collocation harmonics), and

') = C’IU:T,N )
" " . . " .
”7’N(1> - Cczs(z’}"’ ),T,N(‘])’ Sunl) = chs( Ty T, M

m,N(i) = 27\'1/[)7T7N(j)7 l/[,N(j) = s, )TN(i)

sin( = sm(



Fourier analysis
= The method

Simultaneous improvement of frequencies and amplitudes

We solve by Newton’s method the following (1 + 3N;) x (1 4 3Ny)
non-linear system:

ASCY’ZT v(0) + Z A?Eﬁ}; N fAC?; N(O)) = C}ITT,N(O)
Nf
Ay i) + D (AT W Gi) + AT N G)) = ¢y (i)
v, NV f, TNV
sz1

Z( isu v Gi) + A N G)) = sy nUi)

=1

A(C)CSITN(]+ ‘|‘Z A?ﬁﬁ’;N ( fEZ}ZN(I+)) = Cs)’}le,N(j?_)

being ji = [vi +0.5],j;" = [u] + 1 = (i — [w)).
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Fourier analysis

Error estimation

Strategy

Let us denote

> f,,: the truncation of f to the frequencies we want to determine:

Fol®) = A+ ) (A5 cos(2m (e, w)i) + A} sin(2m ke, w)1)).
|k\§r0—l
(k,w)>0

> y= (.AO, v, A AL, l/Nf,Afy,,Afy/)I the exact frequencies and
amplitudes.
» y+ Ay: the computed frequencies and amplitudes.

The system we solve for iterative improvement of frequencies and
amplitudes is
DFT(Qy) = DFT(f,,) + DFT(f — f;,)
—_—— —\ ) —

gO+A4y) b Ab

We would get the exact frequencies and amplitudes if Ab = 0.
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Error estimation

Strategy
» System for 1terat1ve improvement of frequencies and amplitudes:

Af+2 A NO T AT NO) = O+ ()

Ad n"0)+Z(A7535N(1)+A1~Z7NUi)) = gl + ety i)
Nf

D (A NG AT NGD) = S G+ )

=1
,
Ases G + > (Afes v GiF) + A3es) y Gi5))

where f — f,, = Z\HZYO akei27r(k,w)t‘
» The error term Ab consists of DFT

» of periodic terms with frequencies not being computed,
> evaluated in harmonics corresponding to frequencies being computed.

C‘Y_;I,](I),T,N(ji )+‘S”h 4T,N(/-i+)'

Therefore, the error term Ab can be considered leakage of the
remainder, f — f, .
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L Error estimation

Strategy

» The error term Ab can be considered leakage of the remainder

DFT(f —f,,) = »_ axDFT(¢?™ k)

[k|>ro

» The effect of the terms of the remainder on the error Ab is

> The DFT of terms corresponding to low—order frequencies,
{(k,w)} x>, evaluated at the harmonics {j;, j;" }, will be small if the
harmonics T{k, w) are far from {ji, j;" }.
This can be achieved by increasing 7" as long as there is no aliasing.

> The DFT of terms corresponding to high-order frequencies may not be
small (7' (k, w) can be made arbitrarily close to a j; for large enough |k|).
However, the corresponding amplitudes will be small due to the Cauchy
estimates

lak| < Ce ™ vk ¢ 7",

so they will be harmless.
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L Error estimation

Bounding

» The system we solve for iterative improvement of frequencies and
amplitudes is

DFT(Qy) = DFT(f,)) + DFT(/ - /)
—_——— —— — ,
sO+Ay) b Ab

We would get the exact frequencies and amplitudes if Ab = 0.
» The error in frequencies and amplitudes is given, at first order, by

1850 < 1Dg(3) ™ [loo | Abllsc.

» Bounds can be obtained for |[Dg(y)~!|| and || Ab||.
» Main idea: instead of the DFT,

» bound the WFT, and
» the difference WFT — DFT.
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Error estimation

Bound for [|[Dg(y) || s

‘We can write

2 Boi ... By,
0 B171 Bl,Nf
Dg(y) =M = . .
0 BNf,l - BNf’Nf
We split M = Mp + Mo,
2 0 ... 0 0 Boi ... Bo
0 By ... 0 0 0 ... By
M= . . + .
: : . : 0 : . :
0 0 ... By 0 Bya ... 0

M is close to block-diagonal, so the idea is to obtain bounds for ||M}, ||, | Mo|| and
use »
M5l

I(Mp + Mo) || < — =B
1= [1M5 " [[[[Mo]|
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Error estimation

Bound for ”AbHoo

We have

|k|=ro

(oo}

Ab|| <2C ~SIKl 7 (T (ke B
[Ab| < I}leasze (o))
where |hy | is the envelope displayed below (N = 16, nj, = 0).
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Error estimation

Bound for ||Ab||~
We have
o0
—8|k|(7n o
a6 < 2Cmax 37 e Tk w) - )
[k|=ro
The Diophantine condition gives a lower bound for |T(k, w) — j|:

TD

e (A Eurice

1.
For |k| small, i (T (k,w) — j)| < 1.
After some order r., |l (T {k,w) — j)| may approach 1.
Therefore,
re—1 (o]
Al < 2¢( O[3 (T e, w) — j !
|Ab|| < I}leajx“; e My (T (e, w) J)|+I}.1€ajxk|2 e
=ry =Fx
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Error estimation

Bound for ||Ab||«

In
re—1 o)
Ab <2c( =Skl | (T (k, w) — —5“"),
18b]| < r;lealxldz_:e [y (T ke, w) J)|+r;1€egx‘k| e
=ry =Fx

» The first term is bounded by replacing the DFT by the WFT. This
introduces an additional error term due to this approximation.

> All the sums are reduced to sums of the form 3, j*¢~%, which are
bounded by incomplete Gamma functions.
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Error estimation

Explicit bounds

Hypotheses:
1. Assume f(t) = Y g age>™ ),
Cauchy estimates: |a;| < Ce %,
w = (wy,...,wy,) racind.,
Diophantine condition |(k,w)| > D/|k|".

2. Apply the numerical Fourier analysis procedure with 7, N, n;,

with minimum “amplitude barrier” bpyp,.
— approximations Ag, { (v, Ay, A}l

(denote by A, { (m, AS, Ai)}ivfz | the exact values)
3. Assume {T'(k, w>}TIZ|:1 C {uk}gle, for some order ry,

4. T, N satisfy some technical (non—demanding) lower bounds.
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L Error estimation

Explicit bounds

Then the error can be bounded in first—order as:

1Ay[F < [Im~ " [[[1AB],

with
G 1 7 3
MY < —2 4 small terms || 9 ] l [ 3]
| I'= min(1, Amin) [ Gy, | 484 [ 883 [ 133 | 177 |
> HAbH < Cl(nlﬂma Ca(;aDaTarOyr*) +C2(nh?m7 C757D7T7r07r*)
s T1+2n, (DZ)H'Z’”I
leakage from orders ro, . . ., r “aliasing” from orders rg, . . ., r«

+-tail(ny, m, C,0,D, T, 1))

harmless amplitudes
where D} :=N —T(rg+ r. —2)||wl|jeo — 1
is related to the distance of frequencies up to order r, to the right end of
the fundamental domain of the DFT.
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Error estimation

Rules of Thumb for high accuracy

1. Choose T such that the closest frequencies we want to determine are
several harmonics away.
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Error estimation

Rules of Thumb for high accuracy

1. Choose T such that the closest frequencies we want to determine are
several harmonics away.

2. Choose N such that the largest frequency we want to determine is away
from the right end of the fundamental domain of the DFT.
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= Error estimation

Rules of Thumb for high accuracy

1. Choose T such that the closest frequencies we want to determine are

several harmonics away.

. Choose N such that the largest frequency we want to determine is away
from the right end of the fundamental domain of the DFT.

3. Take nj, = 2.
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Fourier analysis

Accuracy test

Accuracy test

We consider the quasi—periodic function (w = (1,v/2), ¢ = (0.2,0.3))

sin(2mwit + 1)

sin(2mwst + ;)

Ju(1)

the Cauchy estimates and the Diophantine condition.
We have performed Fourier analysis of this function for several 7', N,
computing the first 20 frequencies (|| < 5).

Tl pcos(2rwit + 1) 11— pcos(2mwat + ¢3)’
Explicit formulae for frequencies and amplitudes can be obtained, as well as

w=0.9.

Iogyg(error)

u=09
T T
—
12 I I i i i i i
-13 -12 11 -10 -9 -8 -7 -6

logs(TIN)
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Accuracy test

Accuracy test

Error in amplitudes only:

logyo(error) 4
0
6|
3
6 B
-9 < 8T
12 g
15

9 8~ a2 b J
S = 700 logy(TIN)
) ;-
logy(T) Bt ) ) ) ) )

log,(T/N)

For these functions, the Cauchy estimates are equalitites:

‘ 1
L) =" ae™® O m =2, g = —c* =1.23-(0.627)*
kezn H
For |k| = 6, |ax| = 6.06 x 1072, but we get nearly full double—precision
accuracy in frequencies and amplitudes.
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Fourier analysis

Study of the stability region around Lg

The circular, planar RTBP

t ' ' ' ' Equation of motion:
08 |- Xl 4
oal | )C—Zy = axQ(x)y))
Lzll.;'l"“v [ y +2x = 8yQ(x, y),
> 0 »
T where
04 | B
o8l Yl - ro= 4/ (x—p)?r 42,
'1‘2_1.5 I1 -ol.s ol.5 I1 15 rn = \/(x —p+ 1)2 + y2.

Mass parameter: p =

1 1—p w1
Qx,y) = (P +0) + —F + Z 4 (1 —p).
(6y) =308 +y) 4 == 4 S gl = p)

my

my + my

u]
]
I
w
i
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Study of the stability region around Lg

Data for the Sun—Jupiter case

» Sun-Jupiter mass parameter:

psy = 1/1048.3486 = 9.5388118 x 1074

Ls

» Lsis center x center: Spec Df(Ls) = {wlL(fng,wshm ,

1—/1-27u
L:
wlosng = (

: 1/2
: (_“)> — 0.08046412,
1+
wiﬁort =

1/2
1= 27a(1 — 1)
()

0.99675750.




Fourier analysis

Study of the stability region around Lg

Data for the Sun—Jupiter case

» Sun-Jupiter mass parameter:

psy = 1/1048.3486 = 9.5388118 x 1074

Ls

» Lsis center x center: Spec Df(Ls) = {wlong, hort )5

= 0.08046412, Wk =0.99675750.

wlong short

» We’ll work with frequencies in cycles per unit of synodic time:

U:}fm - short (2r) = 0.01280626,
Vll(fng - wlong/(zﬂ-) = 0.15863888,
» NOTE: /% = 12.3876.

short ong
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Study of the stability region around Lg

The stability domain

Numerical computation (G. Gémez, A. Jorba, J.J. Masdemont, C. Simd, ESA report 1993)

1.2

0.8

0.4

> 0

-0.4

-0.8

-1.2

T T T T
L X Ls ]
L L3
3
L YL, i
1 1 1 1
15 Bl 0.5 05 1

15

Parametrize the neighborhood of Ls by

< i > _ ( " >+(1+p)< Z?rf((zz;z)) >

For a grid of values of «, p, take i.c.

xo = p+ (14 p)cos2ra),
w = (1+p)sin(2ra),
X = yo = 0.

Try to integrate up to time Ty, satisfying:

» Projection on (x, y) not encircling the main primary.

» Not too close aproaches to primaries.

> y>y.=—0.5.
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The stability domain

Refinement (C. Simd, 2006, 2008)

rho

1 n 1 n 1 n 1

8] L » First run: up to Tax = 22°(27).
0 1 I . . .

] Subsisting points: 215673.
o 4 b
2 ] r» Se-cond run: try the prze4V1ous
o points up to Tinax = 27*(2m).
S Not all points are tested, but:
5 » From the border to the inside.
E 5 » Stop testing when 5

1 consecutive points stay for 22
289 ] Jupiter revolutions.

200 w00 so0 | 800 Subsisting points: 215115.
alpha

Note: This is not the phase portrait on an area-preserving map. The initial
conditions correspond to different energy levels.

Goal: to relate the frontier of the domain of stability and the island structure
to resonances.



Fourier analysis

Study of the stability region around Lg

The stability domain
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Fourier exploration

» The Fourier analysis procedure has been applied to each of the

subsisting points, with

T = 65536, N = 262144, ny = 2, Nyax = 100, byin = 107°

» Total computing time: 352.52 hours
(using 28 processors: 12.59 hours)

> Statistics:

status #analyses
OK 205779 | 95.41%
frequencies too close 8722 4.04%
refinement did not converge 878 0.41%
the two of the above 294 0.14%
TOTAL 215673 100%
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Basic frequencies

o
20 ] 3 P "
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260 460 6(50 8(50 260 460 660 860
alpha alpha
> Left:
. . . L
> Blue: freq. of maximum amplitude. It is close to v,

— Viong

» Red: frequency of maximum amplitude inside [0.155,0.165].
It is close to vSLlfon
— Ushort

> Right: the quotient Vghort /Viong for p = 4950.
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Results

A basic set has been extracted from each set of frequencies, and all
frequencies have been written as linear combinations of the basic set.
This allows to classify all the points in 4 groups:

1. Analyses ending with an error code.
9894 (4.54%)

2. Error in determination of linear combinations > 1019,
20416 (9.47%)

3. Vghort is not a rational multiple of vjop.
170389 (79.09%)

4. Vghort 18 a rational multiple of gp,.
14914 (6.91%)

1 + 2 : diffusing (chaotic) orbits.
3 : regular, non—resonant motion.
4 : regular, resonant motion.
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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Graphical representation
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& that’s it

Thank you!!

DA
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