WEIGHTED WEAK-TYPE (1,1) ESTIMATES FOR RADIAL FOURIER
MULTIPLIERS VIA EXTRAPOLATION THEORY

MARIA J. CARRO AND CARLOS DOMINGO-SALAZAR

ABSTRACT. In this paper, we prove a weighted estimate for the Bochner-Riesz operator
at the critical index that is stronger than the weak-type (1,1) for A; weights, in the
sense that the latter can be obtained via extrapolation arguments from the former.
In addition, this estimate can be transferred to averages in order to deduce weighted
weak-type (1,1) results for general radial Fourier multipliers.

1. INTRODUCTION
Let us start by giving the general definition of a Bochner-Riesz operator:

Definition 1.1. Given A > 0 and r > 0, we define the Bochner-Riesz operator By on
R"™ by
By f(€) = (1= [ F(©)-

Notice that the term (1 — |ré|?)} restricts the support of f to the ball B(0,1/r).
However, the larger the value of A, the smoother this truncation is, and thus, the better
the operator B} will behave. More precisely, it is easy to see that if A\ > "51, then BY f
is essentially controlled by the Hardy-Littlewood maximal operator M (see, for instance,
[14, Sec. 10.2]). However, for the so-called critical index A = 251, we do not have such
a control. We will focus on this critical case with r = 1, so for the sake of simplicity, we
will drop the indices A or  whenever they are "T_l or 1 respectively.

Despite the fact that B is no longer controlled by the Hardy-Littlewood maximal
operator, when it comes to its boundedness on weighted LP-spaces, it satisfies the same
estimates as M. Namely, in 1988, M. Christ [5] showed that B is of weak-type (1,1) with
respect to the Lebesgue measure. Later on, in 1992, X. Shi and Q. Sun [24] proved that
it was of strong-type (p,p) for every weight in A, and every 1 < p < oo, and finally, in
1996, A. Vargas [28] extended the weak-type (1,1) estimate to A; weights. The main
purpose of this paper is to show that B satisfies a certain restricted weak-type (p,p)
estimate that, in particular, will imply its weak-type (1,1) for A; weights. The main
advantage of this new estimate is that it will allow us to use extrapolation arguments on
operators that can be written as an average of Bochner-Riesz operators {B"},~¢. The
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extrapolation that we will need follows the ideas in [3], but with a weaker assumption,
especially aimed at obtaining estimates for the endpoint p = 1.

Let us recall that a locally integrable function v > 0 is said to be an A; weight if
Mu(z) < Cu(z) almost everywhere, and its Aj-constant |lul|4, is the infimum of all
possible C > 0 in such an inequality. This class characterizes the weighted weak-type
(1,1) for the Hardy-Littlewood maximal operator M, as shown by B. Muckenhoupt in
[20], and for every f € L'(u), it holds that:

M fll ooy S Nullag (1112 w)-

This paper is organized as follows. In Section 2, we prepare the framework and prove
the key lemmas that will be needed in Section 3, where we present our main result for
the Bochner-Riesz operator B. Namely, we shall prove that, for every u € Aj, there
exists 1 < pg < oo such that, for each measurable set £ C R",

(1.1) ITXE Lo o ((axpyi-rouy S Poo el Ju(E) /7,

where T'= B (Theorem 3.2) and 7' = B" (Corollary 3.3). Moreover, in this second case
the constant is uniform in » > 0. Then, in Section 4, we introduce the extrapolation
technique and prove (Theorem 4.1) that if an operator 7" satisfies condition (1.1) then,
for every u € A; and every measurable set £ C R™,

1

1—L
ITXEl 1o @) < lull 4, ™ po (llull ay)u(E).

Finally, in Section 5, we will transfer the weighted estimate (1.1) from T' = B'/* to
radial Fourier multipliers T}, by means of the following relation:

oo

(1.2) T f(z) = / BYS f(2)®m(s)ds, By € L0, 00),
0

and using the crucial fact that, contrary to what happens with L%, the space LP* is

a Banach space for p > 1 and Minkowski’s integral inequality holds. Then, using the

extrapolation argument from Section 4 we obtain weighted results at the endpoint p =1

for the operator T),. The condition that we will require on m so that ®,, is integrable
and (1.2) holds will be

(o)
/ 25 D5 (1) |dt < oo,
0

where D™ is a suitable definition of fractional derivative. Before tackling this problem,
we will illustrate the method by applying it to Fourier multipliers on R, where the role
of the Bochner-Riesz operator in (1.2) will be played by the Hilbert transform instead.

As usual, the symbol f < g will indicate the existence of a constant C' > 0 so that
f < Cg. When both f < g and g < f, we will write f ~ ¢g. The implicit constants may
depend on the dimension n and on values of p, but never on the weights, functions or
sets involved. In all our results, we will make explicit the dependence on the weights of
the constants, although we will not be concerned about their sharpness.
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2. PRELIMINARIES AND LEMMAS

Let us consider the classical decomposition of B. Arguing as in [5], it is enough to
study the operator (which we will call again B):

fr= (X K5) 1.
j=1
where
K@) = (,;) P(@)p(2 )2,
and:

e 1) is a fixed element from a finite C* partition of the unity on the sphere S*~1,
which we can assume to have very small support.
e Y(x) = cos(2m|z| — m(n —1)/4).
e ¢ € C(R"), real-valued, radial, supported on {x € R™ : |z| € [1/4, 1]}, and such
that
> p@z)=1, onR™\{0}.
JEZ.
The only properties of the kernels K; that we will explicitly use have to do with their
size and support, although at some point we will also need some estimates from [5] for
which the author needs a deeper understanding of them. Namely, we will use that for
every j > 1,

(2.1) K (@)] £ 27 X B0, (@)-

This is a direct consequence of their definition, and trivially implies a uniform bound for
the associated convolution operators by the Hardy-Littlewood maximal operator:

(2.2) [ K f(2)| S M f(x).

Once we have settled the decomposition of the kernel, we will need three lemmas to
reach our goal. The first one will allow us to decompose a measurable set F by means
of a simplified Calderén-Zygmund decomposition.

Lemma 2.1. Let 0 < a < 1. Let E C R"™ be a measurable set. Then there exists a
family of pairwise disjoint dyadic cubes {Q;}52, such that
ENQi|
Qi ’
and E C |J;2, Q-
Remark 2.2. Based on this lemma, given 0 < o < 1 and E C R", we can define for
every k > 0,

Em=E0<UQg,

=0
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where {Q¥}22, is the subfamily of cubes of size |QF| = 2% if k > 0, and |QY| < 1. Since
the set E is contained in the union of all the cubes {Qf}fﬁczo, we have that

o0
E=|JE,
k=0

and for every k,i > 0:
BN Qb _|ENQ _
|QF |QF]
We will also need the following property for weights of the form (Mh)* when a < 0
(see [4, 8]):

Lemma 2.3. Given a locally integrable function h and o < 0, we have that for every
cube Q C R"™,

sup(Mh)*(z) < / (Mh)~
) @l

In particular, if Q C @',

|@!/ (Mh)* dywrm (MR)* (y)dy.

The next lemma will be the cornerstone of our argument, and is inspired by the ideas
in [28]. For technical reasons regarding interpolation, not only will we need estimates for

E, but also for subsets G C E. Notice that if G = G N E}, we still have the inequality
|le$}5‘2 | < «, and this will suffice to get the right estimates.

Lemma 2.4. Let 0 < o < 1 and let E = J;—, Ex be a measurable set decomposed as in
Remark 2.2. Let G C E be a measurable subset and define for every k > 0, G, = GN Ey.

Then for every 1 < s < co:
(a)
2 n—1
<277 alG.

j—s ~

(b) For every weight u € Ay,

oo 2
Z Kj*Xxa;-,
j=s

L2(u)

< llulls, au(G).

(c)
SIGl

Jj—s

L*(Mxg)™")

Proof. The proof of (a) is exactly the same as that of [5, Estimate (3.1)], where the author
proves an estimate for the bad part of a Calderén-Zygmund decomposition without using
its cancellation property (which allows us to adapt it to our case). In fact, this estimate
is conveniently stated in [28, Section 2, Lemma 2| in the following way:
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e Let v = ZQG 70, where F is a family of disjoint dyadic cubes, with suppvg C Q
and [ |vg| £ @|Q|. Define F, ={Q € F:|Q|=2"%}for k> 1, Fo={Q € F:|Q| < 1}
and Vi = > oc 7, vQ- Then

~

2
<2755 aluly.
2

i Kj*Vj_s
j=s

For our purposes, take the function v = y¢, the family F = {Q,’f}zf’izo, the subfamily
Fr = {QF}22,, and (a) follows.

Let us prove (b). Writing the left-hand side as an inner product in L?(u) and using
its bilinearity and symmetry, we get that it can be essentially majorized by

> / | * X6 (o)1 K *+ G, (2)|u(x)dz.

j=s i=s

Since xq, = Z?io XGunQh for every k > 0, we can write the previous expression as

RIS (Z S [ 1K1,y (@)K xGi_Sng;s(m)u(w)dx> .

j=s1=0 \i=s m=0

Now, let us look at the term in parentheses, where Q{ ~* is fixed. Using (2.1), we know
that the support of the first convolution is contained in

Q"+ B(0,Y) Q.
where |Q,;| = 2U+2" and
K51 X, ngr+(@) < 271Gy 1@,

Similarly, for every s < i < j and every m > 0, the support of the second convolution is
contained in @Q,, with |Q,,| = 2(+2)n and Q- ° C Q,,.- Moreover, since x € @, (for the
first convolution to be non-zero), we have that

Kil* Xg, _ngin (@) :/ Kie - 2)|dz :/ Ky —2)ldz
Gi—st'lrrtb Gi—st%sm2Ql

<27MG_ NQITN2Q, < 27™MGi_s N QLE,

keeping in mind that we only need to consider the cubes Qfgs C 4Q,. Here we used
again (2.1) to see that z € Q; + B(0,2") C 2Q; and |K;| < 27"". Summing up, we have
the following:

LIRS @l N @ma )

o |Kjl* Xq,_ngi-e(®) 277G N Q),
o |Kj| * XG,_,nQi-s (x) <27"Gims N QY7

b U‘Z:s Uifzo Qfﬁs C 461-
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With this, we can finish the proof of (b). We bound the expression in parentheses in
(2.3) by

Jj_ oo Yol o
j j—s i—s Ny
291G, QY Y (G Qi A G

i=s m=0

w(Qm)
2in

7 0o
Sa27MG QI > QL

i=s m=0

j oo
< oflufl4, 277G N QI D 0D T u(@i) < allufl 4, 277G N QT u (4Q))

i=s m=0

< alfulh, w(G—s N Q)

recalling that |G;_s N Q1 *| < a|Q% *| and that |Q,,| ~ 2™, |4Q,| ~ 27™. Finally, we can
plug it into (2.3) to get the sought-after estimate:

o0

allull%, Y Y u(Gims N Q) = alluly, D w(Gi—s) = allul%,u(G).

j=s 1=0 j=s
Exactly as in (b), to show (c) it is enough to bound
0o 0 j oo
(2.4) ;; (;";)/ [Kil* Xa,_ ngi—» (@)Kl * Xci_stggs(SC)(MXE)_l(H?)dx) ,
where the expression in parentheses is controlled by

(MXE)_l(él N @m)
2in

j oo
2N G QY Y (G N QL
i=s m=0
Now, since Q7% C 4Q,, |Q;| = 2U*?" and |Q,,| = 202" we deduce that Q,, C 5Q,
and hence by Lemma 2.3,
(MXE)_I(@m) < (MXE)_I(E)@l)
9in ~ 2jn

Using this, we obtain

277" (Mxp) " BQ)IG—s N Q"1 D 1Gims N Q37

i=s m=0
Assuming without loss of generality that GN4Q), has positive measure, we use the A% con-
dition of the weight (M yg)~! with the subset GN4Q, C 5Q;, and that ngs U, Q4 C
4Q); to get to
|G N4Q)|Gj—s N QI |G N4Qy|.
Finally we can simplify and sum over s < j < oo and [ > 0 to obtain that the expression
in (2.4) is majorized by |G|, as we claimed. O
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The third and last lemma will be an interpolation argument on the estimates in Lemma
2.4 that will yield the right control of the L? norm with respect to the desired weights.
Let us just remark that the first estimate will be used to prove the second one, so in this
case we still need to consider subsets G C E.

Lemma 2.5. Let 0 < o < 1 and let E = J;— Ex be a measurable set decomposed as in
Remark 2.2. Let G C E be a measurable subset and define for every k > 0, G, = GN Ey.
Then for every 1 < s < 0o and every u € Ay:

(d)
< llull%, 27> ou(G),

(u)

e8] 2
Z Kj*XxG,-,
j=s L

. _ n—1 1
with ¢ = "3 (ppgrep)

00 2
: :KJ * XEj—S
j=s

L2 (Mxz)~%u)

S llulld, 2= ot~ u(E).

2"t ulla,

. _ 1 _ n—1
with 0 = et ond 8= "5 (<1+2n+1||u||A1>2)
Proof. For a,b > 0, define w, »(x) = min{au(x),b}. Fix t > 0 and write
L= {z e R lul},ulz) <2777 1},

and B? = R”\Bl. For every k > 0, we set G, = G,1§UG2, where G¢ = G,NB* C E}, and
= U Gh. = GNB', for i = 1,2. Using (a) and (b) in Lemma 2.4 and the definitions
we just introduced, we get

ZK *ng s

2 2

* XGl

Jj—s

>l< XGQ

352

L2(wl t)
S ||UHA104U(G1) + 2_STWG | = awgp(G),

with a = HuHA and b= 27°"7 . Now, we integrate both sides with respect to ¢ € (0, c0)
equipped with the measure t9 It where 0 < § < 1. Using Fubini and the definition of

the weight, we obtain

< aar 0t 0(@).

~

L2(u1 0)

ZK *ng s

But we know (see [21]) that if u € A; and r = 1 + W, then v" € A; and
1

llu"lla, < ||lulla,, so applying what we have shown to u” and choosing 6 = (r — 1)/r, we
obtain

2"+2uunA1

< llull )y, 2" +/ ou(G).

2(U

0o 2
Z Kj*xa;-,
Jj=s
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Notice that the exponent in ||ul| 4, is always less than or equal to 2, so we conclude (d).
To prove (e), define v, p(z) = min{au(z),b(Mxg) " (x)}. Fix t > 0 and write

C' = {z e R" : afjul},27*u(z) < (Mxp) ™" (2)t},
C? = R"\ C'. Now we decompose for every k > 0, Ej, = E,i U E,%, with E,’C =FE,NC"
and E' = |Ji2, Bl = ENCY, for i = 1,2. To finish the proof, we argue as in (d), but
this time interpolating estimates (¢) in Lemma 2.4 and (d). O

3. MAIN RESULT

Before stating our main result, let us recall some definitions and properties concerning
weights that will be needed in what follows. For every 1 < p < oo, we define AZ} weights

w b
y |lw|| 4z = su 171 < w(Q )>1/p < 00
AT e 0] \w(®) !

where the supremum is taken over all cubes Q C R™ and all measurable sets F' C Q.
R. Kerman and A. Torchinsky [16] showed that this class characterizes the restricted
weak-type (p,p) for the Hardy-Littlewood maximal operator and, for every measurable
set K C R™:

(3.1) IMxE L) S wlapw(E)P.
When p = 1, this class coincides with A; = A, entailing that the weighted weak-

type and restricted weak-type (1,1) for M are equivalent. In [3], the authors prove the
following result:

Proposition 3.1 ([3, Corollary 2.8]). For every uw € Aj, every positive and locally
integrable function f and every 1 < p < 0o, the weight (M f)!~Pu € AZ} and

1M Pullin S lullay-

We shall also need the weighted strong-type result in [24] for B but with the depen-
dence on the weight. A simple argument to obtain this result is using [5, Lemma 3.1] to
show that, for every j > 0,

1K+ Flla S 275 fll2,
and that (2.2) and the classical boundedness for M give
15+ fllrzawy S IM fllzza) S lwllasll fll 22w w € Ay.

Interpolation with change of measure and the sharp Reverse Holder property of As
weights in [21] allow us to sum in j > 0 and conclude that, for w € As:

2
(3.2) 1Bfllr2w) S llwlla, 11 22 w)
Now we are ready to present our main result for B:
Theorem 3.2. Given n > 1, the Bochner-Riesz operator at the critical index B satisfies

that, for every u € Ay, there exists 1 < pg < oo depending on w such that, for each
measurable set E C R"™,

4
(3.3) IBXE Lo oo (arypy—rowy S lull {Pu(E) /P
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More precisely, the exact dependence is po(|julla,) =1+ W.
1

Proof. Let 6 € (0,1) be as in (e) from Lemma 2.5. If a > 1, then we use (3.2) for the As
weight wg := (Mxg) %u:
o wy ({z + [Bxr(x)| > a}) < 0wy ({a : |Bxp(z)| > a}) < [|BxpllLza,)
S ol Bl 220 S s, u(E).
In the last inequality we used the classical properties for A, weights (see [14, Chap. 9])

and the fact that 0 < 6 = 1+2"+11||u||A1 < 1+21n+1 < 1 is bounded away from 1:

Jilla
A

lwollay < (MxE) |4, llulla, =

If 0 < @ < 1, we decompose E as in Remark 2.2 and

o
oy ({2 : | Bxu(@)] > a}) S awwe( U 3@?)
i,k=0
oo
+a1+9w9<{x ¢ U 3QY : | Bxp(z)| > a})
i,k=0
For the first term, we use that wyg € A1+6 and by Proposition 3.1, Hw9||1+9 < Jull -

Also, recall that wg = v on E:

oo o
Pun( 1 3QE) S ol fula, 3 wa(@h
i k=0 i,k=0

N = wp(@QF) <\Emc2ﬂ>“9 B Ok
~la 2wy i) B0

< llull, u(E).

On the other hand, looking at the intersection of the supports of K; and xg, , it is easy
to see that if = ¢ (73— 3QF, then

o o o0 o (0.9} o
Bxp= ) Kixxe,=) > Kixxp =) ) Ki*xg_.,

j=1 k=0 k=0 j=k+1 s=1 j=s

so using Chebyshev and (e) in Lemma 2.5:

a1+9we<{w ¢ G 3Q; : |Bxe(z)| > a}) < a1+9w9({x iiff] * XE;_.,

1,k=0 s=1 j=s
(3 )
LQ(we) L2 (wp)

ZZK * XE,_,
° B 1—6 2

-1 (Z ||u||A12—Szazu<E>1/2) ~ ||u|ril<2ﬁ/2 — 1) 2u(E) < ullh, u(E),
s=1

>a})

j—s

s=1 j=s
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since (20/2 —1)72 ~ Hu||1241 So taking supremum over o > 0, we have shown that (3.3)

holdsforp0:1+w>l. O

For later purposes, we will need the following fact stating that Theorem 3.2 holds for
B" uniformly in » > 0. This is an easy computation that we shall omit. The only detail
that needs to be pointed out is that the dependence on u of the py coming from Theorem
3.2 is in terms of ||u||4,. Hence, if u,(x) = r"u(rx), we have that ||u,||a, = ||u|la, and
the same pg also works for u,..

Corollary 3.3. For every weight u € Ay, there is some 1 < py < oo such that, for each
measurable set E C R"™,

4
1B Xl rovee (At gyt—rou) S lull ¥ Pou(E) /o,

uniformly in r > 0.

4. EXTRAPOLATION RESULTS

As mentioned in the introduction, our goal in this section is to prove that a condition
of the type (3.3) can be extrapolated to obtain a weak-type (1,1) estimate for every
weight in A;. We shall follow the ideas in [3, 4] where, motivated by Proposition 3.1,
the authors introduced the subclass

gp ={w:w= (M £)}=Pu, for some f € Li . and u € A} C AZ},

and proved that if we have a sublinear operator T" that is of restricted weak-type (po, po)
for some 1 < pp < 0o and every weight w € Ay, then it is of restricted weak-type (p, p)

for every weight w € //l\p and every 1 < p < oo. At this point we should emphasize that,
unlike the classical Rubio de Francia extrapolation for A, weights, this theory yields
estimates at the endpoint p = 1. For more details on the classical Rubio de Francia
theory, we refer to its modern presentation in [7, 11]. The following result states that
if T satisfies a restricted weak-type estimate but only for a very particular subclass of
gpo, then we obtain the analogous estimate for the whole range of 1 < p < oo, and at
p = 1, we still recover the whole A; class. We will also drop the sublinearity condition
on T, since for the weight we are considering, we can avoid the interpolation step in the
original result of [3].

Theorem 4.1. Let 1 < py < oo. If an operator T satisfies that, for every measurable
set E CR"™ and every weight u € Ay,

ITXE oo (At —rowy < llulla, u(E) P,

with ¢ an increasing function on (0,00), then for every 1 < p < oo,

1T XE | Loos ((arxe)r-ruy S eplllullay)u(B)VP,

with

1 1
tr rop(t), if1<p<po,
Sop(t) = p+1 p—po ‘
trro 71 o(t), if po < p < c0.
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Proof. Let us start with the case 1 < p < pg. Following the ideas in [3, Theorem 3.10],
we fix the weight w = (Mxg)!~Pu, a parameter v > 0, and it holds that

Po
/ w(z)dr < / w(x)dr + 'ypopyp/ (Mxg)P P (x)w(x)dx
{ITxel>y} {MxE>vy} Y J{Irxel>y}

Po
:/ w(a:)dx—l—’ypopyp/ (Mxg)' 7P (z)u(x)dz.
{MxE>vy} Y JITxel>y}

Now, we apply (3.1), Proposition 3.1 and our hypothesis to deduce that

fyp

Finally, we take supremum over y and infimum over + > 0, which is attained essentially
1

FE
v w(z)de < LUAUE) | pomp 1) 4 ou(EB).
{ITxE>y|}

at vy = ||u||§01g0(||u]\141)_1, to conclude that
1_1
(4.1) ITXEN oo (rxmyi-ruy S lulll, ™ e(lulla u(E)P.
The case pg < p < oo is a little more involved. We shall follow [4, Theorem 3.1]. Choose
B satisfying
P d <1 1
1<pf<2 an <l4+-—
IS 7 ulla,

/)
which by [21] ensures that u® € Ay and ||[u®||4, < |lul|a,. Let 0 < 6 < 1 such that

1 _
gho=l gp—po_
p—1 p—1
Now, as in [4], we get that for every y > 0,
[ 0w @@ [ ) @,
{Txel>y} {ITxEel>y}

with

P—pQ

o(@) = u(z)’ T (M(ue(MxEﬂ—pxﬂTXEby})(:1;)) e g,

and [|v]|a, < JJulla, (using [4, Lemma 2.12] for this last fact). With this, our hypothesis
yields

[ e @ S e () o(E),
{ITxEel>y} Y

Finally, we need to estimate v(E). This goes exactly as in the original proof, just recalling
that Mxg =1 on E, so skipping the details, we get that

1— p(p—fo)
HTXEHZLJ,P@O((MXE)l—Pu) S Cp,a((MXE) Pu)pro@=1 o (||lull 4, )" u(E),
where the constant C, ¢(-) is the one appearing in [4, Lemma 2.6]. Using that in our case
z% < 6 < 1, we can choose the best possible value for 6 so that

p+1

Cpo(Mxp)'Pu) S llull i} -
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If we plug this into the previous estimate, we finish the proof:
p+1P—Pg

1T Xl oo (aryyi—ru) S Nl 520 77 ¢ (lullay) u(E)P.

O

Notice that the most interesting feature of this result is that the conclusion at p = 1
holds for the whole A; class. In fact, if our goal is just to reach the endpoint, we
can make yet another simplification. Namely, we can obtain the restricted weak-type
(1,1) estimate for A; weights starting from a restricted weak-type (po,po) assumption in
which pg may depend on the weight u. The key fact is that we always have 1 = p < pyg.
Therefore, regardless of the value of pg, we must argue as for the first case in the proof
of Theorem 4.1. Notice that in this case, to prove the estimate at level p = 1 for a fixed
weight u € Ay, we use the assumption at level py with exactly the same weight u, so the
dependence po(u) does not affect the argument. The conclusion is (4.1) with p = 1, as
we state in the following corollary. Here we make the dependence of ¢ on pg explicit,
since it represents dependence on u and might need to be taken into account:

Corollary 4.2. Let T be an operator. For every weight u € Ay, if there is some 1 <
po < 0o such that

ITXE oo ((txe)t-rou) < PoollullaJu(E) /P,

then

1

1—L
ITxEl ooy < llull 4, ™ @po (el 4y )u(E).

Even though the results presented above only yield restricted weak-type estimates, it
is known that for a large class of operators (as it happened for the Hardy-Littlewood
maximal function M), this is equivalent to being of weak-type (1,1). We will need to
define a notion introduced in [2] that gives a sufficient condition for operators to be of
weak-type (1,1) just from a restricted weak-type estimate.

Definition 4.3. Given § > 0, a function a € L'(R™) is called a §-atom if it satisfies the

following properties:

(i) Jgna=0, and
(ii) there exists a cube Q such that |Q| < ¢ and suppa C Q.

Moreover, a sublinear operator T is (¢, 0)-atomic if, for every e > 0, there exists a § > 0
such that

ITal| 14 o < elalls,
for every -atom a.

In [2], it was shown that this is not a strong property to assume on an operator. For
instance, it is checked that if

(4.2) Tf(z) = K« f(z),

with K € LP(R™) for some 1 < p < oo, or K measurable and uniformly continuous on
R™, then T is (e, d)-atomic. Many times we will not have (e, §)-atomic operators, but
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they will be approximable in some sense by them, which will be enough for our purposes.
The result concerning the boundedness of this kind of operators is the following;:

Theorem 4.4. Let T be a sublinear operator (€,0)-atomic and let uw € Ay. Then, if there
exists a constant Cy > 0 such that, for every measurable set E,

ITxE| L1 @) < Cuul(E),
we have that
T: L'Y(u) — LY (u)
with constant 2"Cy||ul| 4, -

This result was proved in [2] in the unweighted case, and extended to A; weights in [3].
Notice that by Plancherel’s theorem, K € L?(R™) and thus, B is (e, §)-atomic by (4.2).
Therefore, Corollary 4.2 and Theorem 4.4 yield that the weighted estimate in Theorem
3.2 can be used to deduce A. Vargas [28] result:

Corollary 4.5. Given n > 1, the Bochner-Riesz operator at the critical index B is of
weak-type (1,1) for every weight in u € A;.

Finally, the applications we will present are based on the transference of known esti-
mates to operators that can be written as an average, in order to use extrapolation and
get endpoint results. This idea will become clear after the following general proposition:

Proposition 4.6. Let (2, 1) be a measure space and let {T,}ueq be a collection of
sublinear operators indexed by w € Q and such that, for every u € Ai there is some
1 < pg < 0 so that, for each E C R"™ measurable set

ITeX | ro-oo ((arxcmy=rouy S Poo (llull 4 u(E) P,

uniformly on w € Q. Then, if ® € L*(,|u|), the operator (that we assume to be well-
defined)

Tf(x) = /Q T () ®(w)da(w)

is of restricted weak-type (1,1) for every u € Ay with constant

1—L
[[wll 4, * o (lull a) 121 1, )y
If T is in addition (e,d)-atomic, then it is of weak-type (1,1) for every u € Ay with

constant )

91
llwll 4, ™ po (lull a) @ L1 () -
Proof. Given u € Aj, take its associated 1 < py = pp(u) < oo and by Minkowski’s
inequality
ITX Bl oo (M) —Pow) S/QHTwXEHLpom((MXE)lpw)‘b(w)\dﬂ’(w)

S epo(lull a) 1@l ey u( E) /7.

Then, we apply Corollary 4.2 to obtain the restricted weak-type (1, 1) estimate with the
right constant. If T is (e, §)-atomic, by Theorem 4.4 we complete the proof. O
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Remark 4.7. Notice that if we only had uniform restricted weak-type (1,1) estimates
for the family {T,},cq, then the average operator T would not necessarily inherit that
property, since LV is not a Banach space. The fact that we can transfer estimates from
T, to T at level pg > 1 (where Minkowski’s inequality is allowed) and then extrapolate
down to p =1, is the key ingredient in this result.

5. APPLICATIONS TO FOURIER MULTIPLIERS

5.1. Fourier multipliers on R. The first application will illustrate our technique with
a very simple example. The weighted result that will play the role of Theorem 3.2 is the
following;:

Proposition 5.1. Given 1 < p < oo and a weight w € AZ}, the Hilbert transform H
satisfies the restricted weak-type estimate

1
[ H ] oo () S ||w\|i% 1 £l e () -

This result has an easy proof based on the pointwise domination of Calderén-Zygmund
operators by the so-called sparse operators, and is actually true for any operator with such
a control, not just the Hilbert transform. The best known result in terms of domination
by sparse operators is contained in [19], and includes all Calderén-Zygmund operators
with a Dini-type condition on the modulus of continuity of the kernel. The first result
concerning Fourier multipliers that we present is the following:

Theorem 5.2. Let m be a function of bounded variation on R. Then, the operator T,
defined by

T f(€) = m(€) F(€)

is of weak-type (1,1) for every weight u € Ay and with constant controlled by Hdm|]~||u||?41,
where || dm|| denotes the total variation of the measure dm.

Proof. Since m is of bounded variation on R, the limit of m(¢) as ¢ — —oo exists, so by
adding a constant to m if necessary, we can assume this limit to be zero. Let {¢;}; be a
non-negative approximation to the identity as j — oco. It holds that || @]« < |l¢jll1 =1,
and we can furthermore assume that the total variation ||d@;| < 2 (take for instance
the approximation associated with the Poisson kernel, which essentially satisfies ¢;(t) =
e~ It1/7 and has this property). For every j > 0, define

m;i(t) = m(t)p;(t).
This function is of bounded variation with ||dm;|| < 3||dm/||, since
ldm;l < [[mllcolld@; ]l + @jlloclllldml] < 3l[dml].

We still have that m; vanishes at —oo, so we can write the Lebesgue-Stieltjes integral

my(€) = /R Xt (€)dm; (2).

The multiplier associated with x4 ) is

Fl) — S HE ) (@) ~ (),
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which is essentially a modulated Hilbert transform that we will denote by H; (see [10,
Estimate (3.9)]). Then,

(5.1) T, 0(@) = [ Hif(a)dm,(0).

Now we use Proposition 5.1 with the weight w = (Mxg)! Pu, for some u € A; and
1 < p < 00, and Proposition 3.1, to conclude

(627Tz't~

[ HixE | ppoe (Myp)r-ru) = || H XE)| Lroo (Mxz)t—Pu)

1+ 1+ 1
S Null g, P IxEl Lo ((aamyi-ray = el g, ” uw(B)P,
uniformly in ¢t € R. Therefore, the family {H;}; is under the hypotheses of Proposition
4.6. Also, for every j > 0, the operator Ty, is (¢, §)-atomic (since m; is integrable and
hence, its associated convolution kernel is uniformly continuous as in (4.2)). With this,
we conclude that T, is of weak-type (1,1) for every weight in A; with constant

2—1 141 3
[ll g, ” [leell o, ” ldmg || < lldml[flulfs, -

Finally, since {¢;}; is an approximation to the identity, at least for Schwartz functions
f, there is a subsequence such that

Tmm)f(l") = Qj() * T f(x) N Tof(z) ae. x.

With this, we use the estimate for T}, and Fatou’s lemma to finish the proof:
o 3
Lo fllp ooy < Hmnk [ Ton, ) fll Lrooy S lldmilflullZ, 1 1]z -
O

The idea of transferring estimates on Banach spaces from H to T, based on (5.1)
is not new. In [10, Corollary 3.8|, this method is used to show that T}, is bounded
on LP(R) for all 1 < p < oo. The only difference here is that the Banach estimate
that we transfer from H to T, is a weighted one, and this allows us to extrapolate and
deduce a weak-type (1, 1) result for 7, that could not be obtained by means of (5.1) and
Minkowski’s inequality. These multipliers are closely related to the ones appearing in
the Marcinkiewicz multiplier theorem (see [10, Theorem 8.13]). In that case, the result
claims that if m has uniformly bounded variation on each dyadic interval in R, then T;,
maps LP(R) into itself for every 1 < p < oco. This is obtained by means of Littlewood-
Paley theory, and can be extended to the weighted setting to prove the same result for
A, weights [17]. However, it is known that there are operators under the hypotheses of
Marcinkiewicz’s theorem that fail to be of weak-type (1,1), even in the unweighted case
(see [25] for sharp results near L!). Therefore, we know that our assumption for m to
be of bounded variation on R cannot be relaxed to uniform bounded variation on dyadic
intervals.

The next subsection will follow the same argument but using the estimate for the
Bochner-Riesz operator in Theorem 3.2 to draw conclusions about radial Fourier multi-
pliers on R".
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5.2. Radial Fourier multipliers on R™. For this part, we will need to recall frac-
tional integration and derivation, in the sense of Weyl. The idea of using fractional
calculus to obtain results for radial Fourier multipliers was already introduced in [26]
and subsequently used in [9, 13], among others.

Definition 5.3. Given 0 < § < 1 and w > 0, we define the truncated fractional integral
of order 1 — § of a locally integrable function f on R by

1 w
1-46 o —0
Iw f(t) = m /w(s — t)+ f(S)dS, t < w,
and 0 if t > w. Moreover, if a = [a] + 0 > 0, with [a] being its integer part and o its
fractional part, we define the fractional derivative of f of order a by

[a]
Df(0)=(5)  Jm GI5r)

whenever the right-hand side exists. In particular, if f has compact support, then

D10 =(5) g

Now we are ready to state the main result of this section. Before making its statement
precise, let us briefly summarize how it is related to other results in the literature. The
integrability condition that we will require on m will be

X o1, n41
(5.2) / t 2 |D 2 m(t)|dt < oo,

0
and we will obtain a weak-type (1,1) estimate with respect to every weight in A; for
the Fourier multiplier with symbol m(|¢[?). This type of condition (5.2) on m is not
new. For instance, in the unweighted setting, [9, 22] use Weyl’s fractional calculus to
obtain strong-type (p,p) and weak-type (1, 1) results for maximal operators associated
with quasiradial Fourier multipliers. The condition that they require on m is also an
integrability condition for t*~!D%m, but with o > ”7“ (see [22, Corollary 1]).

Another similar result to the one we present can be found in [18]. Here the authors
deal with weights, but they consider general Fourier multipliers on R", not necessarily
radial ones. In terms of differentiability requirements, the condition that they need on m
to get the weak-type (1,1) for every weight in A; is up to order n. In our case, we only
work with radial multipliers and require order "TH instead. In the classical Hormander
theorem [15] without weights, it is enough to have differentiability up to order strictly
larger than %, which is essentially optimal even in the radial case (see [6]). Therefore,
the differentiability assumption in our result is not that far from the optimal order for
the unweighted case. Another important reference is [1], where one can find sufficient
conditions for radial Fourier multipliers to be bounded on LP(R?) for 4/3 < p < 4. This
limitation in the range of p (which totally excludes the endpoint p = 1) allows the authors
to lower the order of differentiability of m to o > 1/2, which corresponds to "T_l in R?.

The precise statement of our result is the following. AC),. will denote the space of
functions which are absolutely continuous on every compact subset of (0, co).
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Theorem 5.4. Fixn > 2 and o = "TH Let m be a bounded, continuous function on
(0, 00) which vanishes at infinity and satisfies that

D*Im € AClye Vj=1,...,]al.
Then, if D™ m exists and

d(t) =t D¥m(t) € L'(0,0),
the operator T,, defined by

Tnf(€) =m(l&)F(&), €eRr™,
is of weak-type (1,1) for every weight u € Ay with constant controlled by C||®|| 110, ||u|]1541

Proof. First, we will use [27, Lemma 3.14] to write

_(_1)[(1] _ na—1lpa a 1 pHa
= T /R(s t)$ " Dm ds—C/ D%m(s)ds,

which is valid under our hypotheses for m. With this identity, we prove that

(5.3) T f(z) = / BYs f(2)®(s)ds, xeR",
0
with ® € L(0,00). It is enough to check that for every & € R”,
o [ (5
(5.4) m([¢7) = 1— =5 P(s)ds,
0 S +

but this follows by the change of variables s = r? and taking t = |¢|?,

o

m(€P*) =2Ca | (r* = €17 Dm(r*)rdr
§

00 2\ a1
ZQCa/ r2e-l <1 - —’ﬂ? > Dm(r?)dr.
0 Ll

which is (5.4) with ®(r) = Cor?* 1 D*m(r?) and ||| 11(0,00) = @[l £1(0,00)- The second
ingredient in the proof is the uniform bound given in Corollary 3.3. More precisely, that

s 4
(5.5) 1B X Bl Lo (a1 -P0u) S ||UHA/1POU(E)1/p°7

uniformly in s € (0,00). To conclude the argument, if K; /s is the kernel associated with
BY/s_ define, for every j > 0,

= [ K@ = [ K@ o),

with ®;(s) = B(s)x(0)(s) € L'(0,00) and [[B;]110,00) < [®llpi(0,00)- Clearly, K7 €
L?(R™) and by (4.2),

Tif(z) = K9« f(z /Bl/sf ®;(s)ds
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is an (e, d)-atomic operator. Now, we use Proposition 4.6 and (5.5) to deduce that 77 is
of weak-type (1,1) for every u € A; and with constant

92— 4

1 4 —
luall g, ™ el 2 1850 2 0,00) < Null2y, 191123 0,00) = el 911 210,009

independently of j > 0. Using Fatou’s Lemma and (5.3), we conclude that for every
f e L(u),

1T fl o0y < liminf 17 £l .00y S N2 L1 0,00) Il 24, 1112 )
g

Let us finish this section by giving a particular example of application of Theorem 5.4.
It will be related to the following conjecture stated in [23]:

Conjecture 5.5. Assume that ¢ is a C*° function with compact support contained in
(—1/2,1/2) and, for every 0 < <1, set

mww=¢Cgs)

Then, for every 1 < p < nQ—fl, the operator Ty, defined by

Ths F(6) = hs(€1) F(€)
satisfies:

< §—AP) ] 11 1
(5.6) | Ths || Lo (Rry— Lo (RP) S O , with X(p) =n b 2) o

The result we present is the following:

Corollary 5.6. Given n > 2, the operator Ty, is of weak-type (1,1) for every weight
u € Ay and

_(n—=1
1Tl ) Lo (o) S 6~ CF ) [l

To prove this, it is enough to apply Theorem 5.4 (hg is under its hypotheses) together

with the following computation at o = ”T'H:

Lemma 5.7. Given o > 0, it holds that for ®(t) =t D%hs(t),
H(I)HLl(O,oo) < Ccp,a(simrl‘
Proof. First, we compute D%hs. It can be easily checked from the definition that
1 t—1
D%hs(t) = —=D%p| ——
0= 5:075( 5,

with @(s) = ¢(—s) being the reflection of ¢ on R. Now,

00 00 1
/ @(t)ut:a—a/ -1 |peg <td>
0 0

Since @ has compact support in (—1/2,1/2), it is easy to see that |D*@(r)| is zero for
r > 1/2 and decays as Cy, o /|r|**! when r — —oo. Using this decay when r € (—1/8, —1)

dt =6t / 1/5(7"5 + 1)*7 Y D2G(r) |dr.
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and that |D*@(r)| is bounded when r € (—1,1/2), we conclude the proof by showing
that

/1/6(7"5 + D) HDYG(r)|dr < Cp .

g

Notice that A(1) = %, and hence, Corollary 5.6 is the endpoint weighted weak-type
version of estimate (5.6). The same result but with an € loss in the exponent of § can be
derived from [12, Lemma 5.2], where the authors prove that for every ¢ > 0,

|Ths ()] < Ceo~CFHIM f(2).
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