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The Hilda group is a set of asteroids whose mean motion is in a 3:2 orbital resonance with Jupiter. In this paper we
use the planar Circular Restricted Three-Body Problem (CRTBP) as a dynamical model and we show that there exists
a family of stable periodic orbits that are surrounded by islands of quasi-periodic motions. We have computed the
frequencies of these quasi-periodic motions and we have shown how the Hilda family fits inside these islands. We have
compared these results with the ones obtained using the Elliptic Restricted Three-Body Problem and they are similar,
showing the suitability of the CRTBP model. It turns out that, to decide if a given asteroid belongs to the Hilda class,
it is much better to look at its frequencies in the planar CRTBP rather than to use two-body orbital elements as it is
commonly done today.

This work is devoted to the analysis of the motion of a par-
ticular group of asteroids, from a dynamical systems point
of view. Typically asteroids are classified by means of a
simple model that only accounts for the solar gravity. By
including the effect of Jupiter we provide a more accurate
way of classifying this group, based on the geometrical in-
variant structures to which these asteroids belong.

I. INTRODUCTION

The Hilda asteroids constitute a group of more than 5000
asteroids located beyond the main asteroid belt of our Solar
System, but still within Jupiter’s orbit. This group is com-
posed by two collisional families; the Hilda family and the
Schubart family. Hilda family is named after (153) Hilda as-
teroid, discovered on 2 November 1875 by Johann Palisa. And
Schubart family owes its name to (1911) Schubart asteroid,
discovered on 25 October 1973, by Paul Wild. Meanwhile the
diameter of (153) Hilda asteroid is of around 179 km, the one
of (1911) Schubart asteroid of around 70 km. Both of them
are within the largest ones in the group.

Hilda-type asteroids are mainly known by two character-
istics. The first one is that they have mean motion in a 3:2
orbital resonance with Jupiter. And the second one is due the
shape of their orbits, since they seem to successively approach
three Lagrangian Points, L3, L4 and L5, of the Sun-Jupiter sys-
tem. In the neighbourhood of L4 and L5 of the Sun-Jupiter
system another well-known group of asteroids is found, the
Trojans. Unlike Trojans, that owe small orbital eccentricities
and some have large inclinations, the eccentricities of Hilda
asteroids are typically larger while their inclinations are not.

In spite of the considerable bibliography on this topic
from astronomical approach, highlighting the work of J.
Schubart1,2, little is known about the dynamical behaviour of

the Hilda group of asteroids3,4. Therefore our aim in this work
is to analyse Hilda’s behaviour from a dynamical systems
approach, by studying their orbits within Sun-Jupiter Circu-
lar Restricted Three-Body Problem (CRTBP) and Elliptical
Restricted Three-Body Problem (ERTBP), both in the planar
case, looking for the invariant objects that are considered to
be responsible for their motion. One of the reasons for study-
ing these two models is to analyse the level of importance of
Jupiter eccentricity in this particular application.

Asteroids are usually classified in groups based on their (os-
culating) orbital elements at a given time. This works quite
well when the motion of the asteroid is close to Keplerian,
in the sense that their orbital elements vary very slowly and
that they can be used to describe its motion for a long time.
However, the motion of some asteroids in the Solar system
is not so well described by a two-body problem in the sense
that their orbital elements have significant variations in time.
Therefore, they can be classified into different categories de-
pending on the epoch. An example of this situation is given by
the Hilda group of asteroids, whose motion is strongly influ-
enced by Jupiter. The usual definition of this group is that they
are the set of asteroids with semi-major axis between 3.7 and
4.2 AU, eccentricity below 0.3 and inclination lower than 20
degrees. It is clear that asteroids with orbital elements close to
the boundary of the group can have orbital elements crossing
back and forth this boundary.

An improvement to classify asteroids is to use a better
model than the two-body problem to define the different fam-
ilies. For instance, the well-known Circular Restricted Three-
Body Problem (Circular RTBP or CRTBP, for short) includes
the main effect of Jupiter but, on the other hand, the model
is not integrable so we cannot easily identify the motion of
the asteroid by a set of numbers, like the orbital elements do
in the two-body model. In this paper we will discuss how to
use the planar Circular RTBP to characterise the members of
the Hilda group of asteroids. As we will see in Section III A,
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there exists a family of linearly stable periodic orbits that can
be parameterised by the Jacobi constant and acts as the “skele-
ton” of the Hilda group: these periodic orbits are surrounded
by a Cantor family of invariant tori5 that, selecting a Jacobi
constant and using a suitable (two-dimensional) Poincaré sec-
tion, are seen as an “island” surrounded by a chaotic sea. So,
a more natural classification is to identify the island that cor-
responds to the Hilda motion, so that the Hilda asteroids are
those inside that island. This is what is done in Section III.

It is clear that a classification based on the dynamics of the
circular RTBP should be closer to the real motion rather than
a classification based on a two-body model. However, as the
CRTBP is not the real system it is natural to ask how this clas-
sification is affected by perturbations. For the concrete case
of the Hilda group the first relevant effect is due to the ec-
centricity of Jupiter, which is a periodic perturbation with a
frequency that is nearly resonant with one of the frequencies
(the mean motion) of these asteroids. Therefore, a natural im-
provement to the planar CRTBP is to use the Elliptic RTBP
(ERTBP). For this reason, Section IV includes a similar study
but now using the planar ERTBP. The eccentricity of Jupiter
appears in the model as a time-periodic perturbation, with fre-
quency 1, of the circular RTBP.

The paper is organised as follows. Sections I A and I B
summarises some basic information on the Circular and El-
liptic RTBP, and Section I C contains more information on the
Hilda group. The CRTBP and ERTBP are introduced in three
dimensions because we have to transform the coordinates of
the asteroids from the three-dimensional JPL reference frame
(equatorial, J2000) to our models, what is explained in Sec-
tion II. Section III contains the dynamical study for the Cir-
cular RTBP and Section IV the study for the Elliptic RTBP.
Conclusions and further work are summarised in Section V.
Finally, to facilitate the reading, an appendix on frequency
analysis has also been included.

A. The Circular Restricted Three-Body Problem

The Circular Restricted Three-Body Problem (CRTBP) de-
scribes the motion of a particle of negligible mass under the
gravitational field of two punctual massive bodies P1 and P2,
called primaries, with masses m1 and m2, being m1 ≥ m2, that
revolve in circular motion around their centre of mass.

It is usual to describe this problem in a rotating reference
frame where the two primaries P1 and P2 are fixed and their
motion is contained in the xy-plane. In this coordinate sys-
tem, the period of revolution of the primaries is normalised to
2π , the unit of mass is taken as the sum of the masses of the
primaries, m1 +m2, and the length unit is adimensionalised
using the distance between the primaries, that in this model is
a constant quantity. With this, P1 is placed at (µ,0,0) and P2
at (µ −1,0,0), being µ = m2/(m1 +m2) the mass parameter.

In this configuration of the problem, five equilibrium points
are found, called Lagrangian points; the collinear points L1, L2
and L3 that are unstable, and the triangular points, L4 and L5
that are linearly stable for values of the mass parameter below
the critical Routh mass µR =(1−

√
69/9)/2≈ 0.03852. Also,

L4

L5

L1L2 L3

Jupiter Sun

FIG. 1. Sun-Jupiter system and its five equilibrium points.

the following symmetries are found:

(t,x,y,z, ẋ, ẏ, ż)→ (−t,x,−y,−z,−ẋ, ẏ, ż),

(t,x,y,z, , ẋ, ẏ, ż)→ (−t,x,−y,z,−ẋ, ẏ,−ż),
(1)

where the dot ( ˙ ) denotes the derivative with respect to the
adimensional time. Symmetries above mean that if the set
of coordinates on the left of these expressions is a particular
solution of the system, also is the set of coordinates on the
right.

The CRTBP is an autonomous model with three degrees of
freedom that presents a first integral, defined by

C = 2Ω̃(x,y,z)−
(
ẋ2 + ẏ2 + ż2) , (2)

and known as Jacobi constant. Here, Ω̃ = Ω̃(x,y,z) is given
by

Ω̃ =
1
2
(x2 + y2)+

1−µ

r1
+

µ

r2
+

1
2

µ(1−µ), (3)

where r1 and r2 are the distances to the primaries, that is
r1 =

√
(x−µ)2 + y2 + z2 and r2 =

√
(x−µ +1)2 + y2 + z2.

Note that the term 1
2 µ(1−µ) included in Equation (3) ensures

a value equal to 3, exactly, for the Jacobi constant of the trian-
gular points L4 and L5. For a fixed value of the Jacobi constant
C, the admissible regions of motion, known as Hill regions,
are defined by

R(C) =
{
(x,y,z) ∈ R3 |2Ω̃(x,y,z)≥C

}
.

In our particular case, we are interested in studying the Sun-
Jupiter system. Therefore, P1 corresponds to the Sun and P2
to Jupiter, with mass parameter of value µ ≈ 9.53881×10−4.
The primaries in the described configuration would be seen
as in Figure 1, where the five Lagrangian points are also in-
cluded. Notice that, triangular points are linearly stable in the
Sun-Jupiter system since its mass parameter is below µR.
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B. The Elliptic Restricted Three-Body Problem

The Elliptic Restricted Three-Body Problem (ERTBP) is a
modification of the Circular RTBP, that accounts for the ec-
centricity of the elliptic orbits in which the primaries move.
Following the procedure detailed, for example in6, we take
adimensional units as in the CRTBP, but now the distance be-
tween the primaries, r, is not constant. It is given by

r =
a(1− e2)

1+ ecos f
, (4)

where a and e are the semi-major axis and the eccentricity
of the motion of either of the primaries around the other, re-
spectively, and f is the true anomaly. Therefore, the distance
between the primaries in the ERTBP varies periodically with
f ∈ [0,2π).

Besides the normalisation of units, the motion of the in-
finitesimal particle in the ERTBP is typically described in a
non-uniformly rotating and pulsating coordinate system, in
which the primaries P1 and P2 are again fixed at positions
(µ,0,0) and (µ − 1,0,0), respectively, and their motion is
contained in the xy-plane. In this way, the Elliptic RTBP
can be seen as a 2π time-periodic perturbation of the Cir-
cular RTBP. However, due to the pulsating coordinates, the
Lagrangian points continue being fixed points in the Elliptic
RTBP configuration, as represented in Figure 1 for our case of
interest, the Sun-Jupiter system, for which e ≈ 0.04869.

The rotating reference frame is defined using the angular
velocity ḟ ,

d f
dt

=
k
√

m1 +m2

a3/2(1− e2)3/2 (1+ ecos f )2 , (5)

where t is the dimensional time and k is the Gauss’ constant.
Note that this expression comes from the angular momentum
conservation. Through some analysis, the equations of mo-
tion of the infinitesimal particle in the rotating and pulsating
coordinate system can be written as

x′′−2y′ =
1

1+ ecos f
Ω̃x,

y′′+2x′ =
1

1+ ecos f
Ω̃y,

z′′ =
1

1+ ecos f
Ω̃z −

ecos f
1+ ecos f

z,

(6)

where ′ denotes the derivative with respect to the true anomaly
f and Ω̃ is given by Equation (3). We must notice that forcing
a null eccentricity, e = 0, in the expressions above, the result-
ing system corresponds to a Circular Restricted Three-Body
Problem, described in previous section.

Similarly to the CRTBP, there is an invariant relation that
we can use for the ERTBP (see6),

C =
2Ω̃

1+ ecos f
−2e

∫ f

0

Ω̃sin f
(1+ ecos f )2 d f −

(
x′2 + y′2 + z′2

)
,

(7)

where Ω̃ is given by Equation (3). Again, forcing null ec-
centricity, e = 0, this equation would be equal to the Jacobi
constant, introduced in Equation (2).

The Elliptic Restricted Three-Body Problem, preserves
some symmetries inherited from the CRTBP, like the sym-
metries when inverting the sense of the time (in this case, the
sense of the true anomaly) and the symmetry with respect to
the vertical coordinate,

( f ,x,y,z,x′,y′,z′)→ (− f ,x,−y,−z,−x′,y′,z′),

( f ,x,y,z,x′,y′,z′)→ (− f ,x,−y,z,−x′,y′,−z′).
(8)

C. The Hilda group

Hilda-type asteroids were classified according to their he-
liocentric orbital elements by7 as those that possess semi-
major axis between 3.7 and 4.2 AU, eccentricity lower than
0.3 and inclination below 20 degrees. Then, for our analysis
we have used the Small Body Database from JPL (https://
ssd.jpl.nasa.gov/tools/sbdb_query.html) to select
those asteroids with orbital elements in that classification.
Among these constrains we find more than 5000 objects.
However, we must be careful since some of the asteroids that
satisfy the described conditions for some time spans do not
share the dynamical behaviour of the Hilda group. Notice
also that, since orbital elements vary in time, asteroids with
orbital elements close to the boundary of these ranges, can
have orbital elements crossing back and forth this boundary,
and then, being classified (or not) as members of the Hilda
group depending on the specific epoch we search for them in
the databases.

For example, asteroids (164903) and (210340) would be
classified as Hilda asteroids for some epochs but for others
their eccentricities overcome the prescribed maximum value
of 0.3. Similarly, semi-major axis of asteroid 2015 PN318 ex-
ceeds the lower boundary defined for the Hilda group at some
given times. Besides these asteroids that for some periods of
time enter and leave smoothly the constrains of the Hilda clas-
sification, there are other examples of asteroids whose orbital
elements suffer high variations, as the inclination of asteroid
2014 OM449, that reaches values larger than 20 degrees in an
abrupt way. This is one of the reasons why we are encouraged
to introduce a new characterisation of the Hilda asteroids, ac-
cording to their dynamics, instead of to their orbital elements.

To start the study, we first need to start by selecting the as-
teroids from the database with suitable orbital elements. Then,
since our change of coordinates is non-autonomous, we must
decide an appropriate date for performing the change. It has
been observed that the comparisons between simplified and
realistic models through a change of coordinates similar to the
one described, is sensible to the date at which the change of
coordinates is performed. In particular, the comparisons seem
to be better as the scale factor (instantaneous distance between
the primaries) is closer to the mean value of their mutual
distances8. Therefore, we look for a date at which the distance
between Sun and Jupiter is closer to 7.78479×108 km, value
taken from https://nssdc.gsfc.nasa.gov/planetary/
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factsheet/jupiterfact.html. The selected Modified Ju-
lian Date corresponds to 58914 (6th of March, 2020).

Here we must clarify that the used database provides
ephemeris at rounded dates. In our case, the coordinates of the
selected asteroids were downloaded at Modified Julian Date
59800, and then propagated using a restricted N-body prob-
lem up to the date of interest. From now on, when we talk
about restricted N-body problem we refer to the system con-
formed by the Sun, the eight planets, where Earth and Moon
are taken as a single body with mass equal to the sum of both,
and the asteroid that is gravitationally affected by the previous
ones, but does not affect either of them.

II. CHANGE OF COORDINATES

Our goal is to study the motion of the Hilda asteroids in
both simplified systems, CRTBP and ERTBP. Since the for-
mer is a particular case of the latter, we describe a non-
autonomous change of coordinates needed to translate the
ephemeris of the asteroids, taken from the JPL database, to
the ERTBP. Then, when the interest is focused on the CRTBP,
the previous change of coordinates will be suitable just forc-
ing null eccentricity for Jupiter.

First, we describe the cartesian change of coordinates for
positions and velocities, similar to other changes of coordi-
nates in the literature9–11, involving a rotation and a transla-
tion. Second, we include a Keplerian interpretation of that
change, where the rotation is expressed in terms of the orbital
elements of Jupiter with respect to the Sun. It is noteworthy
that both changes provide exactly the same coordinates in the
ERTBP.

A. Cartesian change of coordinates

Let the subscripts S and J denote the Sun and Jupiter, re-
spectively, such that mS and mJ represent their masses, rJ
and rS their positions and vS and vJ their velocities in the
real ecliptic heliocentrical system. The objective is to define
a change of coordinates that allows us to translate the dynam-
ics of the Sun-Jupiter system to the mathematical model de-
scribed in (6), making suitable simplifications on the dynam-
ics like assuming Sun and Jupiter to orbit in Keplerian orbits
around their common barycentre.

For simplicity, the change of coordinates is described in the
inverse sense, i.e. translating the coordinates, x= (x,y,z)t and
x′ = (x′,y′,z′)t , of the adimensional system with origin in the
Sun-Jupiter centre of mass to the real ecliptic ones with origin
in the Sun, X and Ẋ , measured in astronomical units (AU)
and astronomical units per day (AU/d), respectively. Note
that, in previous section, devoted to adimensional system, the
dot denoted the derivative with respect to the adimensional
time, and in this section, it denotes the derivative with respect
to the dimensional time of the ecliptic system. Consequently,
the change for positions x to X , is composed by a rotation
plus a translation,

X = rR̃x+b, (9)

where r ∈ R is a scale factor, R̃ is an orthonormal matrix and
b is a translation of the origin of coordinates from the Sun to
the Sun-Jupiter barycenter,

b= (1−µ)rS +µrJ .

Before continuing, let us define

r = rS −rJ , v = vS −vJ , h= r×v,

as the relative position (r), the relative velocity (v) of the Sun
with respect to Jupiter, and h as their angular momentum.
Moreover, we denote with ˆ the unitary vector, i.e. b̂= b/||b||
and b = ||b||.

Since we are considering an instantaneous change of co-
ordinates between the two systems, the scale factor is given
by the instantaneous distance between the Sun and Jupiter,
r = ||r||. It is easy to see that the x axis of the simplified
system corresponds to the direction Sun-Jupiter, z axis cor-
responds to the vector normal to the plane of motion and y
axis corresponds to a vector perpendicular to x and contained
in the plane of motion, such that the system is positively ori-
ented. With this, the rotation matrix is defined as

R̃ =

 | | |
R1 R2 R3
| | |

 , (10)

whereR1 = r̂,R2 = ĥ× r̂ andR3 = ĥ.
Once described the change of positions, we need to describe

the change of velocities. For this, it is usual to derive the
change of positions (9) with respect to the dimensional time
of the ecliptic system,

Ẋ =
d
dt

(
rR̃x+b

)
= ṙR̃x+ r ˙̃Rx+ rR̃ẋ+ ḃ,

where the dot denotes the derivative with respect to dimen-
sional time.

However, in the elliptic problem, the velocities are consid-
ered as the derivatives of the positions with respect to the true
anomaly, denoted by x′. Then, the relation between ẋ and x′

is given by

ẋ=
d f
dt
x′, (11)

being the variation of the true anomaly with respect to time
d f
dt , defined in (5), of the form

d f
dt

=
k
√

mS +mJ

a3/2(1− e2)3/2 (1+ ecos f )2 ,

where a, e and f correspond to the semi-major axis, eccentric-
ity the true anomaly of the motion of either of the primaries,
Sun or Jupiter, with respect to the other.

Introducing (11) in the change of velocities from ẋ to Ẋ ,
the change from x′ to Ẋ can be written as

Ẋ = ṙR̃x+ r ˙̃Rx+ rR̃
d f
dt
x′+ ḃ. (12)
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This expression involves the velocity of the barycentre ḃ =
(1− µ)vS + µvJ , the temporal derivative of the scale factor,
ṙ = r̂ ·v, and the temporal derivative of the rotational matrix,

Ṙ1 =
rv− ṙr

r2 , Ṙ2 =R3 × Ṙ1, Ṙ3 = 0.

We note that going from the complete Solar system to the Sun-
Jupiter-asteroid ERTBP at a given time is like removing from
the complete Solar system all the remaining planets (and aster-
oids) because, from that time on, Sun and Jupiter will move on
ellipses. Then, the motion is determined by a two-body sys-
tem and the angular momentum is conserved, being its deriva-
tive zero, ḣ=0. As a consequence, the third column of matrix
˙̃R is null. Also, this property must hold for equation (11) to be
true.

In order to perform the described change of coordinates,
some values are needed, as the value of the true anomaly, f ,
the term (1+ cos f ) and the semi-major axis, a. For this, it is
necessary to compute the eccentricity vector e,

e=
v×h

µ∗ − r̂,

being µ∗ = k2(mS +mJ), since the true anomaly is obtained
from cos f = ê · r̂. In the case in which r ·v < 0, the value
of the true anomaly must be f = 2π − f . With some manipu-
lations, the value of the term (1+ ecos f ) and the semi-major
axis can be computed as

1+ ecos f =
v×h

µ∗ · r̂, a =
1

2
||r|| −

||v||2
µ∗

With all these considerations, the inverse change of coordi-
nates of (9) and (12), from the ecliptical coordinates with the
origin in the Sun (X and Ẋ) to the elliptic adimensional ones
with the origin at the Sun-Jupiter barycentre (x and x′), can
be written as:

x=
1
r

R̃−1(X−b)

x′ =
1
r

dt
d f

R̃−1
[(
Ẋ− ḃ

)
− ṙ

r
(X−b)− ˙̃RR̃−1(X−b)

]
,

=
1
r

R̃−1
[

dt
d f

(
Ẋ− ḃ

)
− r′

r
(X−b)− R̃′R̃−1(X−b)

]
.

(13)
Last expression is included for convenience when we use
the Keplerian interpretation of the change of coordinates, ex-
plained below.

B. Keplerian interpretation

The change of coordinates previously detailed can be eas-
ily expressed in terms of the orbital elements of Jupiter with
respect to the Sun. Let us consider that Jupiter orbit is given
by the elements (a,e, i,Ω,ω, f ), that correspond to its semi-
major axis, eccentricity, inclination, longitude of the ascen-
dent node, argument of the periapsis and the true anomaly.

Then, the rotation matrix (10) used in the definition of the
change of coordinates (13) can be written in terms of the or-
bital elements as,

R̃ = R̃3(Ω) R̃1(i) R̃3(ω + f −π),

where

R̃3(α) =

cosα −sinα 0
sinα cosα 0

0 0 1

 ,

R̃1(α) =

1 0 0
0 cosα −sinα

0 sinα cosα

 ,

that corresponds to the product of three rotations. The first
one accounts for the plane of motion of Jupiter’s orbit, the
second one for its inclination and the third one places Jupiter
in its orbit. It is worth to mention that the term ω + f −π has
this form due to the consideration that Jupiter occupies the
position (µ − 1,0,0) and the Sun the position (µ,0,0) both,
in the ERTBP or in the CRTBP. In the case that one wants
to consider the positions (1− µ,0,0) and (−µ,0,0) for the
primaries, the angle of the third matrix must be ω + f .

Since the scale factor corresponds to the instantaneous dis-
tance between the primaries, it also admits to be written in
terms of the Keplerian coordinates as in equation (4), that
again, is only true for ḣ= 0.

Finally, note that writing the rotation matrix and the scale
factor in terms of the orbital elements, allows to easily obtain
the computation of R̃−1 and the derivatives with respect to the
true anomaly of R̃ and r.

III. ANALYSIS IN THE PLANAR CRTBP

First we proceed with the analysis of Hilda asteroids in the
planar Circular Restricted-Three Body Problem. For this, we
apply the change of coordinates described in Section II forc-
ing null eccentricity for the primaries and, then, we project
the resulting Cartesian coordinates to the xy-plane. Then, we
compute their Jacobi constant (2) and we plot their distribu-
tion in Figure 2. We observe that most of them have C values
between 2.98 and 3.06. In order to give some references, it
is worth to mention that the Jacobi constant for the two most
representative asteroids of this group has value of C ≈ 3.05021
for (153) Hilda and C ≈ 3.04311 for (1911) Schubart, that the
Jacobi constant of the triangular points L4 and L5 is exactly 3
and the value for the collinear point L3, for the mass parameter
of Sun-Jupiter system, is approximately CL3 ≈ 3.00272.

Here it is worth to mention that in the planar Sun-Jupiter
CRTBP, L3 is a centre × saddle point, which implies that there
exists a continuous family of Lyapunov periodic orbits grow-
ing in the centre direction of the point. This family of periodic
orbits constitutes the centre manifold of L3. Moreover, each
periodic solution in that family has stable and unstable invari-
ant manifolds, that could explain the approaches of Hilda as-
teroids to the neighbourhood of L3. For this reason, in some
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FIG. 2. Histogram of the Jacobi constant, C, for the Hilda asteroids.

occasions the centre manifold of L3 (and its invariant mani-
folds) were thought to be responsible for the dynamics of the
Hilda group of asteroids. However, the Jacobi constant of the
periodic orbits in this Lyapunov family decreases when we
move away from L3, which means that these periodic orbits
(and their invariant manifolds) have a too low value of C to be
related to the Hilda group of asteroids, at least in the frame of
the planar Sun-Jupiter CRTBP.

In order to strengthen the relation between Hilda asteroids
and the values of Jacobi constant in the Sun-Jupiter CRTBP
we plot, in Figure 3, the evolution in time of the Jacobi con-
stant in a restricted planetary N-body problem. All the se-
lected Hilda asteroids, whose coordinates are taken in the year
2020, are propagated forward in time under the gravitational
effect of all the planets and Sun until year 2140. Vertical lines
in purple and in orange correspond to times at which the true
anomaly of Jupiter takes values f = 0 and f = π , respectively.
Then, the value of C has been computed for all of the asteroids
at different times, marking with a black line the medium value
and in green area the interquartile range (IQR). As we can ob-
serve, the Jacobi constant in this realistic model, and at differ-
ent times, varies in the same ranges found for the Sun-Jupiter
CRTBP. Then, it is justified to relate the Hilda asteroids with
the range of C shown in Figure 2.

FIG. 3. Evolution in time of the Jacobi constant for Hilda asteroids
in a restricted N-body problem. Black line marks the medium value
(Q2), blue one the first quartile (Q1) and red one the third (Q3). Green
area corresponds to IQR = Q3 −Q1. Gray lines mark percentiles P5
and P95.

FIG. 4. Up, variation of the C value according to the period T of the
periodic orbits in the family around the first primary in the CRTBP.
Two bottom rows, periodic orbit in the xy-plane, for each pair of
values (T ,C) numbered in the figure above.

A. Periodic solutions

In the CRTBP a family of periodic orbits around the first
primary, the Sun for us, is known to exist, composed by peri-
odic orbits that sweeps a large range of C values, depending
on its period T . This variation is shown in Figure 4, along
with the projection in the xy-plane of four periodic orbits of
the family, to illustrate the different behaviour of the orbits
as the values of C and T vary. Most of the periodic orbits in
this family are stable (coloured in blue in the figure) and some
of them are unstable (coloured in red). For example, when
the period approaches 3π these periodic orbits are unstable.
Moreover, for periods slightly larger than 4π there is a small
window of instability and, for larger values of T , the family
becomes unstable.

In spite of the wideness of this family of periodic orbits, our
interest is focused on a narrow range of C, since, as mentioned
before, the values related to the Hilda group are approximately
between 2.98 and 3.06. Notice that this piece of the family is
stable as shown in Figure 4. In Figure 5, this range is marked
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FIG. 5. Left, surface composed by a continuum of periodic orbits
projected in the xy−plane for the energy range of the Hilda group.
Colour is used to identify each periodic orbit with the corresponding
point in the (T,C) plot at the right, where the variation of the C value
according to the period T of the periodic orbits is shown.

and coloured in a (T ,C) plot, such that the colour is used to
identify the corresponding periodic orbit shown in the left of
that figure. Notice that the plot on the left of Figure 5 shows a
surface composed by a continuum of curves, that corresponds
to the periodic orbit projected in the xy−plane for each value
of the Jacobi constant considered. In this way, a transversal
cut of said surface gives the periodic orbit for a given value of
C. It is observed that for higher values of C, in blue colour,
the shape of the periodic orbit is soft and rounded, meanwhile
as C decreases three peaks approaching the locations of L3,
L4 and L5 appear until the peaks become loops for the lowest
values of the Jacobi constant considered, in red colour.

We also observe this variation of the behaviour of the orbits
according to the value of C when we integrate in the planar
CRTBP the Hilda-type asteroids collected in Figure 2. In Fig-
ure 6 the trajectories of six asteroids at different energy levels
(different values of C) are shown. The orbits are plotted in
black in the xy-plane together with the Lagrangian points, the
primaries (being P1 the Sun and P2 Jupiter) and the forbidden
region for each value of C, marked in grey. The blue shadowed
regions correspond to the areas swept by the asteroid for long
times. There, we observe how (153) Hilda, with the largest
C value of the six considered asteroids, describes a rounded
trajectory around the Sun, meanwhile (2483) Guinevere, with
the lowest C value of the six, clearly approaches and loops
around the locations of L3, L4 and L5.

These different behaviours according to the different val-
ues of C resembles to those exhibited by the periodic orbits of
the family previously described and shown in Figures 4 and
5. The blue shadowed areas swept by the asteroids for long
times, suggest that these asteroids orbit around the periodic
orbits shown in Figure 5. Then, the movement of Hilda aster-
oids in the planar CRTBP seems to be governed by the fam-
ily of quasi-periodic orbits (invariant tori of dimension higher
than 1) that exists around the family of periodic orbits previ-
ously described.

FIG. 6. Trajectories of six different asteroids. From left to right: first
row, (153) Hilda, C ≈ 3.05021, and (1911) Schubart, C ≈ 3.04311,
second row, (499) Venusia, C ≈ 3.02800, and (1038) Tuckia, C ≈
3.00662, and third row, (4446) Carolyn, C ≈ 2.98210, and (2483)
Guinevere, C ≈ 2.96911. See text for further details.

B. Quasi-periodic orbits

To compute the families of two-dimensional invariant tori
we use a Poincaré section so that the intersection of each torus
is a one-dimensional invariant curve. Concretely, we choose
y= 0 as a plane of section and, as the periodic orbits (Figure 6)
cut at least twice this plane, we choose the part of the section
that is between the primaries, so that ẏ < 0. Note that with this
choice we avoid the problem of tangencies and loops cutting
more than once that happens if the section is chosen near L3.
Moreover, the system has a first integral (the Jacobi constant)
so we use it as a parameter of the Poincaré map to lower the
dimension of the section. Therefore, the Poincaré map PC :
Σ → Σ is defined as follows. For each C and each (x0, ẋ0) ∈ Σ,
we obtain the only value ẏ0 < 0 such that (x0,0, ẋ0, ẏ0) has
Jacobi constant C. Then, we integrate the orbit that starts at
this point till it cuts again y = 0 for an x1 value between that
of the primaries (it happens that then ẏ1 < 0). Finally we take
the values (x1, ẋ1) ∈ Σ as the image of the Poincaré map. An
extra advantage of this approach is that, as we will see, we can
use the symmetry (1) of the problem.
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Given a fixed value C for the Jacobi constant, each invariant
curve in Σ, denoted by φ : T → R2, is characterized by its
rotation number ρ . These curves must satisfy the invariance
condition,

PC(φ(θ)) =φ(θ +ρ) for all θ ∈ [0,2π). (14)

Each curve is approximated as a truncated real Fourier series,

φ(θ)≈ a0 +
N

∑
k=1
ak cos(kθ)+bk sin(kθ),

where a0, ak, and bk ∈ R2 are the Fourier coefficients with
k = 1, . . . ,N and θ ∈ [0,2π). At this point, we can impose
the symmetry (1) of the problem, which implies that the x
coordinate is an even function and the ẋ is an odd function.
Therefore, we can reduce the number of unknowns,

x(θ) = ϕ1(θ) = a0 +
N

∑
k=1

ak cos(kθ),

ẋ(θ) = ϕ2(θ) =
N

∑
k=1

bk sin(kθ).

The final number of unknowns is 2N + 2, since ρ is not
known. These unknowns can be solved by imposing the in-
variance condition (14) using a Newton method that involves
a linear system.

For tori close to the periodic orbit this procedure is ex-
tremely fast, because the number of Fourier nodes required
(the value of N) is small and this allows to find the invari-
ant curve along with its rotation number ρ . Therefore, this
is what we have done for some of the tori close to the peri-
odic orbit. However, as we move further away, the number
of nodes increases, and resonances appear, which are not easy
to handle. To avoid these problems, a common procedure to
analyse families of invariant objects in a CRTBP is to perform
Poincaré Section Plots (PSP) for a fixed value of the energy
and a frequency analysis to find the rotation number. As we
will see, the computation of tori will be unavoidable for the
Elliptic RTBP.

This section is devoted to analyse the existence of a family
of quasi-periodic solutions around each of the six selected as-
teroids, shown in Figure 6, by studying a PSP at each of their
energy levels. The spatial Poincaré section that we have used
is the one (Σ) introduced above. Then, for a given asteroid,
we propagate long time its initial conditions and plot all the
intersections to section Σ. Next, we modify its coordinates
such that the energy level, or C value, remains constant and
again look for the crosses of the new trajectory to the defined
section Σ.

In Figure 7, the PSP for section Σ at the energy levels of
the six selected Hilda-type asteroids are shown in descending
order of C value. The curves in red correspond to intersec-
tions of the trajectories of the asteroids with section Σ and
the black ones to intersections of the trajectories in the same
energy level. We observe how each asteroid describes one
closed curve in the (x,ẋ) plane, what indicates that their mo-
tion is trapped in a two-dimensional quasi-periodic solution of

FIG. 7. Poincaré Section Plots (PSP) at the energy level of the six
selected Hilda-type asteroids: (153) Hilda and (1911) Schubart in
the first row, (499) Venusia and (1038) Tuckia in the second row,
and (4446) Carolyn and (2483) Guinevere in the third row. In red
the resulting closed curve for the initial conditions of each of these
asteroids.

the planar CRTBP. Also, we find that each of those solutions
is surrounded by other concentric closed curves, or chain of
closed curves in the same PSP. This is sometimes known as
islands that are surrounded by a “chaotic sea”. This means
that the quasi-periodic solution found for each asteroid be-
longs to a family of two-dimensional quasi-periodic solutions
that grow from a stable periodic orbit, that in the PSP is seen
as a point in the “centre” of these families.

In a PSP, resonances are usually seen as chains of islands,
where the number of islands on each chain gives the order of
the resonance. For example, in the PSP of (153) Hilda, the
first one in Figure 7, we find some sets of 10 islands, which
means resonances of order 10. Meanwhile, in the next PSPs
in the same figure, for the other five selected asteroids, we find
resonances of order 9.

Our goal is to make a general analysis for the Hilda group
of asteroids and not only for the six selected above. However,
since the number of asteroids in the Hilda group, described
in Section I C, is pretty large and each one has its specific
energy level, it is not be feasible to perform a PSP for each of
them. Therefore, we aim to make an analysis grouping them
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by narrow ranges of energy, or similarly, by narrow ranges of
the Jacobi constant.

In particular, we take the ranges in values of C centered
at the values corresponding to the same six Hilda asteroids
shown in Figure 7, and select for each of them the 40-50 as-
teroids closest in energy. All those asteroids in each group are
analysed together in a plot that is similar to a Poincaré Section
Plot (PSP), but for a narrow range of values of C. We refer to
this plot as Thick-Poincaré Section Plot (T-PSP).

Again, we use the section given by Σ as the spatial Poincaré
section, such that for each asteroid, we plot all the crosses
of their trajectories to that section in a (x,ẋ) plane and colour
them according to their C value. Therefore, each colour cor-
responds to a different asteroid. In Figure 8, six of these T-
PSP are presented. The groups of asteroids shown in these
T-PSP have C values centred at the C value of the asteroids
(153) Hilda and (1911) Schubart, in the first row, (499) Venu-
sia and (1038) Tuckia, in the second row, and (4446) Carolyn
and (2483) Guinevere, in the third row.

FIG. 8. Thick-Poincaré Section Plots (T-PSP) for Hilda-type aster-
oids grouped by narrow ranges of the Jacobi constant. Colour corre-
sponds to C value. See text for details.

Analysing the T-PSPs, we observe that most of the asteroids
describe one closed curve on the (x,ẋ) plane, more or less con-
centric. Notice that now each curve in the T-PSP corresponds
to a different asteroid, with slightly different energies among
them, then it is expected the non-exactly concentric aspect in
the T-PSPs when we plot them together. In addition to the as-

teroids that only describe one closed curve, we find that some
of them describe sets of closed curves, denoting the presence
of resonances.

For example, in the first T-PSP of Figure 8, the one centred
at the energy level of (153) Hilda, we observe a chain of 10
islands for one asteroid with C value in blue. Note that, for
the first PSP in Figure 7, the one generated from the energy
level of (153) Hilda, we found the same resonance. Likewise,
looking at the other PSP and T-PSP we find the same correla-
tions, with some small differences due to the slightly different
energy levels of the asteroids in the T-PSP. For the case of
(1911) Schubart the order of the resonance in the PSP was 9,
meanwhile in the T-PSP we find an asteroid in a resonance of
order 10, in turquoise colour. Both, PSP and T-PSP performed
for (499) Venusia, show the resonance of order 9, and a res-
onance of 16 islands inside the one of order 9 is also found
for the case of the T-PSP. Again, the T-PSP centered at (1038)
Tuckia and (4446) Carolyn energy levels, show asteroids in
resonances of order 9, as the ones observed in the PSP at their
exact energy levels. Finally, in the T-PSP for (2483) Guine-
vere a resonance of order 8 is found, meanwhile in the PSP
we found one of order 9.

The fact that, when performing the Thick-Poincaré Section
Plots of the trajectories of a vast number of Hilda asteroids we
see closed curves supports the hypothesis that their movement
is indeed governed by two-dimensional invariant tori. Also,
the T-PSP’s have allowed us to visualise that the behaviour of
this vast number of Hilda asteroids is well represented by the
PSP’s of the six selected asteroids.

Therefore, the next step is to perform a frequency analy-
sis of the two-dimensional quasi-periodic solutions shown in
Figure 7, since they were proved to be good representatives
of the whole group of asteroids. In Figure 9 the family of
2D quasi-periodic solutions for (153) Hilda asteroid energy
level is shown along with a zoom performed around one its
islands, that contains other resonances itself. Now the curve
corresponding to the asteroid is coloured in black and the oth-
ers of the family have different colours to identify them with
the two main resonances shown on the right of the same fig-
ure. This plot shows the variation of the two main frequencies
of the quasi-periodic solutions as they cut the x-axis. Left
vertical axis corresponds to the first main frequency, plotted
in solid line, and right vertical axis corresponds to the second
main frequency, plotted in dash line. The horizontal black line
points the two frequencies of (153) Hilda asteroid. In order to
compute these two frequencies for each solution, we have im-
plemented the frequency analysis described in Appendix A.

Analysing the upper right plot of Figure 9, we observe that
both frequencies have values close to 0.5, consistent with the
fact that these asteroids are close to a 4π periodic orbit (Fig-
ure 5) whose normal frequency is also close to 0.5. It is also
remarkable that the variation of these two frequencies along
the family is limited to a narrow range of values, as shown in
the two vertical axis of the frequencies plot. Resonances are
also clearly identified in this plot, since the variation of the
frequencies along the x-axis suffers some discontinuities and
jumps.

For example, a order 10 resonance, shown in turquoise
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colour in the PSP at the left of Figure 9, has two islands cut-
ting the x-axis at x ≈ −0.74 and x ≈ −0.64, what produces
two small horizontal segments, at the same x values in the
frequency analysis shown on the right of that figure. If we
compute the ratio between the two frequencies of these flat
segments in the plot, we see it corresponds to a rational num-
ber, as it is expected for resonances. Similarly, at x ≈−0.774
(and x ≈ −0.6) we observe a jump in the frequency analy-
sis due to another order 10 resonance, the one coloured in
dark blue. Second row of Figure 9, shows a zoom of an is-
land of the last mentioned resonance on the left, along with
the corresponding frequency analysis on the right. This island
contains other resonances itself, that are also clearly identi-
fied in the frequency analysis. At the “center” of this island,
x ≈−0.774, a point corresponding to a stable periodic orbit is
found, surrounded by 2D quasi-periodic solutions until a six
order resonance (6 islands) appears, producing two disconti-
nuities in the frequency analysis of the right. If we continue
the analysis in the outside direction from the center of the is-
land we find another resonances. Three of them, of orders 13,
20 and 7 are easily to identify, as well as the discontinuities
they produce in the frequency graph. However, as we refine
the PSP in this small area we can find more resonances inside
the island, that displays a really rich dynamics.

FIG. 9. First row left, PSP at the energy level of asteroid (153) Hilda.
Black curve corresponds the asteroid, while colour is used to identify
each curve in the PSP (2D invariant tori of the flow) with its two main
frequencies, shown on the left. Second row, a zoom around one of
the islands of the PSP at left, and the frequency analysis at right. See
text for further details.

Figure 10 shows the same analysis previously described for
the other five selected asteroids. First column shows in black
the intersections with section Σ defined in Section III B of
the trajectories of asteroids (1911) Schubart, (499) Venusia,
(1038) Tuckia, (4446) Carolyn and (2483) Guinevere, from
up to down. The other coloured points correspond to the fam-

ilies of two dimensional quasi-periodic solutions at the same
energy level as each asteroid. At the right of each PSP, second
column, the variation of the two main frequencies of the quasi-
periodic solutions is shown as they cut the x-axis. Again, left
vertical axis corresponds to the first main frequency, plotted in
solid line, right vertical axis corresponds to the second main
frequency, plotted in dash line, and the horizontal black lines
points the frequencies of the asteroids.

The same comments as before about the small ranges of the
frequencies and their closeness to value 0.5 are applicable in
these new plots for the other 5 representative asteroids. Again,
resonances produce some horizontal segments and discontinu-
ities in the frequency analysis, as it was expected.

Therefore, the main conclusion of this section devoted to
the analysis in the planar CRTBP is that the motion of the
Hilda group of asteroids is confined in an island of two-
dimensional quasi-periodic solutions.

IV. ANALYSIS IN THE PLANAR ERTBP

Here we focus on the dynamics of the Hilda-type asteroids
in the planar Elliptical Restricted-Three Body Problem, de-
scribed in Section I B. We can apply directly the change of co-
ordinates described in Section II to our selection of Hilda-type
asteroids, and project them in the horizontal plane z = z′ = 0.

The eccentricity of the ERTBP acts as a 2π time-
periodic perturbation of the CRTBP. Then, under generic non-
degeneracy and non-resonance conditions, the family of peri-
odic orbits of Section III A (Figures 4 and 5) becomes a fam-
ily of two dimensional invariant tori, adding the frequency
of the eccentricity (i.e., 1) to the one of the family. Due to
the resonances, this family has a Cantor structure where the
holes that form the Cantor structure are exponentially small
with the order of the resonance12. For this reason, only low
order resonances can be observed in a double precision cal-
culation. We compute these quasi-periodic solutions in Sec-
tion IV A. Analogously, the two dimensional invariant tori
studied in Section III B for the CRTBP (Figures 7 and 8) be-
come three dimensional invariant tori in the ERTBP, that are
studied in Section IV B, along with the frequency analysis as
we did in the circular case.

A. Two-dimensional quasi-periodic solutions

The first quasi-periodic solutions mentioned, 2D invariant
tori, are defined by two frequencies, one that comes from the
periodic orbit of the CRTBP and other that corresponds to the
time-periodic perturbation. Therefore, we can use the period
associated to one of these frequencies to define a temporal
Poincaré map in which the 2D invariant tori of the flow is seen
as a 1D invariant curve of the map. Typically, the period of
the perturbation is used to define the temporal Poincaré map,
since all the quasi-periodic solutions of the family share this
frequency and hence, it can be used to study the whole family
in the same stroboscopic map.
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FIG. 10. First column, PSPs at the energy levels of asteroids (1911)
Schubart, (499) Venusia, (1038) Tuckia, (4446) Carolyn and (2483)
Guinevere. Black curves correspond to the intersections with Σ of
said asteroids. Second column, frequency analysis of these 2D quasi-
periodic solutions. See the text for details.

We recall that in the ERTBP, the temporal magnitude is the
true anomaly, denoted by f , and the perturbation is given by

the eccentricity of the orbits of the primaries acting with pe-
riodicity in f of 2π . Therefore the stroboscopic map that we
use, denoted by P, is defined as a temporal map corresponding
to values of the true anomaly equal to integer multiples of 2π .

The computation and stability analysis of this kind of so-
lutions is a covered topic and there is not a unique way of
doing so. In particular, we follow the procedures presented
in13–15, since these do not require any particular property of
the invariant curve.

Similarly as the computation of invariant curves in spatial
maps summarised in Section III B, the computation of the in-
variant curves of the temporal map is based on looking for a
representation of the invariant curve,φ :T→R4, that satisfies
the invariance condition

P (φ(θ)) =φ(θ +ρ) θ ∈ T, (15)

where ρ ∈ T is the rotation number of the curve. In this case,
the rotation number is known, since it corresponds to the re-
lation between the period of the periodic orbit in the CRTBP
and the period of the stroboscopic map,

ρ = 2π
ω

ωe
=

4π2

T
, (16)

being ω and T the frequency and period, respectively, of the
periodic orbit in the CRTBP, and ωe the natural frequency of
the ERTBP, that in normalised units of the model is ωe = 1.

The representation that we choose for the invariant curves
is an approximation through a real truncated Fourier series, as
we did in Section III B. Then we apply a Newton method to
Equation (15) in order to find the Fourier coefficients for the
four dimensions of the phase space. Notice that, the symmetry
(8) with respect to the x-axis could be used again to reduce the
number of Fourier coefficients in a half.

Once we have the invariant curves, we analyse their sta-
bility by looking for pairs of eigenvalue and eigenfunction
(λ ,ψ) ∈C× (C(T,C4)/{0}) that satisfies the following gen-
eralised eigenvalue problem,

DxP (φ(θ))ψ(θ) = λΓρψ(θ), (17)

where Γρ denotes the operator Γρ : C(T,C4)→C(T,C4) such
that Γρψ(θ) = ψ(θ +ρ). Again, Equation (17) is solved by
Newton method in terms of the Fourier coefficients.

In practice, we have performed a continuation of the peri-
odic orbits in the CRTBP shown in Figure 5, increasing lit-
tle by little the eccentricity from zero (CRTBP) to the corre-
sponding value in the Sun-Jupiter ERTBP, e ≈ 0.04869. No-
tice that the periodic orbits are also seen as invariant curves of
the stroboscopic map P.

As mentioned in Section III, the periodic orbits in the fam-
ily related to Hilda behaviour are found for a range of val-
ues of Jacobi constant approximately among 2.98 and 3.06,
or similarly, for a range of values of periods approximately
T ∈ (12.2,4π). Then, according to Equation (16), the selected
periodic orbits, become invariant tori that are seen as invariant
curves of the map P with rotation numbers ρ ∈ (π,3.2359)
approximately, meanwhile non-resonance conditions are sat-
isfied. Notice that the resulting family of invariant objects in
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the ERTBP is then a Cantorian family of 2D invariant tori.
However, the gaps in the family are so small (below double
precision resolution) that the family can be considered as ef-
fectively continuous12. Figure 11 left, shows a surface com-
posed by the family of invariant curves of the map P are
shown projected in the xy−plane, such that each transversal
cut to this surface corresponds to a different invariant curve
with its corresponding rotation number. Same figure right,
shows the variation of the rotation number with the cut in the
positive part of the x-axis. As the cut is given for higher values
of x, the rotation number decreases, approaching the resonant
value π .

FIG. 11. Left, surface composed by an effective continuum of invari-
ant curves of the stroboscopic map P in the ERTBP, computed from
the periodic orbits of CRTBP related to Hilda behaviour. The colour
is used to identify each invariant curve of the left with the point at the
(x,ρ) plot in the right, that shows the variation of the rotation number
according to the cut in x-axis of each invariant curve.

In spite of the fact that the surface shown in Figure 11 re-
calls to the surface shown in Figure 5, it must be clear that
the one in Figure 5 corresponds to a family of periodic orbits
of the flow of the CRTBP, meanwhile the one in Figure 11
corresponds to a family of 2D invariant tori of the flow of
the ERTBP, seen as a family of invariant curves of the stro-
boscopic map P . That means that each transversal cut of the
surface in Figure 11 is an invariant curve of P , i.e. a temporal
section of the 2D invariant tori at f = 0 or f = 2π .

In Figure 12 we study just one of those 2D invariant tori.
In particular, is the one with ρ = 3.14878, coming from a
periodic orbit of the CRTBP with T = 12.53796 and C =
3.006373. At the top left, the 2D quasi-periodic solution
is shown in blue for the flow of ERTBP projected in the
xy−plane and being f the vertical axis and in black the invari-
ant curves for specific values of f . At the right and bottom left,
the invariant curves at those values of f are shown together
with the periodic orbit of the unperturbed system, coloured in
purple. In shadowed blue the area in xy−plane swept by the
2D invariant tori for f ∈ [0,2π] is shown.

The stability of these invariant tori has been studied accord-
ing to Equation (17), and we find that these quasi-periodic so-
lutions are elliptic, as the periodic orbits they come from.

FIG. 12. Top left, 2D invariant tori of the ERTBP for ρ = 3.14878.
Right and bottom left, invariant curves of said 2D invariant tori for
different values of the true anomaly, f . See text for further details.

B. Three-dimensional quasi-periodic solutions

This section is devoted to the study of the relation of Hilda
asteroids dynamics to a family of 3D invariant tori in the pla-
nar ERTBP.

Similarly as the analysis of the CRTBP performed to visu-
alise 2D invariant tori by using Poincaré Section Plots con-
straining values of the Jacobi Constant, now we aim to visu-
alise three-dimensional quasi-periodic orbits by performing a
Poincaré Double Section Plot (PDSP). These PDSPs consist
on study the trajectories related to Hilda asteroids in a double
section; one spatial (similar to Σ used in Section III B) and one
temporal, using again a stroboscopic map to take advantage of
the periodicity of time variable in the elliptical model. That is,

Σ f ∗ = { f = f ∗,y = 0; x < 0 and y′ < 0}, (18)

where f ∗ is a prescribed value for the true anomaly, for ex-
ample with f ∗ = 0 the temporal section would correspond to
the stroboscopic map previously used, P . Notice that, a 2D
invariant tori of the flow dynamics is seen as a fixed point of
this double section. And therefore, a closed curve found on
Σ f ∗ corresponds to a three-dimensional quasi-periodic solu-
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tion of the flow of the ERTBP.
To compute the slice of a torus on a double section we take

an orbit on the torus and we compute each cut of the orbit with
f = f ∗ and, if its y coordinate satisfies |y| ≤ δ for δ small
enough (we have used values of δ between 10−5 and 10−4).
Then, with these points we interpolate to compute the curve
in y = 0.

FIG. 13. Left, positions of (153) Hilda asteroid trajectory in temporal
sections f ∗ = 0, π/2, 4π/3, from up to down. Right, intersection of
the asteroid trajectory with the double sections Σ0, Σπ/2 and Σ4π/3,
defined as in (18).

First, we start by visualising the six selected asteroids
shown in Figure 6 in the (x,x′) plane for this PDSP of the
ERTBP. In Figure 13, plots of the (153) Hilda asteroid are
shown. In the first column, its positions are plotted at three
different values of the true anomaly, f ∗ = 0, π/2 and 4π/3.
At the right of each of those plots, the asteroid is shown in
the double section Σ0, Σπ/2 and Σ4π/3, defined as in (18). The
asteroid (153) Hilda describes 10 closed curves in the double
PSPs, showing that its motion belongs to a resonance of order
10. A zoom of one of the islands is included for clarity. For
the value of true anomaly f ∗ = 0, the image in double section
Σ0 is symmetric with respect to the x axis. Meanwhile, those
in Σπ/2 and Σ4π/3 do not present that symmetry.

Figure 14 shows the same plots for asteroid (1911)

FIG. 14. Left, positions of (1911) Schubart asteroid trajectory in
temporal sections f ∗ = 0, π/2, 4π/3, from up to down. Right, inter-
section of the asteroid trajectory with the double sections Σ0, Σπ/2
and Σ4π/3, defined as in (18).

Schubart. Also for temporal sections f ∗ = 0, π/2 and 4π/3.
Again, we observe the symmetry with respect to the x axis
in Σ0. However, now we only observe one closed curve in
the double sections. This same behaviour is found for the
other four asteroids, suggesting that their motion is trapped
in a three dimensional quasi-periodic solution of the flow dy-
namics.

In the CRTBP the points constituting the curves in the PSP
share the Jacobi constant. In the ERTBP there is not a first
integral as in the CRTBP. Therefore there is not an easy way,
nor unique, to generate initial conditions dynamically related
to the trajectory of a given asteroid, in order to plot them to-
gether in Σ f ∗ describing a family of 3D invariant tori to prove
that the asteroid motion is part of said family.

That is our goal, and for achieving it we have designed the
following procedure for the double section Σ0 in order to take
advantage of the mentioned symmetry (8). In spite of the fact
that in the ERTBP there is not a first integral, there is an in-
variant relation that we can use, Equation (7),

C =
2Ω̃

1+ ecos f
−2e

∫ f

0

Ω̃sin f
(1+ ecos f )2 d f −

(
x′2 + y′2

)
,
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FIG. 15. Left column, double sections plots generated using C
value of asteroids (153) Hilda, (1911) Schubart and (499) Venusia.
Black curves correspond to the intersections with Σ0 of said aster-
oids. Right column, frequency analysis of the 3D quasi-periodic so-
lutions at the left.

taking z = 0, since we are studing the planar case.
For each point in the PDSP of the asteroids we can evaluate

this expression. Notice that, as we are interested in its evalua-
tion in the stroboscopic map P, the integral term can be taken
as zero, and the term cos f = 1.

Given the curve for one asteroid in the double section Σ0, C
takes a slightly different value for each point in the curve, tak-
ing the minimum value at the right cross of the axis x (x′ = 0).
Then, we use that point to find the two-dimensional invariant
tori satisfying Equation (15) with that value of C at f = 0,
y = 0, x′ = 0. This 2D invariant object is seen as a fixed point
of the double section Σ0.

Once we have that point, new initial conditions are gener-
ated in the double section along the axis x (x′ = 0), by in-
creasing x and modifying y′ such that C value remains. The
initial conditions are propagated in the ERTBP for long spans
of time saving the crosses to the PDSP in Equation (18). For
each of the initial conditions we find one closed curve, or set
of closed curves, in the (x,x′) plane. All together constitute
a family of three-dimensional quasi-periodic solutions where
the motion of the Hilda asteroids takes place.

In Figures 15 and 16, the double section plots for the

FIG. 16. Left column, double sections plots generated using C value
of asteroids (1038) Tuckia, (4446) Carolyn and (2483) Guinevere.
Black curves correspond to the intersections with Σ0 of said aster-
oids. Right column, frequency analysis of the 3D quasi-periodic so-
lutions at the left.

six families of three-dimensional quasi-periodic solutions are
shown. In both figures, left collumn show in black intersec-
tions of the trajectories of the six asteroids with the double
section Σ0, and the other points, in colour, correspond to the
families generated through the procedure explained above.
Moreover, we have also computed the frequencies of these
quasi-periodic solutions (see Appendix A for details). At the
right of each PDSP, the variation of the two main frequen-
cies of the quasi-periodic solutions for each family is shown
as they cut the x-axis. Left vertical axis corresponds to the
first main frequency, plotted in solid line, and right vertical
axis corresponds to the second main frequency, plotted in dash
line. Notice that one of the three frequencies defining these 3D
quasi-periodic solutions, has to be equal to frequency of the
perturbation, that is 1 as shown in Table I. In the frequency
plots, the horizontal black lines are used to indicate the two
main frequencies of the asteroids. Note that, as (153) Hilda
asteroid does not cut the x-axis in Σ0, its two main frequen-
cies can not be pointed out in the plot.

Similarly as we observed in Section III B, the motion of
the six representative asteroids of the Hilda group seems to
be contained in families of quasi-periodic orbits, whose main
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frequencies are restricted to small ranges of values close to
0.5, that is, close to the 4π resonance.

V. CONCLUSIONS

Actual classification of asteroids is based on their orbital el-
ements, analysed through the two-body problem. This is ade-
quate when the orbit of the asteroid is close to Keplerian, how-
ever, as some asteroids are significantly perturbed by other
massive bodies in the Solar system, their orbital elements suf-
fer variations in time. This can lead to the misclassification of
these asteroids.

A classification of asteroids according to their dynamics
in the Circular Restricted Three-Body Problem seems to be
a better approximation to reality than the two-body problem.
Therefore this paper is a first step in this direction. Through
the definitions of different Poincaré maps, we have presented
how dynamics of Hilda group of asteroids is contained in is-
lands of two-dimensional quasi-periodic solutions surrounded
by a chaotic sea. A frequency analysis has allowed us to de-
termine the frequencies of these quasi-periodic motions.

In order to validate the results obtained in the frame of
the planar Circular RTBP, we have analysed the dynamics of
Hilda asteroids in the frame of a planar Elliptical RTBP, to ac-
count for the main perturbation on the CRTBP, that is the non
circular motion of the primaries. ERTBP constitutes a 2π pe-
riodic perturbation of the CRTBP, where the family of 2D in-
variant tori studied in the the circular case become (under non
resonance conditions) 3D invariant tori. These 3 dimensional
solutions have been studied through double sections, showing
again how dynamics of Hilda-type asteroids is contained in
the described islands, even with the same main frequencies as
the ones obtained in the circular case. Therefore, we consider
that the analysis performed for the Circular RTBP allows to
better identify the members of a group of asteroids.

We are currently working in an extension of this procedure
to analyse other groups of asteroids. Besides, we are inter-
ested in developing a similar study for spatial models, in order
to take inclinations of asteroids into account.
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Appendix A: Frequency analysis

Frequency analysis is a well-known numerical method to
identify quasi-periodic motions and to compute their frequen-
cies. It was introduced by J. Laskar in18 and since then it
has been used, among other things, to distinguish regular and
chaotic zones, and to estimate the amount of diffusion through
resonant channels19,20. Here we have used the refinement of
the frequency analysis method that was introduced in16,17,21.
This refined method is an iterative procedure that, at each iter-
ation, computes the frequencies with amplitude greater than a
given threshold. This threshold is decreased at each iteration,
up to a prescribed minimum value. Each iteration consists of
three steps: in the first step the frequencies are approximated
by looking at the peaks of the moduli of the discrete Fourier
transform of the signal (using a Hanning filter to reduce leak-
age), in the second step the amplitudes corresponding to the
previous frequencies are computed by a collocation method
(that leads to solve a linear system) and, in the third step, the
same collocation method as before is used again but now to
recompute both frequencies and amplitudes (now by solving
a nonlinear system by means of a Newton method). At each
iteration, the first step is applied to the initial signal minus its
current approximation by a trigonometric polynomial, while
in the second and third steps the collocation is done using the
full signal and all the frequencies and amplitudes found at the
moment. See16,17 for more details. To detect which aster-
oids seem to have a quasi-periodic motion and to obtain their
frequencies, we have proceeded as follows. Given the ini-
tial positions and velocities of the asteroid, we have integrated
its motion (in the CRTBP and ERTBP) by means of a Taylor
method22 with a local threshold of 10−16, producing a table
of values for the positions of the asteroid each unit of (adi-
mensional) time. If the trajectory collides with Sun or Jupiter
(here by collision we mean that the position of the asteroid is
“below the surface” of Sun or Jupiter, that is, its distance is
lower than their physical radius) we stop the integration and
we discard the asteroid as having quasi-periodic motion. If the
asteroid does not collide, we keep the integration up to a final
time of 220 ≈ 106 units, which means that we have produced
a table of 220 positions, that is given to the frequency analysis
algorithm. If the output of the algorithm is a set of frequencies
and amplitudes that match the input data, we accept that the
motion is quasi-periodic.

If the motion is quasi-periodic we focus on the 10 fre-
quencies with larger amplitude. In the ERTBP, we expect
to find the frequency 1 (this is the perturbing frequency due
to the eccentricity of Jupiter) plus two other frequencies that
come from the CRTBP, being the remaining frequencies in-
teger combinations of these three. It is easy to check the ac-
curacy of these integer combinations as an additional test of
accuracy of the computed frequencies. As example, Table I



A dynamical study of Hilda asteroids in the Circular and Elliptic RTBP 16

Circular RTBP Elliptic RTBP
ω1 0.505380468452381 ω1 0.502553031126153
ω2 0.455882184798376 ω2 0.451787121788286
ω3 0.554878752106385 ω3 0.553318940463982
ω4 1.010760936904762 ω4 1.005106062252308
ω5 0.604377035760396 ω5 1.000000000000000
ω6 0.406383901144371 ω6 0.497446968873846
ω7 0.961262653250759 ω7 0.401021212450444
ω8 2.071020157463529 ω8 0.604084849801795

TABLE I. The first eight frequencies (sorted by amplitude) for (153)
Hilda in the Circular RTBP (left) and the Elliptic RTBP (right). See
the text for details.

contains the first 8 frequencies for (153) Hilda in the CRTBP
and the ERTBP. Let us focus first on the CRTBP case. If
we choose ω1,2 as basic frequencies of the motion, the re-
maining frequencies have to be integer combinations of these
two. We look for these combinations to have an estimate of
the accuracy of the computations. So, |ω3 − (2ω1 −ω2)| ≈
10−15, |ω4 −2ω1| ≈ 10−15, |ω5 − (3ω1 −2ω2)| ≈ 5×10−15,
|ω6 − (−ω1 + 2ω2)| ≈ 10−15, |ω7 − (ω1 +ω2)| ≈ 2× 10−15

and |ω8 − (5ω1 − ω2)| ≈ 10−15. Similarly, in the Elliptic
RTBP it is natural to choose, as basic frequencies, ω1,2 plus
ω5: ω1,2 are close to the frequencies of (153) Hilda in the
circular RTBP and ω5 is 1, the frequency of the eccentric-
ity of Jupiter in the Elliptic model. Here, we have that
|ω3 − (2ω1 − ω2)| ≈ 3.8 × 10−14, |ω4 − 2ω1| ≈ 2 × 10−15,
|ω6−(−ω1−1)| ≈ 10−15, |ω7−(−ω1+2ω2)| ≈ 2.5×10−14

and |ω8 − (3ω1 − 2ω2)| ≈ 9.2× 10−14, where in the combi-
nation to approximate the frequency ω6 we have written 1
instead of ω5. The total computation time (numerical inte-
gration plus frequency analysis) to obtain Table I is of 10 sec-
onds for the RTBP column and of 15 seconds for the Elliptic
RTBP column on an Intel(R) Xeon(R) Silver 4214R CPU at
2.40GHz.
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