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Abstract

This paper contains a proof of the Nekhoroshev theorem for quasi-
integrable symplectic maps. In contrast to the classical methods, our
proof is based on the discrete averaging method and does not rely on
transformations to normal forms. At the centre of our arguments lies
the theorem on embedding of a near-the-identity symplectic map into
an autonomous Hamiltonian flow with exponentially small error.

Keywords— Symplectic maps, Hamiltonian systems, Nekhoroshev theorem,
stability, near-the-identity maps, discrete averaging

1 Introduction

If a quasi-integrable Hamiltonian system satisfies suitable non-degeneracy assump-
tions, the KAM theorem states that invariant tori occupy the major part of the
phase space and the Lebesgue measure of the complement to the set of the tori
converges to zero when a perturbation parameter vanishes [2, [6, 19, 24]. This
complement is dense in the phase space. Moreover, if the number of degrees of
freedom is three or larger, the complement is a connected set. Therefore, in con-
trast to the case of two degrees of freedom, the KAM theory does not prevent



existence of trajectories which may travel large distances inside an energy level.
This phenomenon is known under the name of Arnold diffusion [I]. The maximal
speed of Arnold diffusion is bounded by Nekhoroshev estimates [21], which state
that action variables oscillate near their initial values for exponentially long times.

Hamiltonian perturbation theory studies both systems of Hamiltonian equations
and symplectic maps. A 2d-dimensional symplectic quasi-integrable map can be
seen as an isoenergetic Poincaré section of a Hamiltonian flow with d 4+ 1 degrees
of freedom [I3], and a Nekhoroshev theorem for maps is usually derived from a
Nekhoroshev theorem for flows, for example, from the results of [I5], although
direct proofs for maps are also available (see e.g. [11]).

In the literature one can find two different strategies for proving a Nekhoroshev
type estimate. The first strategy, originally proposed by Nekhoroshev [21], 22],
relies on a careful study of normal forms for resonances of all possible multiplicities.
An alternative strategy was proposed by Lochak [14] who showed that the analysis
can be restricted to resonances of the highest multiplicity only. In the convex case
both strategies lead to optimal stability coefficients [15] [23].

In this paper we provide a new proof of the Nekhoroshev theorem for quasi-
integrable symplectic analytic maps under the convexity assumption, without re-
ducing the problem to a Hamiltonian flow. A part of our proof follows the Lochak-
Neishtadt approach [I5] but, in contrast to the traditional approach, our method
does not rely on transformations to normal forms. Instead we propose a direct
reconstruction of slow observables from iterates of the quasi-integrable map in
original coordinates with the help of a discrete averaging method. Our construc-
tion can be applied to an individual map and provides explicit values for constants
in the estimates. Therefore, our method can be used for numerical analysis of
Arnold diffusion and for developing new tools for visualisation of the dynamics
[10].

Our proof of the Nekhoroshev theorem includes a refined version of classical Neish-
tadt’s theorem [20] which may be of independent interest. Neishtadt proved that
if a member of a smooth near-the-identity family of analytic symplectic maps is
sufficiently close to the identity, then it can be approximated by an autonomous
Hamiltonian flow with an exponentially small error. Neishtadt’s proof relies on
representing the maps as time-one maps of time-periodic flows and classical av-
eraging. Alternatively the theorem can be proved using Moser’s analysis of the
formal interpolating flow [4, [I8]. By contrast, our construction is applicable to
individual maps. We will show that the approximation error can be controlled by
the ratio of two natural parameters: one characterises the size of a complex neigh-
bourhood where the map is close to the identity and the second one is the distance
from the map to the identity in a suitably chosen norm. Our construction is based
on the discrete averaging and has an additional important advantage: the con-
struction is explicit in terms of iterates of the map and can be easily implemented



numerically [10].

The paper is organized in the following way. Section [2| presents the statement of
the Nekhoroshev theorem and explains its derivation from the analysis of stability
near fully resonant tori. Section [3| contains a proof of some elementary bounds
and explains the strategy of our proof. Section {4| contains the necessary details of
the theory of interpolating vector fields. In Section [5| we prove our refined version
of Neishtadt’s theorem, the embedding theorem of a near-the-identity map into an
autonomous Hamiltonian flow up to an exponentially small error. The exponential
bounds for stability time are proved in Section [} In this way Sections [ [f] and [6]
represent a self-contained proof of the Nekhoroshev theorem stated in Section
Finally, in Section [7] we consider a small region around a resonance, that we called
a nucleus of resonance, and discuss some improved bounds for stability times in
these regions of the phase space. In particular we discuss how the stability times
scale when ¢ approaches zero. Our final comments and conclusions are given in
Section [§

2 Nekhoroshev theorem for a near-integrable
map

The main object of this paper is a one-parameter family F. : (I,¢) — (I, ) of
real-analytic exact symplectic maps of the form

I=1+e¢a(l,p), )
o=p+w)+eb(l,p) (mod1l),

where the functions a,b are periodic in ¢ € T¢ = R?/Z%, I is a vector in R?

and ¢ > 0 is a perturbative parameter. At ¢ = 0 the map is integrable and
Ey: (I,p) — (I,p) is simply given by

=1 )
p=¢+w() (mod1l).

Obviously the variable I remains constant along trajectories of Fy and the equation
I = Iy defines an invariant torus with the frequency vector w(ly). Trajectories
of F. with very close initial conditions are capable of separating from each other
exponentially fast with stability times 77, ~ e~'/2, a natural Lyapunov time for the
system. The Nekhoroshev estimates address substantially longer timescales. Given
an initial condition (Ip, po) let (Ix, r) = F¥(Io, ¢0), k € Z, be the corresponding
trajectory. A Nekhoroshev estimate states that, for || < eq,

|I, — Ip| < R(e) for |k| < T,
where the radius of confinement R(¢) = O(e”) and the stability time 7. ~
exp(c/e®), for suitable stability exponents 0 < «, 5 < 1.
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It is well known that the long time behaviour of trajectories is sensitive to the
smoothness class of the map F; [3] [7, 8 [I7]. In this paper we assume that F is
real-analytic although some of our arguments are applicable to other smoothness
classes. Without loosing in generality we assume that F. is real-analytic in B x T,
where Br C R is a ball of radius R > 0 centered at some point of R%. We assume
that for all ¢ with 0 < e < gg, the lift of the map have an analytic continuation
onto the complex neighbourhood D of B x R¢ given by

Dy = { (I,9) € C2 . dist(I, Br) < o, |Im(e)| < r } (3)

for some o,r > 0 independent of €. We hide the dependence of a and b on ¢ to
simplify notations. Our proof is not sensitive to the nature of this dependence and
it is sufficient to assume that supremum norms of a and b are bounded uniformly
in €.

It is also well known that the long time stability of action variables I depends on
the properties of the unperturbed frequency map w [4, 12} 2], 22]. Since the map
is symplectic, w is a gradient of a scalar function. We assume that w = h{, where
the function hg is strongly convex on the intersection of Dr with the real subspace,
i.e. there is v > 0 such that for every real I in the domain of hy one has

hi(I)(v,v) = (W' (I)v) v >vov- v (4)

for all v € R%. The convexity assumption means that v is a lower bound for the
spectrum of the Hessian matrices h{j(I) for real values of I. Note that a function
hg is strongly convex on a convex set iff for any I, J

(ho(I) = ho() - (I =J) =2 v (I =J) - (I—J) (5)
with the same convexity constant v.

Under these assumptions we will prove the Nekhoroshev estimates with optimal

exponents o = 3 = ﬁ

Theorem 2.1 (Nekhoroshev theorem). If a real-analytic exact symplectic map F
satisfies the assumptions stated above and hy is strongly convex on a real neighbour-
hood of Br, then there are positive constants ci,ca,cs such that for every initial
condition (Io, pg) € Br x T¢ one has

[T, — Ip| < cret/2(d+1) for 0<k<T.=cyexp (035_1/2(d+1)) .

We derive the Nekhoroshev theorem from a statement which provides more detailed
information about the stability of actions.

Theorem 2.2 (long term stability of actions). Under the assumptions of the
Nekhoroshev theorem, there are constants o > 0 and ro € (0,1) with the fol-
lowing property. For every v > ~g there are positive constants €qg, co,c3 such that
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if0<e<egy, n< e=4/2(d+1) " 4nd I, € By corresponds to a fully resonant unper-
turbed torus with nw(I,) € Z2, then any trajectory with initial conditions satisfying
|To — L| < ropn and oo € T satisfies the inequality

(i = L] < pn for 0<k<T.=coexp <C3€_1/2(d+1)) ,

where p,, = yn~tel/2(d+1)

Note that we will provide explicit expressions for v¢ and 7g.

In order to derive Theorem 2.1 from Theorem we use the ideas of Lochak
covering to show that the balls |Iy — I.| < ropy, cover all initial conditions. Our
arguments use the Dirichlet Theorem on simultaneous approximations in a way
similar to the papers [14, [15] [16].

Theorem 2.3 (Dirichlet [9]). For any w € R% and any N > 1 there are w, € Q¢

and n € N such that n < N, nw, € Z% and |w — w,| < Nl/d

If the frequency map w : I — h{(I) is defined by a strongly convex function ho,
we can prove a similar result in the space of actions.

Lemma 2.4. Let a conver set Us C R? be a 6-neighbourhood of a set U C RY.
If hy is strongly convex in Us with parameter v, then there is Ng = No(v,d) such
that for any N > Ny and any Iy € U there is a point I, € Us and n € N such that
n < N, nw(l,) € Z¢ and

Vd

Proof. Using the strong convexity of the function hg in the form we get
w(l1) = w(l2)l2 [ = I2l2 > (w(I1) = w(l2)) - (I1 — I2) 2> V|1 — D[

for all I1,Is € Us and consequently |w(I1) — w(l2)|2 > v|I1 — I2|2. For the sake
of convenience we use the Euclidean norm in this bound. It follows that I; # Iy
implies w(I1) # w(I2) and consequently the map w : Us — w(Uy) is bijective.

Now let Iy € U and N € N. The Dirichlet theorem implies that there is w, € Q¢

such that nw, € Z? for some n < N and |w(ly) — w,| < n~' N~V We note that

if |[Ip — I| < 6 then
|w(Zo) — w(L)]

(I) — w(L)|2 > L

v v
> \w 7’[0 7’[0 — I*‘
f Vd Vd
Consequently, if n !N~V < pd=1/2§ then wy = w(I,) for some I, with |Iy — L] <
0. Let N, Yd _ q=1/25. Then for any N > Ny there is I, € Us such that
nw(l,) € Zd for n < N and



We conclude that if Eg/g(dﬂ) < 1/Ny and ~yoro > Vdv~1, then the balls B(I.,ropn)
with n and I, such that n < e~ %24+ and nw(I,) € Z? cover Br. Consequently
every initial condition belongs to a neighbourhood of a resonant torus I = I,
where the stability bounds of Theorem [2.2] are applicable and Theorem [2.1] follows
immediately. We note that there is no claim of uniqueness for I, and some initial
conditions may belong to several zones of stability.

3 A priori bounds and strategy of the proof

The n'? iterate of the map F. can be written explicitly in the form

n—1
In - IO +¢€ 2 Cl(]k, Sok)a
k=0
n—1 n—1 (6)
on =00+ > w(li)+e Y (I 0r),
k=0 k=0

where (Iy, o) = Fe(Ix—1,vk—1) denote points on the trajectory with initial con-
ditions (I, po). We can slightly overload our notation by assuming that the angle
component in this formula is computed without taking the angle modulo one. We
hope that this will not create too much confusion as the functions a and b are
periodic in . The following simple lemma implies that trajectories of F. follow
rather closely trajectories of the unperturbed integrable map Fy for times much
shorter than T}, ~ e~ 1/2.

Lemma 3.1 (a priori bounds). Suppose that the map F. has an analytic contin-
uation onto the complex domain Dp and n € N. If (I, ox) € D for 0 < k < n,
then

|1, — Iy| < Cyne, lon — o — nw(Ip)| < Cyn’e. (7)

where C1 = ||a|| and Cy = %Hw’HHaH + ||

Proof. Since the iterates of the initial point belong to Dp the triangle inequality
implies that |I,, — Iy| < nellal|. Then

n—1
|on — o = nw(lo)] < Y w(lx) — w(lo)| + neb]
k=0
n—1
< Jw'|| Y 11k = To| + nelb]
k=0
n—1 n2E
< [lw'|| Y kellall + nellb]| < 5 &/ IHlall + nello]
k=0
and the desired estimate follows immediately as n? > n. O



In a way similar to Lochak-Neishtadt’s proof of the Nekhoroshev theorem [I5], we
analyse dynamics in carefully chosen neighbourhoods of unperturbed tori bearing
periodic motions. Let nw(I,) € Z¢ for some n € N and I, € R%. The equation
I = I, defines a torus filled with periodic orbits of the integrable map Fy. The
point I, corresponds to a resonance of the maximal multiplicity because the set
{reZ:r-w(.)=0(mod 1)} contains the d-dimensional sublattice nZ.

Since nw(I,) € Z* we can consider another lift of F* defined by the equation

fan : (107900) = (Ina(Pn - nw(I*))' (8)

Of course, the maps F[* and f!' define the same trajectories when the angle vari-
ables are considered modulo one. In order to prove Theorem we restrict our
attention to n < N, with

N, = gfd/Q(CH’l)’ (9)

and study the dynamics of f' on the domain

Do(I,) = B(I,, pp) x R? (10)
where the radius of the ball p,, = p./n with

e = ,yNgl/d — ~el/2(d+1) (11)
and « is a constant independent of n and €.

For ¢ = 0 the map takes the form
fo + (L) = (Lo 4 nw(I) — nw(ly)).

Consequently the set defined by I = I, consists of fixed points. It is also easy to
see that f{' coincides with the time-one map of the integrable flow defined by the
Hamiltonian function

hn(I) = n(ho(I) — ho(L.) —w(Iy) - (I — 1.)).

Using Lemma we will check that in D(I,), a suitable complex neighbourhood
of Dy(I), the lift fI is close to the identity.

In Section [5| we prove a refined version of Neishtadt’s theorem which establishes
explicit bounds for the error of approximation of a near-the-identity symplectic
map by an autonomous Hamiltonian flow. In Section [6.1] we will check that this
theorem can be used to show that fI' is exponentially close to the time-one map
of a Hamiltonian flow X,, = JVH,, where J is the standard symplectic matrix.
Here the subscript m refers to the fact that H,, is obtained from an interpolating
vector field based on m consecutive iterates of the map fI'. We will use m ~ 1/,
where €, is the distance from f? to the identity map in D(I,). Then in Section [6.2]
we will show that
Hm(1,¢) = hn(I) + wnm(1, ¢),
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where the perturbative term w, ,, is negligible for the purpose of the stability
analysis. The convexity of hg and the Taylor formula imply that

svn|I — L < hp(I) < &||n"||n|I — L.

These inequalities imply that there is 79 € (0, 1) such that if I € B(I.,ropy) then
the corresponding energy level set of H,, is located inside B(I, p,). Consequently,
the trajectories of the Hamiltonian flow which start in the smaller ball will never
leave the larger one. Then we can easily conclude that a trajectory of the map
is trapped in such a neighbourhood for exponentially long times as one iterate
of fI' changes the energy by an exponentially small quantity. So we will need
exponentially many iterates to reach a change in the energy needed to leave the
domain. While the action coordinates remain in B(I,, p,) the oscillations of I will
not exceed the diameter 2p,, = 2vye!/2(d+1) /m. This completes the sketch of proof

of Theorem (2.2]).

Remark 3.2. The choices of N. and p. originate from the following reason-
ing. The distance to the identity in the angle component of fI' is proportional
to np, = ps. Using Theorem we will get interpolation error of the order of
O(exp(—c/pe)). In order to achieve longer stability times we would like to reduce
pe. Then we also get sharper estimates for changes in actions. On the other hand,
there are two factors which limit our ability to decrease pe.

(1) In the Hamiltonian H,, the integrable part (represented by h,, which depends
on I only) is to dominate wy, m ~ ne. The integrable part is approzimately
quadratic in actions, i.e. hy, ~ np2. Therefore we need np? > ne for all
n < N or equivalently

Pe > et/ 2N5.

(2) The sizes of pn are to be sufficiently large to ensure that the balls B(I, py)
cover all actions. It is sufficient to assume

,0€>>N6_1/d.

The sharpest bounds are achieved when these two restrictions are of the same order
in e. In particular we can choose N, = g~ %/2(d+1),

4 Interpolating vector fields

The interpolating vector fields were originally introduced in [10] and used to ap-
proximate dynamics of a near-the-identity map by the flow of a vector field X,,
obtained by taking a weighted average of several consecutive iterates of the map.
In this paper we use a similar construction based on the Newton interpolation
scheme which uses the forward orbit zg,...,z,, for the construction of X,,(zo).



We will show that this interpolation scheme is sufficiently accurate for our proof
of the Nekhoroshev theorem.

Let us describe the construction of an interpolating vector field X,,. Let U C R?®
be an open domain, f : U — R? a real analytic function and m € N. Suppose
that there is a subset Uy C U such that f*(Us) C U for 0 < k < m. Then the
iterates x = fF(xq) are defined for all £ < m and zg € Uy. There is a unique
polynomial P,,(t;z¢) of degree m in ¢ such that P, (k;x¢) = zf for 0 < k < m.
The interpolating vector field is defined by

8P(0;a:0)

Xm(x(]) = ot

The polynomial P,, can be obtained with the help of the Newton finite-difference
interpolation scheme. Consider the following finite differences:

Ao(z) =z, Ag(z) = A1 (f(x)) — Ag—1(x), k> 1. (12)

Then the Newton interpolating polynomial with equally spaced data points and
step h = 1 takes the form

Py (t; o) = zo + i Aklilgg())t(t —1)...(t—k+1).
k=1 )

Differentiating P, (¢; xo) with respect to ¢t at t = 0, we get

(=)
Xon(z0) = Z TAk(xO)- (13)

k=1

Remark 4.1. We say that X,, is obtained by application of a discrete averaging
procedure to the map f as the sum in is a weighted average of xg,...,Tm.
Namely

Xon(w0) = 3 e f(20) (14)
k=0

where the coefficients ppi do not depend on the map and can be found explicitly:
Pmo 1S the harmonic number and for k > 1

P = (=1) km+1) \ k

We skip the derivation of these coefficients.

This construction can be applied not only to a single map f but also to a family of
maps. In the case of a tangent to the identity family, we can use the interpolation
procedure to recover coefficients of a formal embedding into a formal vector field.



Let us state our claim more formally. Let U C R® be an open set. Suppose that
fu : U — R% is an analytic family tangent to the identity. In other words, the
maps are defined on U for |u| < po and fy is the identity map, fo(x) = = for all
x € U. Since the set U is open, for every zg € U and every m € N we can find
fm (o) > 0 such that =5, = f{f(mo) € U for all |u| < pm(zo) and |k| < m. Then the
interpolating vector field X, is an analytic function of x and p in a neighbourhood
of x = x¢ and g = 0. The following lemma shows that the Taylor expansion of the
right-hand side of in powers of u coincides with the formal vector field up to
the order m.

Lemma 4.2 (formal interpolation). There is a unique sequence of analytic func-
tions g : U — R®, k € N, such that for every m € N and every x € U

ful@) = g, (x) = O(u™)

where (I)le is the time one-map of the vector field Gp, = Y j-y wFgr. Moreover,
the interpolating vector field of order m satisfies

Xu(2) = Gin(2) + O(™).
Proof. Let x € U. Then f,(z) = 2 + > 5o, u* fx(z). The radius of convergence
may depend on z.

For any sequence of coefficients gi, the time ¢t map of the vector field G,, is an
analytic function of p in a neighbourhood of x provided ¢ is sufficiently small,

oo
Py m(l’) = Zﬂkam,k(ﬂf>t)~
k=0

The flow is a solution of the initial value problem
9Py, (z) = Gm (Dl (2)), Y, (7) =z

The initial condition implies ag(z,0) = x. Since the series G, starts with k = 1 the
differential equation implies that dag(x,t) = 0 for all t. Consequently, ag(z,t) = x
for all t.

The initial condition implies ag(z,0) = 0 for k£ > 1, and the differential equation
with ¢ = 0 implies that diax(x,0) = gi(z) for 1 < k < m. Collecting the terms of
the first order in u we get

oy (z,t) = g1(x).

Consequently aq(x,t) = g1(x)t. Using induction in k and collecting Taylor coef-
ficients of order k in p, it is not too difficult to prove that ap(z,t) are defined
uniquely and are polynomial in ¢ of order k with coefficients depending on .
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Moreover for k < m we get ay(x,t) = tgr(z) + t*bg(x,t), where b depends on
g1, .-+, gr—1 only. Therefore for k < m we can set

gk(z) = fr(x) — b(z, 1)

and get ag(z,1) = fr(z).

It is easy to check that if we repeat the procedure with m replaced by m + 1 the
values of a; with k < m are not affected. Consequently, the series gi are defined
uniquely for all k.

The smooth dependence of a flow on its vector field implies that, for any x € U,
m .
of, () = > plaj(a,t) + p" ez, t, )
§=0

where 7, is a bounded function in V = B,(z) x [0,m] x {|p| < pm(z)} and r > 0
depends on x and m. Consequently, for all 0 < k < m, @gm and f}j have a common
m-jet in u at the point x and

we = fi(x) = ¢, (20) + 1™ gk (w0, 1)
where ¢y, 1, is a bounded function on V. Combining these two bounds we obtain

m

2= 3 wlas (w0, k) + 1" (@ a(@0, 1) + (@0, b 1)
j=0

The interpolation by a polynomial of degree m is exact on polynomials of degree
m. Consequently,

Pp(t) = Zujaj (xo,t) + umHRm(xo, t)
=0

where Ry, (zo,t) is the polynomial of degree m in ¢ which interpolates the points
dm k(To, 1) +7m (z0, k, 1) with the node t = k and 0 < k < m. Taking the derivative
at t = 0 we get

Xon(@) =Y plaj(@,0) + p™ ' Ry (20,0) = Gro(2) + p™ ! Ry (20, 0),
j=0
where, by , we get
By (2,0) = pok (Gt (@, 12) + 1 (2, K, 1)) -

k=0

Hence R,,(x,0) is bounded on V and X,,(z) = G (z) + O(p1). 0
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5 Embedding a symplectic near-the-identity
map into an autonomous Hamiltonian flow

Suppose that a symplectic map f is e-close to the identity on a complex J-
neighbourhood of Dy € C2¢. The following theorem shows that if the ratio 6/¢
is sufficiently large then an interpolating vector field of optimal order m ~ /e
provides exponentially accurate approximation for the map f. In contrast to the
classical result of Neishtadt [20] our theorem provides explicit expressions for all
constants. Therefore our theorem can be applied not only to members of a near-
the-identity family (where we are able to decrease ¢ when necessary) but to an
individual map as well. This subtle difference will play the key role in our proof
of the Nekhoroshev theorem.

Let Dy € C2* and D be a §-neighbourhood of Dy. Suppose that a symplectic map
f:(p,q) — (P,Q) admits a generating function of the form

G(P7Q):Pq+S(P7Q)7 (15)

i.e., the map is defined implicitly by the equations

oS oS
=P+ —(P = —(P,q).
p +aq( q), @=a+55(P0q)
We assume that S has an analytic continuation onto D and we use
€= HVSHD: sup max{ |P—p|,|Q—q|}
(Pg)eD

to characterise the closeness of f to the identity. Our definition is slightly different
from the traditional one where the supremum is taken over the domain of the map
while we use the domain of its generation function. Our choice slightly simplifies
analysis of transitions between a symplectic map and its generating function.

In the following theorem we use the infinity norm for vectors and supremum norms
for functions. We use |-| to denote the integer part of a number.

)
Theorem 5.1. If m = 6o dJ > 1 and X, is the interpolating vector field
ee

of order m, then || X,,||p, < 2¢ and
[@x,, — fllp, < 3e“eexp(—d/(6ee)),

where Dy is the g—neighbourhood of Dg. Moreover there is a Hamiltonian vector

field X such that
| X — XD, < 4eleexp(—8/(6ee)),

and
1@ — fllp, <5 eteexp(—5/(6ec)).
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Moreover, | X || p, < 4¢ and

662

| X = IVSlp, < — (16)

where ¢ = 17(d + 3)? and J is the standard symplectic matriz. |I|

Remark 5.2. We also prove the following statements about interpolating vector
fields. Under the assumption of the theorem for every m such that

1)
1< — —d
_m<6€

the following inequalities hold: || X ||p, < 2¢, | Xmllp, < 4e,

||¢X'm - fHDO S 3C$€m+17
1@, — fllp, < 5CHe™,

HXm - XmHDl < 4C:nn€m+17

where Cp, = w. These bounds show that X,, provides an embedding of the map
into a flow with O(e™+1) error. The exponential bound is obtained by choosing m to
minimize the error bound. The best approximation of the map by an interpolating
flow is achieved when m = 0 /6ee. This step is possible due to the explicit control
of the constants in the error bounds.

Proof. We consider the map f as a member of a family of symplectic maps f,
defined implicitly by the generating function

Gu(P,q) = Pq+ puS(P,q)

where p is a complex parameter. When p = 1 the map f,, coincides with f. When
p = 0 the map f, is the identity. Therefore this family interpolates between f and
the identity map & : (p,q) — (p,q). Obviously the function G, is analytic in the
same domain D as the function S.

First we are going to prove that if zo € D1, k € N and

5
< = -
il < 2(k +d)’

then z;, = f/j(mo) € D and ‘:rk - xk_1| < |ule. Indeed, let zx = (pk,qx), the
trajectory is defined by the system

08
Pr-1 = P+ p - (Pr, Gh-1),
! (17)

qr = qk—1 MaP Pk, qk—1)-

!The constant in the estimate is not optimal. It is obtained using the interpolation
of the first order and can be improved using a more accurate approximation for H,,.
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In order to find pi we need to solve the first equation. Then we substitute the
solution into the second one. The Implicit Function Theorem implies that the
system with k£ = 1 has a solution (p1,q1) € D. We continue with the help of finite
induction in k. Suppose that £ € N and the first £ — 1 iterates of zg belong to D
provided |u| < pg—1. Then the system implies that

k-1

k1 — w0l <Yl —wj1| < (k= Dlule.

j=1
Let ry_1 = 30— (k—1)|ule. Since zo € Dy, the set D contains the %—neighbourhood
of xp and, consequently, the ball B, _,(rx—1) C D. Taking into account the
definition of py we get that for |u| < ug

reot = 30— (k= Dlule = (k + d)uge — (k — Dlpale > (d+ 1)l

We see that the assumptions of the Implicit Function Theorem are satisfied
by the first line of the system and consequently it defines p; as a function of
(Pk—1,qr—1)- It is not too difficult to check that zx = (pg, qx) € D.

Now we can study interpolating vector fields for the map f,. First we are to find
upper bounds for the finite differences. We introduce the following notation: for
a function g let Tf(g) = go f and I(g) = g. We note that

k-1

-Tp)e=-Tp) (e~ f) =3 (’“ ; 1) (1P - Y

Jj=0

(recall that & stands for the identity map) and consequently

ja=p)e], <Z< Vs 5y <2 e 18)

Next we recall that the operator Ty, — I increases valuation in p, consequently
val,(I-T f#) €) > k. Applying the MMPI ?| for each = € Dy fixed, we obtain

!u!’“ k |2k e
la-mye| < B s a-myye < BEEC
" Dy :“k ll=pr . Dy Mi !

Now we let m > 1 and consider the interpolating vector field written in the

form m
Z k (I- Tfu
k=1

2The degree of the first non-zero monomial of the Taylor expansion in a variable ¢
defines a valuation, that will be denoted by valc, of the ring of formal series C[[¢]]. We will
use the following simple statement of complex analysis: if g is analytic in {¢ € C, |¢| < (o},
Co > 0, and vals(g) > k then it follows from the maximum modulus principle (MMP) that

19O < (I¢]/¢0)" maxcj—¢, 19(C)]-

)_n
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If |u| < pm, it is analytic in D; and admits the following upper bound

1 2lu\"
[Xmullor <3 [@=T50], <eln rZ s ()
k=1

HE

Using that ug > pp, for £ < m, we get that

12\ 3
ol < el 35 (5) < elul 3 togs < 2l (19)
k=1
for |u| < pm/3. If py, > 3, the domain of validity of the upper bound includes
= 1. Since X,,, = X,, 1 we conclude that
HXm||D1 < 2e.

Now we consider @, ,, the time-one map of the vector field X, ;,. Equation

implies that
2€flm 0 5

3 (m+d)

Then the orbit of every point in Dy remains in D during one unit of time and

||Xm,u||D1 <

1, — &llpe < [ Xl Dy -
Then
1®x,,,, — fullDo < 1®x,,,, —&llDo + 1€ = fullDo < 1 Xompllpy + €lpl = 3e|pl.

Lemma [£.2 states that the Taylor expansion in y of ®x,, , matches the Taylor
expansion of f, up to the order m. Then MMP implies that

m+1|lu|’m+1
1P, = JullDo < € —— 77— (20)
Hm
Substituting 4 = 1 we obtain
3m 6(m+d)e\™
[x,, = Fllpy < 36 = ge QDN T 1)
i 0

The right hand side depends on m and takes the smallest values somewhere near
m = | M, ] where

1)
M, = — —d. 22
bee d (22)

We note that for m < M, we get that
0 )

P = odmtd) = 2e(M. +d) >~

15



and consequently the inequality holds for all these values of m. We notice
that for m = | M| we have

6(m;— d)e <ol

and consequently

|®x,, — fllpe < 3ee™™ < 3ee! T exp (—5> .
Gee
The interpolating vector fields X,, , are rarely Hamiltonian. On the other hand,
the formal interpolating vector field is Hamiltonian. Although this property is
known, we give a simple proof in Appendix B} Then Lemma implies that X mo
the Taylor polynomial in p of degree m for Xy, ,, is Hamiltonian. For example,
the interpolating vector field of the first order is given by

X1, 0) = fulp,q) — (p, 9)-

In general, there is no reason for this vector field to be Hamiltonian. On the other
hand, its Taylor polynomial of degree one,

. 0Xy,

o
Ly — 8M

= on

)

is Hamiltonian. In order to find the corresponding Hamiltonian function we recall
that the map f, : (p,q) — (p1,q1) is defined implicitly by the system with
kE = 1 (we assume (po,q0) = (p,q) are independent of p). Differentiating the
system with respect to p at = 0 and using that p; = ¢ and ¢; = ¢ for p =0, we
get

- 8p1 oS
oq o8
En 0+ ETp(p’ q)
We conclude that
. oS oS
X1u(p,q) = p <—8q(p, q), (,Tp(p, q)) : (23)

We see that the vector field Xl,u is Hamiltonian with the Hamiltonian function
HLH = IU,S

In order to estimate Xm:u for m < M., we notice that equation implies that
| Xon.pll Dy < 2€pim /3 for |p| < /3. Then for k < m

k—1
1| 3
w1 [l |, < 26 (Mm)

16



and

1 X

k k
o0 < 3 g o8l I < 260 3 (B
k=1 k=1

m

For |u| < pm /6 we get

R 0 1 k-1
ol <21 Y (3) =t (21)

Since p,, > 6 we can substitute p = 1 to obtain
[ Xmllp, < 4e.

Then we repeat the previous arguments using X’m, . instead of X, ,, and the upper

bound instead of (19). The equation implies that ||Xm,MHD1 < 2€pm /3 =
m < % for all |u| < g /6. Then repeating the previous arguments we get

H(I)Xm,u — fullpy < 5€|p]. Then using the MMP we get

56,[1, 6m+1‘ﬂ‘m+1
H(I)Xm’u - fMHDO < 6m m+1 .
Hm

Substituting u = 1 we get
[P, — fllipy < 5¢ <6(m5+d)6>m
In particular, for m = | M|
@5 — fllp, <5eTeexp(—=d/(6ee)).

Since Xm# is the Taylor polynomial of X,, , of order m we can use the standard
bound for the remainder (the radius of convergence is ji,, /3, the bound is for p = 1,
o, > 6):

2€Mm/3)(3/ﬂm)m+l
1 - 3//Lm

Substituting m = | M| we get

[ =

Dlg( 66(m+d)>m.

< 4e(3/pm)™ = 4de ( 5

. )
| Xm — XD, < 4e el td exp <_666> . (25)

We see that the interpolating vector field X, is exponentially close to a Hamilto-
nian one.

In order to complete the proof we have to show that the vector fields X, = Am71
are close to S for all m < M,. Using the upper bounds for the derivatives we get

m

S0

o \Hk

m
. . 1
1% = Xl < 3 [|0Xom] |
k=2 """

17



k—1
It is not too difficult to check that the sequence (%) is monotone decreasing
for k < m < M,. Therefore

N 6 T3\ 6e 18e M,
= Rl < S 4acy” (L) g By Ll
H2 s \Mk H2 K3

Recalling the definitions of ui we get

17€2
1)

12¢2 12¢2
C(d+2)+ ; (d+3)% <

1Xom — Xi[lp, < (d+3)2.

We get the desired estimate as X, =JVS. O

6 Interpolating flow near a fully resonant torus

This section contains the proof of Theorem[2.2] We recall that I, € Bg corresponds
to a fully resonant torus, i.e., nw(l,) € Z? for some natural n < N.. For the rest
of this section we assume that

18d||al| v
2
=T W 0T Gl

N

We also fix v > 9. We will reduce €y when necessary.

6.1 Exponentially accurate interpolation

Theorem establishes estimates for stability times for real initial conditions. On
the other hand, in order to use Theorem we need a bound of the map fI' in a
complex neighbourhood of its real domain. As a first step we check that the map
satisfies the assumptions of Theorem in

D(L) = { (I,¢) € C*: |T = L| < 2p0, | ()| < 1/2}, (26)

a complex neighbourhood of the domain Dy(I,) defined in (10). Let (Io, o) €
D(I). Applying Lemma [3.1] recursively to check that the previous iterates do not
leave the domain Dp, we conclude that

[T — L| < |Ip — Li| + Cike < 2p, + Cike < o,
| TIm(ipp — o — kw(lp))| < Cak2e < Z
while k is not too large. Then

r

T r T
[ Im(px — o)l < 7 + k[Tm(w(lo))| < 7 + kl|w'[| [Tm(lo)| < 7 + Cakpn < 3

18



Here we use the constant Cs5 = 2||w’|| and assume that

g T T
ke < = k%e < - k -
C1€<27 Co e< 03pn<4,

4p, < 0. (27)
Recalling our choice of p, = pe/n, p. = Ael/2@d+1) and n < N, = e~ %2(d+1) | gee
and @D, it is easy to check that the inequalities are satisfied for k < n
provided ¢ < gg with a sufficiently small £y (independent of n). Then the first n
iterates (I, ¢n) = F' (1o, po) are well defined for initial conditions in D(I). Since
lw(lo) — w(I)| < ||w'[|2p we get from Lemma [3.1] that

|I, — Ip| < Cine, lon — o — nw(L)| < Con’e + Csnpy,. (28)

To study the dynamics in D(I,) we introduce translated and scaled actions J with
the help of the equality
I =1+ pnl (29)

Let fg‘ denote the map expressed in the new coordinates. It can be written in

the form fgn () = (J,9),

n—1
j =J+ P;lff Z a(Ik’7 SOk),
k=0
p=p+ > (W) —w(l.)+e>_ bIk ¢r),
k=0 k=0

and (Iy, ox) = FE(Io,0) denote iterates of (Io,0) = (Is + pnJ,¢) under the
original map . The map fI' is €,-close to the identity on D(I,) where

en= sup  max{[J—J],|p—¢l}
|71<2, Im(p)] <r/2

= sup  max{p, " |[I, — o], |¢n — w0 — nw(L.)| }.
(Io,p0)€D(1+)

Then, the estimates show that

€, < max {C’lpfllna, Csnpy, + 0277,25} = np, max {01;2’ Cs3 + sz} . (31)
n

Pn

Since
c n2e  n2ed/(d+1) N52€d/(d+1) 1

pz  p2 9P 2

— "
and

ne nle  p. el/2d+D)
R — < — =

pni Pe v Y

)
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there is a positive constant C4 such that

en < Cynpy = 70451/2(d+1). (32)

The Implicit Function Theorem can be applied to the first component of
to show that J is an analytic function of J and ¢ on the set

~

D:{(J,cp) e Cl:|J] <2~ (d+1en, |Im(p)| <7«/2}.

Then the expression for J can be substituted into the second component of to

express (J, p) as a function of (J, ¢). Since the map is symplectic, then according
to Appendix [C] there is a function S, such that

n T 8 n T
J—J=———( p—po=—=(J,p). 33
390( 0 pme=57(e) (33)
The definition of €, implies
1950l < e
Let 5
§ = $min{1,r} and ¢z = Tt (34)

If €, < 1/2(d + 1), then D contains a complex d-neighbourhood of the real set
Do = B(0,1) x R%.

If €, < 0/6e(d + 1), then the map f* satisfies the assumptions of Theorem [5.1
which states that there is m = m(e,) ~ €, ! such that the time-one map of the
Hamiltonian vector field X,,, approximates fI' with exponential accuracy:

According to the theorem X, is close to the vector field with the Hamiltonian
function S,. We will analyse the Hamiltonian function of X,,, in the next subsec-
tion.

- g H < 5e?tle, exp (—03 5_1/2(d+1)) . (35)

B(0,1)xRd —

Remark 6.1. In this section we use the linear scaling of the original action
coordinate I by the factor p,. This scaling is useful to enable a direct application of
Theorem|[5.1 However, we can compute X, using the iterates of fI' in the original
coordinates (I,¢) as the interpolation procedure commutes with linear changes of
variables.

20



6.2 Long term stability of actions

In the previous section we have established that fI', the lift of the map F, is
exponentially close to the time-one map of the autonomous Hamiltonian vector
field X,,, in a small neighbourhood of the fully resonant torus. In this section we
will derive an approximation for the corresponding Hamiltonian function H,, and
use its properties to establish which trajectories of the map are trapped inside this
neighbourhood for exponentially long times.

According to , the interpolating Hamiltonian H,, is close to S, the generating
function of the map f7 : (J,¢) = (J,@). As a first step we derive the leading
order approximation for S,,. Comparing with we conclude that 5, is a
solution of the system of equations

oSy,
%( 7pn 6 Z Ik7 Sok
oS n—1 n—1
=+ () = n(w(l) —w(L) + Y (W(Ik) —w(ln) + e Y b(Ik, or).
aJ
k=0 k=0
Note that the right hand side is expressed in terms of (I, px) = FF(I, + pnJ, ).

Since the value of J can be expressed in terms of (J, ), (Ik,gok) can also be

expressed in terms of (J, ). In particular I,, = I, + p,J. The symplecticity of fg‘
implies existence of a solution. We write it in the form

Su(J,9) = ha(J) +walJ, ). (36)
The first term
ha(J) = npy " (ho(L + pn) — ho(L) = prw (L) - J)

represents the part independent of ¢ and comes from the explicit calculation per-
formed with the help of the equality w(I) = h{(I). The second term is expressed
as an integral

_ (Jp) A -
wnZop) = [ S (wdli - dey
(0,0) =1

where the index [ refers to components of the vectors, the integral does not depend
on the path connecting the end points and

u(J,p) = p, SZ a(Ix, o),

n—1 n—1 (37)
o(7,9) = 3 (w(T) — w(I)) +2 3 (I, ).
k=0 k=0
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The equation suggests that S), has the form of an integrable part plus a per-
turbative term, denoted by h,, and w,, respectively. The integrable part is approx-
imately quadratic. Indeed, h/,(0) = 0 and the strong convexity and smoothness of

ho imply that
Vnpn Vanpn

2 2
where v5 = d||hj]|. In order to see that h, dominates w, outside a small neigh-
bourhood of the origin, we look for an explicit bound for w, paying attention to
the uniformity for all resonances. The triangle inequality and imply that

[J|? < ha(J) < || (38)

lu| < Cinep;,t.

Then using arguments of Lemma |[3.1| we get

n—1 2
En
ol < 3 16 E — Zul + enllol] < Z2 o) lal + enll] < oz,
k=0

Taking into account the periodicity arguments it is sufficient to consider w,, on the
set Dy = B(0,1) x [~1,1]%. Then

[wnllp, < dCyn’e + dCynepy, . (39)

With our choice of p, = p.nt, p. = 4e!/2@+) and n < N, = ¢=4/2(d+1) gee
and @, we get

wo ll -
enll, < dConep, ' + dCiep,? < dCoe' /2~ 4 qCyy 2,
npn
where we used the bounds presented after equation . With our choice of v > ~,
the second term in the sum does not exceed v/18. Decreasing ¢ (if necessary) we
get
wo | ~
el _ v "
nPn 9
In this way we have got upper bounds for both terms in (36)).

According to Theorem the interpolating vector field is Hamiltonian, X =
JVH,,, and the Hamiltonian H,, is close to the generating function S, due to
the bound . The Hamiltonian H,, can be obtained by integrating the vector
field X,, = JVH,,. Since the map fsn is periodic in angles the vector field is also
periodic. Moreover, since the map is exact symplectic and in Theorem X
is obtained from a truncated expansion, Appendix [C] shows that the Hamiltonian
is periodic. Then we can restrict the integration to a fundamental domain in the
angle variables to get from the inequality

2 2,2 2
< ZCglen < QCdCf;n P _ Can?p? .

[ Hm — Sn”f)o
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Decreasing e (if necessary) we get Csnp, = Csp. < 15. Then the equation
implies that

1%
| Hon = hall , < Csm02 + [fwnllp, < 2pn

6
With the help of the bounds we get that
H,,(J
I -tv < HulJ,2) < Sl JP+ tv. (41)
npn

Suppose that at some point the Hamiltonian H,,(J, ¢) < np,Emax where Epayx =
%1/. The first inequality of implies that

14

v v v
“|IP<s+===.
P <3453
Since the Hamiltonian flow preserves H,,, the whole trajectory of (J, ) is inside

the domain |J] < 1.

Now let Eg = $v. Any point with |J| < ro belongs to the set of initial conditions
which satisfy the inequality H,,(J,¢) < np,Ey. Indeed, our choice of ry implies

that Ho(J.0)
m\J, P Vg o9 UV v
O S =
NPn 2 ot 6 4
Unlike the Hamiltonian flow, the map does not preserve the energy. Fortunately

the change in the energy after a single iterate is exponentially small:

M, = HHm ofg _Hm‘

Do |Hno fz — Hnoag, |

Do
< Hnllp, fr—oy

m

fr =g, = Enlls,

< 2063Led+1 exp (_638—1/2(d+1)>

Do

where we use and the bound HXmH[)l < 4e,, of Theorem Here D; is the

g—neighbourhood of Dy. If we take an initial condition with |J| < 7o then the
initial energy is below np,FEg. We can be sure that the point remains inside the
domain |J| < 1 while the energy does not exceed np,FEmnax. In this case we can
use the telescopic sum to see that

Hyp o fE"(J,0) = Hu(J,9) = > (Hpn o fI"(J,¢) = Hp o fU7(J, )

] =

1
M.

IN
> 5

Then H,, o Z“”(J, ) < nppEmax for all k < np,(Enax — Ey) /M. Consequently,
the minimal number of iterates of F; needed to start with an energy below np, Ey
and finish above np, Enayx is larger than

2 2
= 2 PnY " Pl —1/2(d+1 —1/2(d+1
e = 12M, = 2402 ed+1 €xp <C3€ /2 )) > coexp (035 /2( ))_
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We have proved that a trajectory with an initial condition (I, o) such that |1y —
I.| < ropn has the property |Ix, — L] < p, for 0 < kn < T.. We complete the
proof of Theorem by noting that between multiples of n the changes in action
variables are controlled by Lemma and do not exceed Cine. Consequently
|I, — L] < py, for all k < T.. This argument completes the proof of Theorem

7 Nucleus of a resonance

Our proof of the exponential estimates for the stability times of the action variables
uses a covering of the phase space by p,-neighbourhoods of unperturbed fully
resonant tori. Each of these tori is characterised by its frequency w, such that
nw, € Z% for some n < N, = g—d/2(d+1)  Therefore a fully resonant torus of
period n is included into the analysis when ¢ becomes smaller than n~—2(d+1D/d
and eventually every fully resonant torus is used. In this section we show that
every fully resonant torus has a small neighbourhood, which we call a nucleus of
the resonance, where the stability times are much longer than in the Nekhoroshev
theorem. Moreover the difference in stability times grows as € decreases due to

the presence of the factor e /2 instead of e=1/2(4+1) in the exponent.

For the purpose of this analysis it is convenient to rewrite the map F; : (I, ) —
(I, ®) with the help of a generating function

ST, ) =T- o+ ho(I)+es(l, )

where the function s depends periodically on the angles . Then the map is defined
implicitly by the system

I_:I—Egs(f,go),
9f os (42)
95:s0+w(1)+€87—(1,<p) (mod 1),

where w(I) = h{(I). When & = 0, these equations can be easily solved explicitly.
On the other hand, the geometric arguments of Appendix [C]and Implicit Function
Theorem can be used to show that every quasi-integrable map F. can be
represented in this form. The n-th iterate of the map takes the form

n—1
I’”« =1lp—¢ Z 828(Ik+1a (pk)a
k=0
n n—1 (43)
on =100+ Y ho(Ix) +€ > 5Tkt k).
k=1 k=0

The subsequent analysis is motivated by the application of the standard scaling
near the resonant torus I = I, with the scaled action .J defined by the equation
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I = I, + /eJ. In the scaled variables, the map

(907 J) = (@7‘7) = (Spn - nw*,(In _I*)/\/C:)

takes the form

n—1
j =J - 51/2 Z 823(Ik+17 SOIC)7
n = n—1 (44)
P =0+ > (h(Ir) —w.) +e Y dis(Thr, ¢4),
k=1 k=0

where (I, @) denote the trajectory of the point (po, lo) = (¢, I« + v/J) under
the original map. It is not too difficult to see that on a bounded domain the scaled
map is O(n+/e)-close to the identity. The interpolating vector field of order one is
explicitly represented by the formula above as X; = (J — J,% — ¢). Expanding
X, into Taylor series in powers of 1/ we see that the leading term is of the order
of /¢ and, in agreement with the general theory of Lemma it is Hamiltonian
with the Hamiltonian function

Hy(J,¢) = Ven(K(J) + Vil(p))

where

i
L

K(J)==(ho(L)J) - J and Vilp) = S(Li, o + kwy). (45)

0

S|
il

The function K (J) comes from the quadratic part of the Taylor expansion of hg
around I = I, while the linear part of the expansion vanishes due to the equality
ho(I.) = w.. We see that the potential Vi, coincides with the average of the
generating function s over the unperturbed periodic orbit on the resonant torus.
The strong convexity of hg provides a lower bound for K so we have that

Vo2 V2 2 d " 2
ZIIR<KJ) < 2|J2="2 :
21 < K(9) < 2197 = SIgll 1

The function E(J, ) = %ﬁﬁ 1(J, ) defines a slow variable in a neighbourhood of

the resonance, it is constant along orbits of the flow of H; and it changes slowly
under iterates of the map . If £y > maxV,, then the set £ < E; contains a
ball |J| < 7o provided 31072 < Ey — max V. Let Ey > Ey. The set E < E is
contained in the ball |J| < 7 provided %I/T% > E1 — min V,. Consequently, if the
initial point satisfies |Jy| < 7 then its energy E(Jy, po) < Ep and if some iterate
satisfies |Ji| > 71 then its energy E(Ji, pr) > Ej.

Since |Vi| < [|s]| we can choose Ey = 2|s[|, By = 4|s|, 7 = 2v5'||s|| and 7§ =
10v71||s||. Then we can conclude that a trajectory with initial condition satisfying
|Jo| < ro remains in the ball |J| < 7 while the changes in E do not exceed 2||s||.
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In order to achieve exponential estimates for the stability times we need to con-
sider the optimal approximation for the map by an autonomous Hamiltonian flow
instead of the leading order approximation discussed above. For this purpose we
can use Theorem to get an embedding into a Hamiltonian flow with exponen-
tially small error. We can repeat the arguments of Section replacing in the
definition of the domain D(I,) the radius p, by p, = R«y/e. We choose a constant
R, > ry and v > R.. Then p, < p, and consequently we already know that the
scaled map is analytic and the a-priori bounds remain valid. Using Cauchy
estimates for the derivatives of the function s we get from

2||sllnve
T

2||s||ne

] = J| < and |@ — ¢| < 2||hg|Renv/e +

o
Taking R? = 11v7!||s|| and using that ¢ < 1 we get
|J — J| < Cony/e and |p— ¢| < Conye

where Cp can be easily expressed in terms of ||s||, r, o, v and ||h{]|.

Then using arguments similar to the previous section we arrive to the following
theorem.

Theorem 7.1. Under the assumptions of Theorem[2.3, there are constants ca, cs
independent of the resonance such that if |Ig — I.|> < 2vy *||s||e then

I — L2 <1107 Ys|le  for 0<k<T.=cypexp(cs/Vn2e).

It should be noted that the proof of this theorem is a refinement of the proof of
Theorem [2.2] Both theorems cover the same set of fully resonant tori and for each
one Theorem provides a nucleus, a smaller stability zone with longer stability
times. For a fixed n the difference becomes more prominent as € decreases. The
estimate suggests that Arnold diffusion slows down substantially in a neighbour-
hood of resonances of maximal multiplicity provided the period n is not too high
for a given e.

In Theorem the constant cs is chosen to be the same for all resonances. It
should be noted that for some resonances the bounds for the stability times can
be substantially improved (note that doubling c5 is equivalent to squaring a very
large number TS) Indeed, at the centre of our proofs are the upper bounds for
the sums in the right-hand side of the equation which are used to control the
distance of the map from the identity. These sums can be interpreted as average
values of functions taken over a finite segment of a trajectory of the map and
we used elementary but not always optimal bounds. For example, we used that
[Vil < |Is||, which does not take into account that the average value of a periodic
function can be much smaller. A sharper bound can be obtained if we take into
account properties of the frequency vector w,. We notice that the function Vi
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inherits periodicity in ¢ from the function s and in addition nw, € Z% implies that
for all ¢
Vilp +wi) = Valo).

It follows easily that all non-resonant Fourier coefficients of Vi must vanish, i.e., if
J - wy & Z for some j € 7% then the Fourier expansion of V, does not have a term
proportional to exp(27i j - ¢). In terms of Fourier expansions we can write

Vo) = 3 si(L)e¥%,

Jw«EZ

Since s is an analytic function of ¢, its Fourier coefficients s;(/,) decay exponen-
tially fast when [j|; grows. Therefore the amplitude of V, can be substantially
smaller than |[|s]|.

This observation suggests that in the absence of low order resonances the stability
times should be much larger than the general lower bound T.. This situation
can arise either due to the properties of the frequency vector w, or due to the
absence of the resonant terms in the Fourier expansion of the generating function.
In particular, we expect that in the latter case the lower bound for the stability
time scales as exp(ce~®/n) with @ > 1 (a phenomenon similar to [25]). On the
other hand, in the case when a full spectrum condition is satisfied the lower bound
for the stability time scales as exp(cse~'/2/n) with a constant c5 ~ e™70, i.e. the
constant becomes very large for larger values of jy, the order of the lowest order
resonance of wy.

8 Final comments and conclusions

Our proof of the Nekhoroshev estimates is based on discrete averaging. The
weighted averages of iterates of the near-integrable map are explicitly computed
to produce the interpolating vector field X,,. This vector field is not necessarily
Hamiltonian but Theorem [5.1] states the existence of a Hamiltonian vector field
X,, = JVH,, very close to X,,. In a neighbourhood of a fully resonant torus
the time-one maps of X, and X, are both exponentially close to fI' for n < N,
and, consequently, the map preserves H,, up to an exponentially small error. The
convexity arguments are used to show that level lines of H,, present obstacles for
the drift of action variables.

The analytical tools developed in this paper rely on explicit constructions and pro-
vide a useful tool for analytical and numerical exploration of long term dynamics.

Computing a slow variable from iterates of the map in original vari-
ables. The value of H,, is a natural slowly moving observable which provides
a useful instrument for studying long time stability and Arnold diffusion. Our
method provides an explicit expression for this slow variable in terms of weighted
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averages of the iterates of the map, hence avoiding transformations of coordinates
traditionally used to reduce the system to a normal form. In particular, we may
construct the interpolating vector field X,,, using the iterates of fI* in the original
coordinates (I, ), see Remark (6.1).

Formal embedding of a near-the-identity map into an autonomous flow.
Our method provides a new algorithm for constructing the formal embedding of
a near-the-identity map into an autonomous flow. For example, let f, : (p,q) —
(p1,q1) be defined with the help of a generating function

Gu(p1,q) = p1g + pS(p1,q)-

We can get an explicit expression for Xm# for any m by differentiating m times
with respect to u the system

oS

Pk = Dk—1 — Maiq(plm(]kfﬁv
0S

k= Q-1+ u%(pk, Qk—1)

for k=1,...,m, and evaluating at y = 0. The derivatives depend in a polynomial
way on partial derivatives of S and can be computed explicitly. Then the Hamil-
tonian H,, can be restored from the vector field. For example, the second order
interpolating Hamiltonian for f, is

1058 08
Hop=pS —p? = — . ==
2,1 o 2 9 ap 8(]
where all functions are evaluated at a point (p,q). This argument can also be
applied to an individual map with a generating function G(p1,q) = p1g+ S(p1,q).
This map is approximated by the time one map of the flow defined by

108 0S8
Hy=8--—.-—
2 dp 0Oq
with the error cubic in € = |VS|| and explicitly computable constants according

to Remark 5.2

Numerical evaluation of H,. In numerical computations it is usually not
convenient to rely on algebraic manipulations and instead one can evaluate H,,(z)
from integrals of X,, along continuous paths connecting a base point p and the
point z, see [10]. Note that this procedure typically produces a Hamiltonian which
is not periodic in the angle variables even when X, is periodic. The periodicity
of the Hamiltonian can be restored by adding a small correction.

The choice of the interpolation scheme. In this paper we have used the
Newton interpolation scheme to obtain X,,. This scheme uses the forward orbit
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xo, - .., Ty for the construction of X,, and simplifies some analytical expressions
involved in the proof. But any other interpolation scheme will lead to similar
results.

From the numerical point of view, higher accuracy of interpolation is expected
when interpolation nodes are located symmetrically around zg. This can be useful
for numerical studies of concrete examples when relatively large values of ¢ are
to be used in order to observe Arnold diffusion on a time scale accessible to the
computer.

For example we can use the Gauss forward formula

Ag(x_1)
2!

Az(z-1)

P (t;x0) = zo + A1 (o)t + i

tt—1)+ (t+Dtt—1)+...
If m = 2j is even, then the interpolation is based on a symmetrical piece of the
orbit, x_j,...,xg,...,z;. Differentiating with respect to ¢t at ¢ = 0 we obtain the

interpolating vector field

R (e =D)PAy i (x_py1) (k= Dk Agy(z_y)
o) = (1 (g - B gets)) e

instead of . This interpolating vector field can be used in Theorem pro-
vided two steps in the proof are modified. First, the constant in the bound
depends on the coefficients of P,,. Using and the bound for the finite
differences it is easy to check that for the Gaussian symmetric scheme the same
upper bound holds. Second, given a number m of iterates of the original map,
the Gauss symmetric scheme allows us to double the value of u,, in the proof of
Theorem This leads to better accuracy of the embedding of the map into a
flow with the error being of the order ~ exp(—d/3ee), i.e. we get the error term
approximately squared.

Nucleus of resonances. The fact that the methodology to obtain the estimates
on the long term dynamics of the map does not depend on changes of coordinates
leads to a description of the leading order dynamics near the nucleus of the res-
onances, that is, in a ball of radius O(y/¢) near a resonant torus I = I,. The
corresponding energy preservation leads to much larger stability times for initial
conditions in the nucleus of the resonances. The construction is explicit. In partic-
ular, the potential part of the Hamiltonian is given by the average of the generating
function s(I,¢) of f. along the unperturbed periodic orbit corresponding to the
resonant torus I = I,.

Finally we note that we have used the convexity assumption for the generating
function of the unperturbed map. At the present time it is not clear up to which
extent the convexity assumption can be relaxed in our proof. Nevertheless we
expect that our method can be useful for studying systems without the convexity
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assumption. In this case our method produces a very slow variable near a resonance
but the corresponding level lines are not necessarily an obstacle for the movements
of actions. Nevertheless, the slow variables may provide useful information on
possible directions of Arnold diffusion. We also hope that our method can be
applied to study dynamics of near integrable systems without references to action-
angle variables for the integrable part, opening potential applications to study
dynamics of maps in neighbourhoods of totally elliptic fixed points.

A Implicit function theorem

In the proof we switch between a symplectic map and the corresponding generating
function. This transition relies on the following version of the implicit function
theorem.

Theorem A.1 (Implicit Function Theorem). Let A, B C C? be open sets, f :
A x B — C% an analytic function, xo € A and yo € B. If there is R > 0 such that
Br(yo) C B and

M= sup |[f(z0,y)| <5
y€BR(yo) d+1

then the equation

Yy =yo+ f(z0,y)
has a unique solution y € Bgr(yo). Moreover, this solution depends analytically
on o, Yo.

Proof. We use the contracting mapping theorem (the co-norm is used for vectors
in (Cd). The closed ball Bys(yp) is invariant under the map

g:y—yo+ f(zo,y).

In order to check that g is contracting we take u,v € Bys(yp), then

|95 (w) = gj(v)| = |fj(x0, u) — fj(zo,v)|
'/ Zaykf] xo,us + (1 — s)v)(ug — vg)ds

< / S 0o+ (1 — )] g — vyl

0 k=1
HfJHBR __Md
Z —vk\—R_M|u—vl
where we used the Cauchy bound for the derivatives. The inequality M < d—fl
implies Rj\fﬁ\lﬂ < 1. Therefore the map g is contracting and it has a unique fixed
point which depends analytically on the parameters. ]
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B Formal interpolation of a symplectic fam-
ily

Let B denote a ball (or a simply connected domain) in R? and let F, . be an analytic

family of exact symplectic maps defined in B x T¢ with Fy = Id. The following

theorem represents a generally known statement (see e.g. [5]). Here we provide a

more direct proof of the statement in the form needed for the proof of our main
theorem.

Theorem B.1. If X, is the formal vector field on B X T such that its formal
time one map coincides with the Taylor expansion of F),, then there is a formal
Hamiltonian H,, with coefficients defined on B x T such that X, =JVH,.

Proof. We have already proved existence of the formal vector field

X=> 1" X®(p,q)
E>1

where the coefficients are smooth functions independent of y and periodic in gq.
We want to show that if F), is symplectic for every p then the formal vector
field is Hamiltonian, i.e. for every k, X®*) = (—6qh(k),8ph(k)) for some function
h%) . B x R? — R. If in addition F,, are exact symplectic, then h*) are periodic
in g. The proof is based on analysis of loop actions.

Let v : [0,f] — R2? be a smooth curve inside the domain of the map such that
v(1) —v(0) € {0} x Z4, i.e. v is a lift of a loop from R? x T9. Let

IF(’V):/F( )pdq—/pdq-
94 vy

If F is symplectic, Stokes’ theorem implies that Zr () depends only on the homo-
topy class of v and Zg(y) = 0 for any contractile loop 7. If F' is exact symplectic
map then Zr(y) = 0 for any lift v of a loop from R? x T¢. For a flow defined by a
vector field X = (X, X,) we write v(s) = (p(t, s), q(t, s)) :== ®4~(s). Then

d d d ! dq
—T =— dg = — t,s) —(t,s)d
dt CDtX(fY) dt [bg((»y)p q dt 0 p( 78) 85( 78) S

L 2

= [ () G514 .9) e .9) ) s
1

= /0 <g§(t,s)gg(7ﬁ, s) — %(t,s) %(t, s)> ds

dL (1)
= / (Xpdg — X4dp) .
()
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The right hand sides vanishes for every v with v(0) = (1) iff X is Hamiltonian,
ie X, = —0,H and X, = 9,H for some function H : B x R? — R. In this case
the integral can be evaluated explicitly for any lift -,

d

— Loy (7) = H(® (7(0))) = H(® (v(1))) = H(7(0)) = H(~(1)).

Since Zgo (7) = 0 we get

Zg1 (v) = H(7(0)) = H(y(1)).
Recall that the coefficients of the formal vector field are defined form the following
requirement: for every m € N, a partial sum of the formal series

m

Xnu(prq) =Y 1" X P (p, q)
k=1

defines the flow @}(m# = F,+O(u™*h). If F, are symplectic, then Zp, () = 0 for
all contractible loops v and, consequently, for £ < m

f (x{Pdq ~ x{Fdp) =o.
g

Therefore X, is Hamiltonian.

If F, are exact symplectic, then Zg1 = Tp, (v) + O(p™+) = O(u™*+1) for all
m,p

lifts . Since the Hamiltonian of X, , is polynomial of degree m in p we conclude
that all coefficients h(¥) are periodic in g. ]

C Generating functions of exact symplectic
maps

In this paper we need to find a generating function for a near-the-identity exact
symplectic map defined on a subset of R x T¢.

We recall that a map is called symplectic if it preserves the standard symplectic

form
d

w = Z dp; N\ dq;.
I=1

The map is exact if it preserves the loop action

d
A0 = § S nda
7 =1
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for all loops inside its domain. A symplectic map automatically preserves loop
actions for contractible loops.

Suppose that f: (p,q) — (p,q) is a lift of a symplectic map. We assume that the
map is analytic in a neighbourhood of B, x R?. Suppose that we can rewrite f in
the cross form

=D —|— u 9]
P=" (1_?, a), (47)
7=q+v(p,q),
where the functions v = (uy,...,uq) and v = (v1,...,v4) are periodic in ¢. Since

the map is symplectic we get that Zle dpy N dgq; = Zle dp; N\ dg; and we get

d

> d(wdg + vidp;) =
=1

(dul Adq + dup A dﬁl)

M=~

N
Il
—

I
M~

((dpy — dp) N dqy + (dqy — daqp) N dpy)

N
Il
—

d
dpi A\ dgi — Zciﬁl Adg = 0.
=1

I
M~

T
I

Then we choose a base point (P, qo) and define

(pa) 2
s(p,q) = /( > (wdg + vidpy). (48)
D

0,40) =1

The previous argument implies that for a symplectic f the value of the integral
is independent of the path connecting the end points as the domain is simply
connected. Differentiating the integral we see that

s Js

U= —, v =
S ' o

Consequently the map f can be defined with the help of the generating function
p-q+ s(p,q). Let e; denote a vector of the canonical basis in R?. Then

(wdq + vidpy).

(o,qo+er) 4
=1

s(p.q+en) —s(p.a) = [

(P0,90) 1

Now suppose that f is homotopic to the identity and consider a smooth curve
v = (p(t),q(t)) such that ¢(1) = ¢(0) + ¢;. Let 7 = (p(t), q(t)) be the image of
this curve. Since the map is homotopic to the identity we have g(1) = g(0) + ;.
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We compute the difference of the loop actions:

AG) - Al) = /0 S () dat) - p(t) da(®)

=1

= |3 @t (e ate) = (e a(e) da)

= [ (o0 a0)dn(0) — w(o0). a(0) dat)
=1
d

(P(0),q(0)+er)
- _/(( > (wdpy +wdar) = =s(p(0),(0) + e1) + s(p(0), 4(0)).
p(0 =1

We see that the conservation of loop actions is equivalent to the periodicity of s.
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