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Abstract

This paper contains a proof of a refined version of Neishtadt’s the-
orem which states that an analytic near-identity map can be approx-
imated by the time-one map of an autonomous flow with exponential
accuracy. We provide explicit expressions for the vector fields and give
explicit bounds for the error terms.
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The classical result of Neishtadt [3] states that an analytic near-the-identity family
of maps can be approximated by time-one maps of autonomous vector fields, with
approximation error decaying exponentially fast as the parameter vanishes. The
rate of decay is controlled by the ratio of two parameters ¢ /e, where e characterises
the distance to the identity in a complex d-neighbourhood of the domain of the
map. Neishtad’s theorem provides a useful tool for studying dynamics of close-
to-the identity maps. Its proof is based on the classical averaging for rapidly
oscillating time-periodic flows and does not provide explicit expressions for the
vector fields in terms of the original map. Therefore, checking the accuracy of an



approximation for an individual map becomes difficult and finding an expression
for the vector field impossible from the practical point of view.

In this note we use discrete averaging to provide explicit expressions for the vector
fields which approximate a near-identity map f and give explicit expressions for
the approximation errors.

We consider an analytic (or real-analytic) map f : Dy — C™ defined on a subset
Dy € C™ (or R™). We suppose that there is § > 0 such that the analytic continua-
tion of f onto Dy, a complex d-neighbourhood of Dy, is close to the identity map &
and define

e = [If = €llps- (1)
In this paper we use the infinity norm for vectors and supremum norms for func-
tions. Let m € N and define an interpolating vector field of order m,

NV
Xl = 3 T A, )
k=1
where the finite differences are defined recursively
Ao(:t) =, Ak(x) = Ak_l(f(.%')) — Ak_l(x) for k > 1. (3)

We say that X, is obtained with the help of discrete averaging as X, is a weighted
sum of fk(a:) for 0 < k < m. Indeed, it is not too difficult to check that

My(z) = 2; (5) s

Theorem 1. If a map f is analytic in Ds and €/6 < 1/6e, then the interpolating
vector field X,, of order 2 < m < M. + 1, where M, = 6%5! is analytic in Dyg/3,
HXmHDM3 < 2¢ and

o, — fllp, < 3 (25 (@)
Moreover, for m = [M:] +1
|®x,, — fllp, < 3eexp(—J/6ec). (5)

Proof. We consider the map f as a member of the family

Ju=Q=p)s+pf
where p is a complex parameter. Obviously the function f, is analytic in the same
domain Djs as the function f. Then |Ai(z)| = |fu(x) — x| < |ple for any x € D;
and any p. Let pp = /e and
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If [u] < pim, then for every xg € Ds/3 the first iterates zy := fl’f(mo) € D;s and
|zg+1 — x| < |ple provided 0 < k < m — 1 . The definition implies that

AAm>=§jvafﬂ”(kfl>Aﬂ@»

18k, , < 257 ule

Since |Ag(z)| < ||A)_|l|#le where the supremum norm is taken over |u| < i
and |z — 29| < ure, we can check that Ay(zo) = O(u¥). Applying the maximum
modulus principle (MMP)D in u to each component of Ag(xg), we get

k
< 9k—1 M
1Akl Dy, <277 pue (Mk

Let Xy, , be defined by with f replaced by f,. Then X, , is analytic in Ds/3
for |p| < g, and admits the following upper bound

Ef 2|l elpl
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Then we get that for |u| < /4

X m,pull D 5 < 2€]pa] -

For our range of m we have p,, > 4. Then the domain of validity of the upper
bound includes ¢ = 1 and we get

HXmHD5/2 < 2e.
We also get that for |u| < py,/4 and m > 2

Elbm, )
X < = <
|| an«HDé/ZS — 2 3(77'1, _ 1)

OJ\sz

Then the orbit of the vector field X, ,, with an initial condition in Dy remains in
Ds/3 during one unit of time and

‘|®Xm,u - &-HDO S ”meu'

|D5/3 < 25|:U’| .

'We use the following simple statement of Complex Analysis: if a function g is an
analytic function of s bounded in an open disk || < r and g®*)(0) =0 for k = 0,1,...,m
then the maximum modulus principle implies that |g(u)| < (|ul/r)™ sup, <, [g(p)]. Of
course, if the function extends continuously onto the boundary of the disk, the supremum
can be replaced by the maximum over |u| = 7.



In order to apply arguments based on the MMP, we need to check that ®x, , has
the same Taylor polynomial of degree m in p as the map f,. Proofs of similar
claims can be found in [Il 2]. First we define an auxiliary vector field

Ym,,u(l') = Z ,ukak(l‘)
k=1

where a1 = f — £ and ay, with k > 2 are defined recursively by

k
1
ak:—zﬁ Laj - La;,€
J=2" d1+-+ij=k
where differential operators L,g = a - Vg act on a vector valued function g
component-wise. Expanding the time-¢ map <I>§,m . in Taylor series in ¢ we get

Y =+t E ELlffmwé + O((tp)™ ). (6)
=2

Our choice of aj, implies that the terms of order p* cancel each other for k =
2,...,m when t = 1:

m
1
B = € Yot Y LY, 640G ) = € par +O(W" ) = fut O™,
k=2
Iterating the map we get that <I>'§/m .= fllf +O(p™*h). Using the equation (2) with
f replaced by q)%,m L we obtain a vector field Xm,u = Xm,#—l—O(,umH). We note that

X,y is the derivative at ¢ = 0 of the Newton interpolating polynomial of degree m
defined by the points (I>§/m . witht =0,1,..., m. Since the interpolation is exact on

polynomials of degree m, the equation @ implies that )A(m,u =Y.+ O(um™+h).
Combining these two estimates we get that X, , = Yy, + O(u™"), ie., Yo,
is the Taylor polynomial of degree m in p for the vector field X, ,. Since the
time-one map of a vector field depends smoothly on the vector field we conclude
that

Oy =y +OW") = fu+O0@Em).

Therefore the Taylor expansion in p of ®x, , matches the Taylor expansion of f,
up to the order m.

Since [|§ = fullpo = |1l € = fllpe < [ule, we get that

1@, = SullDo < 19,0, = EllDg + 1€ = full Dy < 3¢

The MMP based on the bound in the disk |u| < /4 can be applied with =1
to get the desired estimate

1®x,, — fllp, <3¢ <4)m _ 3 (65(7”—1)>m
[z 5

m
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The right-hand side depends on m and takes the smallest values near M.. There
is a unique integer m € [M., M. + 1). Then, for this m,
Hm 0

5
= > =e> 1.
4 6e(m —1) =~ 6eM, ¢

In particular, it satisfies the assumption used in the proof, and we can conclude
that

0
ec

Theorem is proved. O

Remark 2. For the sake of completeness we present the bounds for the case of
m = 1 separately. The interpolating vector field is given by Xi(x) = f(z) — = and

2¢?
1%, = fllpg < =5~
Proof. In order to check this bound we can consider X, = f, — & = u(f —&).
Obviously,

1X1ullps = [l1(fu = D5 = 1ile-

Then H@Xw — fullpy < 2|ple provided |ule < §. Since Oy, , — fu= O(p?), the
MMP implies the desired bound

26#0 252
(b —_ < _ —
Ix, — floy < 250 =%
where pg = d/¢. O

The error bounds of Theorem [I| can be improved by implementing a symmetric
interpolation scheme instead of the Newton one, in a way similar to [I]. We also
note that in the case of a symplectic map f, the interpolating vector field is
typically not Hamiltonian. On the other hand, it can be shown to be a small
perturbation of a Hamiltonian vector field [I, 2], with the size of the perturbation
being comparable with the approximation errors of Theorem
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